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Abstract

In this paper, we studied the metric group space by addressing the concept of topological conjugation of
actions and studying the transfer of the bi-shadowing property between two uniformly topologically
conjugate actions under some secondary conditions. This study was done using the concept of bi-
shadowing in its two types, parameterized and non-parameterized, as well as when the parameters are
fixed and different.
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Introduction

Shadowing theory is a major theory in dynamical systems. It has an important role in studying
asymptotic behavior and stability in systems, see also [* 2. With it, computer calculations of
the dynamic system can be confirmed and the existence of the true-orbit of the system near the
pseudo-orbit, see 41,

The first to develop the concept of shadowing was Walters P, ¥, see more 581 and the concept
of inverse shadowing and the concept of bi-shadowing were developed by other researchers,
see [ |n (2 1 the research are studied the topologically conjugate systems of the
shadowing, inverse shadowing and bi-shadowing in the dynamical system. Later, these and
other properties of dynamical systems in group space were studied and good results were
obtained. See [+, As in paper 1, we will mention in section two of this paper the principles
of the metric group space and some basic concepts of the shadowing theory such as the
definitions of («, 8)-bi-shadowing, bi-shadowing, the concept of topological conjugate and
topologically conjugate actions.

Later in this paper, we will prove some theorems that show the transfer of the bi-shadowing
property in its two types and under some conditions from action in dynamical system to
another action in different dynamical system between which there is a topological conjugate.

Fundamental Definitions
Let G be a group, y be a Hausdorff topological space, we called the map ®: G X y — y which
satisfies the following conditions is an action:

1. ®(g,,.) is a homeomorphism of y, 2- (e, x) = x, 3- ® (gl, (g, x)) = @(g,8,, x).
Forany g,,g, € G, and any x € y, and e is the identity of the group G.

In the definitions, theories and remarks that will be mentioned in this paper we will suppose
that the action ®:G x y — y of a finitely generated group G with respect to the finite
symmetric generating set S, (S is any finite symmetric generating set of G) on a metric group
space (x,d,). And the image of x by @ is ®(s,x), and the inverse image is ®~*(s,x) =
®(s71,x) fors €S.
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We need to introduce the true-orbit and pseudo-orbit definitions
Definition 2.1. 1% We called the sequence {x4: @ € G} is true-orbit of the action @ if ®(s,xg) = x,s fors € S, g € G.
For p > 0, we called the sequence {y,: g € G} is p-pseudo-orbit of an action @ if d,(P(s, yg), ¥es) < p.fors € S, g € G.

Below we mention the bi-shadowing definition, therefore, we need to provide the definition of distance between two actions. For
@ and ¥ are actions, the distance between them is given by:

dy (@, W) = ilé)}g{«ﬂx(GD(s, x),¥(s,x))} fors € S.

Definition 2.2. [71 |et (X. dlx) be metric group space, we called the action ®:G X y — y is bi-shadowing with positive
parameters a and g if there exists 0 < p < B such that for any p-pseudo-orbit {yg:g € (G} of @ and any action Yy:G X y -
satisfying

dxo((bilp) Sﬁ_p' (1)

Then there exists a true-orbit {x,: g € G} of 3 such that

d,(xg vg) < @ (p +d, (P, ‘P)) < ap, forall g € G.

We called the set of all actions {1;,v,, ... } which satisfies (1) is the comparison class A(y), and if the action & is bi-shadowing
with positive parameters a and B with respect to {11, y,, ... } then for simply we called the action @ is (a, B,A()())-bi-shadowing.

Definition 2.3. [*9 et ()(, cdlx) be metric group space, we called the action ®: G X y — y is bi-shadowing if for all § > 0 there
exists a >0 and 0 <p < B/a such that for any p-pseudo-orbit {yg:g € G} of ® and any action ¥: G X y — y satisfying
d,,(@,9) < — p, then there exists a true-orhit {xg:8 € G} of Y such that d (xg, y,) < @ (p +d,, (@, lP)) < B, forall g € G.
And if the action @ is bi-shadowing with respect to the comparison class A(y) = {11, 5, ... } then for simply we called the action
@ is A(y)-bi-shadowing.

Definition 2.4. If ()(, dlx) and (Y, dy) are two metric group spaces and ®:G X y » y and W: G X Y — Y are actions on y and Y,
respectively, then we called @ and W are topologically conjugate if there exists an action T:G X y » Y suchthat To® = Wo T.
If, in addition, T is uniformly continuous, then ® and W are called uniformly topologically conjugate, or simply uniformly
conjugate. The two classes A(y) and A(Y) are called (AQ{),A(Y))-topologically conjugate by T in the sense that individual
actions in one class are topologically conjugate to an action in the other class by T.

1. Topologically Conjugate Systems
For the invariance of (a, 8)-bi-shadowing for topologically conjugate systems, we conclude the following:

Theorem 3.1. Let ()(, cdlx) and (Y,dy) be metric group spaces and let ®:G X y —» y and W:G XY — Y be actions that are

topologically conjugate by T: G X y — Y. Assume also that A(y) and A(Y) are (AQ(),A(Y))—topologicaIIy conjugate. If there
exists A = 1 such that

d, (x',x") < (dly(T(S, x’),']I‘(s,x”)) < Ad, (x',x"), for s € S and for all x',x" € y, )
Then we have
o Ifdis (o B, A(x))-bi-shadowing, then ¥ is (A, B, A(Y))-bi-shadowing.
o If W has the (@, AB, A(Y))-bi-shadowing, then @ is (Aa, B, A(x) )-bi-shadowing.
Proof. a) Let {y,: g € G} be a p-pseudo-orbit of an action ¥, with 0 < p < B, which implies that dy (¥ (s, y,), ygs) < p, and let
¢ € A(Y) satisfydy, (¥, ¢) = sup dy (PO, 0() <B—p.
ye

p+supdy (YO, o) < B. ®3)

y

Note that condition (2) is equivalent to the following condition:

d, (T(s™,y), T(s71,y") <dy(y',y") < Ad,(T(s™t,y"), T(s7,y"),
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Fors € Sand forall y',y" €Y. 4

Now,

d, (Cb (s, ('H‘(S'l,J’g)))’T(S_l'Ygs)) =d, (T (S_l'W(Yg))'T(S_l'VgS)) < dy(¥(¥g) Yes) <.

Hence {x,:g € G} = {T(s™%,y,): 8 € G} is a p-pseudo-orbit of . Let x € y and ¥ € A(y), then using (2) and the conjugacy T,
we obtain

d, (9(s,x),9(s,x)) < dy (’H"(S,CD(S,x)),’I]‘(s,l/)(s,x))) = dy (‘P(s,'ﬁ‘(§,x)),<p(§,']1“(§,x))) = dy(¥(s, ), (s,7)),
Wherem,y = T(s, x). This implies that

sup dx((P(S, x), 1/J(§: x)) < SuIY) (dlY(Lp(S’ y)’ (p(S, y)) (5)
XEY yeE
From (3) and (5) and for any ¢ € A(x), whereyp = T o @ o T, we have p + supd, (¥ (s, x),¥(s,x)) < B.

XEY

Since @ is (a, B)-bi-shadowing then there exists a true-orbit {wg: g€ (G} of i such that

d, (g W) < @ (p +sup d, (@(s, %), ¥(s, x))> <a (p +sup dy(¥(s,), 0 (s, y))) :

Thus, using the second part of (2), we obtain

by (3 T(5,w5)) = dy (T(s, %), T(s, wy)) < Ay (g w,) = A (p 5up d (¥(5,), 05 y))).
Note that {T(s, wg): 8 € G} := {a,: g € G} is a true-orbit of ¢ since

0(s,a5) = ¢ (s, T(s,w5)) = T (5,95, w5) ) = T(5, W) = as

This ends the proof that ¥ is (Aa, B, A(Y))-bi-shadowing. m

Proof. b) Let {x,: @ € G} be a p-pseudo-orbit of an action ® with 0 < p < B, which implies that

(dlx(cb(s, xg), ng) < p,and lety € A(y) Satisfydlxo(d), Y) = supd, (Cb(x),ll)(x)) <pB-p
XEx
p+supd, (), p(x)) < B (6)
XEY

Now, dy (‘P (S, T(s, xg)),’]l‘(s, xg§)) =dy (h (s,‘{’(s, xg)),’]I‘(s, xgg)) < Ad, (@(s, xg), xgs ), hence
e (¥ (5.7(5. %)) T(5,355) ) < 2p.

It follows that {y,: g € G} = {T(s,xz): 8 € G} is a Ap-pseudo-orbit of ¥. Now let y € Y and ¢ € A(Y), then using (4) we
havedy (¥(s, ), ¢(s,)) < ad, (T(s™, ¥(s,)), T(s ™ ¢(s,1))) = Ad,, (0 (s, T(s7%,3)), (s, T(s7%,¥))) = Ad (s, %),9(s,2)),

Where x = T(s™%,y). Therefore dy(¥(s,¥), ¢(s,¥)) < Ad, (®(s,x),¥(s,x)) foreveryy € Yandx =T(s™%,y), hence
sug dy (‘P(S, V), p(s, y)) < Asupd, (CD(S, x), (s, x)) @)
ye XEx

From (6) and (7) we get for any ¢ € A(Y), where ¢ = T o1 o T™1, that Ap + sup dy (‘P(s, ), (s, y)) <1B.
yeY

Since W has the (a, 1B)-bi-shadowing, there exists a true-orbit {z,: g € G} of ¢ such that

(dly(yg, zg) <a </1p + sug dy(s, ¥ (), ¢(s, y))) <a (/Ip + Asup le(CD(S, x), Y(s, x)))
Y€ XEY

~gg~


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

=la (p + sup (dlx(cb(s, x),Y(s, x))).
xX€Ex
Thus, using (3) we obtain
d, (xg,"ﬂ‘(s‘l,zg)) =d, (T(s‘l,yg),"ﬂ“(s‘l,zg)) < la <p +supd, (P(s,x),Y(s, x))),
xX€Ex
Note that {T(s™, z;): 8 € G} = {by: g € G} is a true-orbit of y since

Y(s,bg) = (s, ’]I‘(s‘l,zg)) = T(S‘l,(p(s, zg)) =T(s7, zgs) = bgs

This shows that @ is (1, B, A(x) )-bi-shadowing. m

Remark 3.2. In Theorem 3.1, if A = 1, then we conclude that the action ®: G X y — y is (a, ﬁ,A(x))—bi—shadowing if and only if
W:G XY - Yis (a B, A(Y))-bi-shadowing.

However, if we assume that the parameter for (a, 8)-bi-shadowing is different for topologically conjugate systems, we conclude

the following:

Theorem 3.3. Let (x, (dlx) and (Y, dy) be metric group spaces and let ®:G Xy - x and ¥:G XY - Y be actions that are

topologically conjugate by T: G X x — Y. Assume also that A(x) and A(Y) are (A(x),Ak(Y))-topoIogicaIIy conjugate. If there
exists A > 1 such that equation (2) is valid then we have

a) If @ is (o, B, A(x))-bi-shadowing, then W is (Aa, B, A(Y))-bi-shadowing for o’ > a and B’ < B. (8)
b) If W has the (@, ABA(Y))-bi-shadowing, then @ is (A, B, A(x))-bi-shadowing for a’ < aand B’ > . 9)

Proof. a) Let {y,: @ € G} be a p-pseudo-orbit of an action ¥, with 0 < p’ < B', which implies that dy (¥ (s, yg), ygs) < ¢, and
let € A(Y) satisfydly, (¥, ¢) = sup dy (Y, o) <p —p.
y

p'+supdy (YO, o) < B (10)
yE
Note that condition (2) is equivalent to the following condition

dl)((’]I‘(s‘1 ), T, y") <dy(y,y") < /1<111X(’]I‘(§‘1 ,¥), T(s™t,y"), fors € Sand forall y',y" €Y. 11)

Now,

dy <q> (S' (T(S_l'yg)))'T(S_l'YgS)) =dy (T (S_l'W(Yg))'T(S_l'Vgﬁ)) < dy(P(vg), Yes) <P

Hence {x,: g € G} = {T(s™%, y5): @ € G} is a p-pseudo-orbit of . Let x € y and 1 € A(x), Then using (2) and the conjugacy T,
we obtain

dy ((5,),1(5,2)) < dy (T(s, @(s,2)), T(5,9(5,2))) = dy (¥(s,T(s,1)), (s, T(5,2))) = dy (¥ (5,3, 0(5,7)),
Where, y = T(s, x). This implies that
sup dy (@(s,%),Y(s,x)) < sup dy(¥(s,9), ¢(s,y)) (12)

From (10) and (12) and (8) and for any @ € A(y), whereyp = T 1o ¢ o T, we have p’ + sup (dlx(‘l’(s, x),P(s,x)) < B < B
XEx

Since @ is (a, B)-bi-shadowing that is (there exists 0 < p = p’ < B such that for any p-pseudo-orbit {xg: g € G} of ® and any
action ¥: G x y — x satisfying d, (®,9) < — p, then there exists a true-orbit {wg:g € G} of ¥ such that d,(xg w,) <

a(p+dy,@ ).

Then, (dlx(xg, Wg) <a (p + (dlxo(cb, 1/))) =a (p + sup (le(CD(s, x),Y(s, x))) <da (p’ + sug (dly(‘}’(s, V), o(s, y))) .
X€Ex yE

~100~
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Thus, using the second part of (2), we obtain

dy (yg,’]I‘(s, Wg)) =dy (’]I‘(s, xg), T(s, Wg)) < Ad, (xg, wg) = A’ (p + sgg dy(¥(s, y), ¢ (s, y))).
y

Note that {T(s, wg): 8 € G} := {a,: g € G} is a true-orbit of ¢ since

o(s,ag) = ¢ (s,']I‘(s, Wg)) =T (s,lp(s, Wg)) = T(s, Wgs) = s
This ends the proof that ¥ is (Aa’, 8', A(Y) )-bi-shadowing. m

Proof. b) Let {x,: g € G} be a p-pseudo-orbit of an action ® with 0 < p < B, which implies that d, (P (s, x;), Xgs) < p, and let
¥ € AQ satisfy dy (®,9) = supd, (), p(x)) < B —p.
X€Ex

p+ ilé)p{) d, (), p(x)) < B (13)

Now, dy (¥ (5, 7(s. %) ) T(5. x5:) ) = dy (1 (5. 9(5,%5) ) T(5.75.) ) < 20k, (9(5,%5), %),
Hence dy (‘P (s, T(s, xg)) ,T(s, xgg)) < p.

It follows that {y,: g € G} = {T(s, x4): g € G} is a Ap-pseudo-orbit of ¥. Now let y € Y and ¢ € A(Y), then using (11) we have
dy(¥(5,7),0(5,)) < Ad,, (T(s7, W5, ), T(s7%, 0(5,7))) = Ad,, (@(5, T(s7%,3)), (s, T(s™4,3))) = Ady (@(s,2), (s, 1)),

Where x = T(s™%,y). Therefore dy(¥(s,y), ¢(s,¥)) < Ad,(®(s,x),3(s,x)) foreveryy € Yandx =T(s™%,y), hence
sup dy (P(s,3), 9(s,)) < Asupd, (D(s,x), (s, x)) . (14)
yE€ XEY

From (13) and (14) and (9) we get for any ¢ € A(Y), where ¢ =T o p o T~1, that Ap + sup dy (¥(s,¥), ¢(s,¥)) < 1B < A5’
yeEY

Since W is (a', AB")-bi-shadowing that is (there exists 0 < p’ = Ap < AB’ such that for any p’-pseudo-orbit {yg: gE G} of ¥ and
any action ¢: G x Y - Y satisfying dy,(®, @) < B’ — p’, then there exists a true-orbit {z,: g € G} of ¢ such that dy (v, z5) <

o (o' + dy, (¥, 9))) .

Then,

(dly(yg, zg) <da (p’ + dy, (¥, (p)) =a (/lp + sug (dlY(s,‘P(y),(p(S, y))) <a (/1,0 + Asup (dlx(d)(s, x),Y(s, x)))
Y€ xX€Ex

= Aa (p + sup dlx(cb(s, x),Y(s, x))).
XEX
Thus, using (10) we obtain
d, (xg,"ﬂ"(s‘l,zg)) =d, (T(s‘l,yg),"lf(s_l,zg)) < Aa (p + sup (le(CD(S, x), (s, x))),
XEx
Note that {T(s™, z;): 8 € G} = {by: g € G} is a true-orbit of  since

Y(s,bg) = (s, T(s™?, zg)) = ']I‘(s‘l,qo(s, zg)) =T(s™", zg5) = by
This shows that @ is (A, B, A(x) )-bi-shadowing. m

Remark 3.4. In Theorem 3.3, if A = 1, then we conclude that the action ®: G X y — y is (a, B, A()())—bi—shadowing if and only if
Y:GxY - Yis (a8, A(Y))-bi-shadowing.

As for the non-parametric bi-shadowing for topologically conjugate systems, we conclude the following:

Theorem 3.5. Let (x,d,) and (Y,dy) be metric group spaces and let ®:G x x » x and ¥:G x Y - Y be actions that are
topologically conjugate by T: G X x = Y. Assume also that A(y) and A(Y) are (A(x),A(Y))-topologically conjugate. If there
exists A > 1 such that equation (2) is valid then we have
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If @ is bi-shadowing with respect to the comparison class A(x), then W is A(Y)-bi-shadowing.

Proof. Assume that for any f’ > 0 there exists o’ >0and 0 < p’ < B/O(, , let {yg: g € G} be a p’-pseudo-orbit of an action ¥,
which implies that dy (¥ (s, yg),ygs) < p’,and let @ € A(Y) satisfydy (¥, @) = supdy (Y, o) < B —p".
yEY

'+ sup dy (P(©), o)) < B (15)

Note that condition (2) is equivalent to the following condition:
d,(T(s™t,y), T(s71,y") < dy(y',y") < Ad,(T(s™*,y"), T(st,y")), fors € Sand forally',y" € Y.
Now,

dy (‘I’ (S' (T(S_l'Yg)))'T(S_l'YgS)) = d (T (S_l"p(Yg))'T(S_l'YgSD < dy(¥(vg) vgs) < 9"

Hence {x,: g € G} = {T(s™%,yg): 8 € G} is a p’-pseudo-orbit of . Let x € x and Y € A(x), then using (2) and the conjugacy T,
we obtain

d, (9(s,%),¥(s,x) < dy (']I‘(s,d)(s,x)),’ﬂ‘(s,q;(s,x))) = dy (‘P(s,’ﬂ“(s,x)),(p(s,’]l“(s,x))) = dy(¥(s,y), 0(s,y)),
Wherey = T(s,x). This implies that

sup dlx((D(§, x), U(s, X)) < sug (dly(‘P(s, y), ©(s, y)). (16)
XEX Y€

From (15) and (16) and for any y € A(x), where y = T~ o @ o T, we have p’ + sup (dlx(‘{l(s, x),Y(s,x)) < B
XEX

Since @ is bi-shadowing that is (for any B > 0 there exists a = O"/)\ >0and0<p=p' < B/a such that for any p-pseudo-orbit
{xg: 8 € G} of @ and any action y: G x x — x satisfying dy, (@, 1) < B — p, then there exists a true-orbit {wg: g € G} of Y such

that dlx(xg, wg) <a (p + (leO(CD, lIJ))) .

Then,
d (xg Wg) < @ (p +dy (@, q;)) = a(p + sup d, (P(s,x), W(s, x))) < O"/)\ (p’ + sup dy(¥(s,y), o(s, y))) :
XEX Y€

Thus, using the second part of (2), we obtain

(v T(5,5)) = dbe (T(s, %), T(5, wy)) < Ay (15 w5) = @ (p'  supa (¥(5,, 06, y))).
Note that {T(s, wg): 8 € G} := {a,: g € G} is a true-orbit of ¢ since

9(5.05) = 0 (5. T(5.w)) = T (5.9(5,w3)) = T(5:Wgs) = g

This ends the proof that ¥ is A(Y)-bi-shadowing. m

Remark 3.6. In the preceding theorem, if A = 1, then we conclude that the action ®: G x y — y is A())-bi-shadowing if and only
if¥:G XY - Yis A(Y)-bi-shadowing.

Conclusion obtained illustrate the importance of shadowing theory in both
Shadowing theory plays a crucial role in understanding the theoretical and practical aspects of dynamical systems,
behavior and stability of dynamical systems. It allows for the highlighting its continued relevance in mathematical research
validation of computer-generated pseudo-orbits by confirming and applications.
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