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Abstract

In the present paper, we will introduce and study some new classes of analytic functions using the
technique of convolution, certain liner operators will be defined all classes of analytic function. The main
object of the present paper is to introduce the certain subclasses of Meromorphic multivalent functions.
We obtain some interesting geometric properties of Meromorphic multivalent functions according to
coefficient inequality.
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Introduction

The Riemann mapping theorem in complex analysis gave a new idea to study the complex
functions. In which the geometry of complex functions is studied and this new branch called
Geometric Function Theory. Latter in 1907 P. Koebe initiate works for univalent function.
Other geometric properties like starlike function, convex function, close-to-convex function,
spiral like function and multivalent function were defined and studied initially by Robertson,
Lowner, Kaplan, Spacek, Libera. Latter many other authors contributed their works in the field
of geometric function theory. In the analytic function theory, there have been many differential
implications in which characterization of the functions is determined by a differential

condition. If f (z) is analytic in a convex domain D and R{f '(Z)} > 0 then f is univalent in

D. Most of the special classes of functions for which Bieberbach’s conjecture is known to hold
depends on the image domain having a specific geometric characterization which can then be
expressed in the analytic form. One of the earliest results in this direction concerns the star like
functions. A single valued function f (z) is said to be univalent or Schlicht in a domain D — C
(the complex plane), if it never takes on the same values twice, that is, if f (z1) = f (z2) for 1, »
€ D implies that z; = 7. In the other word F is one to one on D. In the case the equation f (z) =
w has at most one root in D for any complex number w. Let A denote the class of function f (z)
normalized by f (2) = z+ Xy, az® Which are analytic in the open unit disk U =
{z:z € C,and |z| < 1}. Also let S denote the subclass of A consisting of function which are
univalent in U. Ludwig Bieberbach (1896-1982) in 1916 conjectured one of the most
outstanding coefficient estimated in the theory of class S. Bieberbach, actually proved that

f(z)es=> |a2| < 2 and further conjectured the general result f(z) € s = |a,| <

n,n = 2,3, ... Where the equality holds true only if f (z) is the Koebe function, k (z) = z(1 —
z)"2 =Y nz". A set E is said to be Starlike with respect to wo € E, if the line segment
joining wo to every other point @ € E, lies entirely in E.

The function f (2) is said to be starlike with respect to w, if f (z) maps a domain D — C onto a
domain that is starlike with respect to wo. A function f (z) in S is said to be starlike, if f (z)
maps D onto a domain with respect to the origin, i.e. the line segment joining ® = 0 to any

point of f lies in f (D). The class of such functions is denoted by S*. A function f (z) in S is said

to be starlike of order o (0 < o < 1), if and only if Re {%} > a,(z € U).
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The class of such functions is denoted by S* (o), (0 < o < 1). We observe, S* (o) < S* (0) = S*. Thus f (z) € S*, if and only if

zf'(2)
iRe{ @ } > 0,(z € U).

The set E is said to be conve, if the line segment joining any two points of E lies entirely in E. This is equivalent to saying that
tzy + (1-t) z € E for every 21, 22 € E, 0 <t < 1. A function in S is said to be convex of order (o) (0 < o < 1), if any only if

zf"(2)
me{1+ S

the class of convex functions with respect to origin in U. This means that f € K, if any only if Re {1 +

} > a, (z € U). K (o) denotes such class of convex functions. It is observed that K (at) < K (0) = K, where K being

zf"(2)
'@

}>0,@zew.

Some Related Definitions
Definition 2.1 A function f (Z) € A is said to be close-to-convex in the unit disk U, if there exists a convex function g (z) such

that Re {g,g} > 0,(z € U), and the class of all such functions is denoted by C. Using Noshiro-Warschawski result, it can be

proved that every close-to-convex function is univalent. It is easy to see from the definition that every convex and starlike
function is close-to-convex. Thus, we infer that k € S *c C c S.

Definition 2.2 A function f (Z) € A s said to be close-to-convex of ordera (0 < @ < 1), if there exists a convex function g

r
(2) such that Re {éf],g} > a (0 <a<1;z€U), We denote the class of all such close-to-convex functions of order a (0 < a <

1)byC (). It has been established by Reade that if T (Z) € A is of the form then|a,| < n (n € N{1}).

Definitions 2.3 A function f (Z) € A is said to be a A-spiral like function in U, if

Re {e"‘ %} >0, (IAI < g) We denote the class of all such A-spirallike functions by Sp(A). It was also shown by Spacek that

A-spirallike functions are always univalent in the unit disk U.

Definitions 2.4 A function f(Z) € A is said to be a A-spirallike function of order a (0 < @ < 1) in U, if Re {e"1 %} >

a, (0 <a<l1,|i < g) We denote the class of all such type of functions by Sp (A, o) which was introduced by Libera [18].

Definitions 2.5 A function f (Z) € A s said to be a Robertson function of order a, (0<a<1)inU, if Re {e"1 (1 +
%)} > a,(O <a<1|i < %) We denote the class of all such functions by M (A, o) which were studied by Robertson.

When A = 0, then M(0, ) = k(a).
Main Results

1 &
Let 2™ be the class of function f of the form f(Z) =—++ z aka. Which are analytic in the punctured unit disk
k=1

E*= {z :zeC and 0< |z| < 1} =U \{0}. If fand g are analytic in E = E U {0}, we say that f is subordinate to g,

written T 70 g or f (Z) T g(Z) If there exists a Schwarz function @ in E such that f (Z) = g(a)(z)) and |a)(z)| <1.
For p = 1, the integral operator reduces into the following operator:

. 1. S .
L (i’x)f(Z)_Zij:l {x+/1(1+k)} a.z @

(A>0,420,me N,;z e E¥)

AL A, Df @) = e Of (2) — (£ + DL, 0 (2) (1> 0) (2)

Now in this article, we introduce some new class of Meromorphic function using the operator (Lm+1 (1, X)). To establish our main
results we need the following Lemma.

Lemma 3.1 [20-11: | et the function h (z) be analytic and convex (univalent) in E with h (0) = 1, suppose also that the function ¢
(2) given by

d 2 =1+cz+cz?2+ .. is analytic in E. If ¢(2) +—Z<p;(z) < h(2),{z € E,Re{y} = 0,y = 0}Then,p(2) < ¢(2) =
Y (% y-1
Z—yfo t" " h(t)dt < h(z),{z € E}.
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Theorem 32 Let p > 0, o > O, 1 < B <1, A e %Re, F(2)eMB(a,A,\u,AB) then
1 1+ Azu -1 1+ Az

-
A @) m [ T g
rent@f = 2l e "1vBz

Proof: Consider the function ¢ (z) defined by (ZLm+1 AN (Z))ﬂ =@(2), (z € E)Now ¢ (2) is analytic in E with ¢
(0) = 1. Differentiating with respect to z after taking logarithm

ulogz + ulogL™ (4,1 f (z) = log¢(z)

u, ania) s

2 TGN ) ®
Multiplying by Az and using recurrence relation, we have

()¢(z) s " (4,2) T (2)
i [AL”‘(A N f(2) -+ ) (LA, x)f(z))] 2@ #(2) L™ (A, T (2) @

L™ (4,0 f (2) ¢(2)
Equation (1) and (2) gives us

52)+ P 16(2) =(L-a)(Z™ (AN @) +alel" (20 F @) JL™ (N  (2))
y7/8

Since f (2) belonging to the class MB(at, A4, A, 1, A, B) so

1+ Az
+ Bz

¢(Z)+—Z¢()

. . MM
On using the Lemma (3.1), with = —
al

o
s (@) = “[ " et
at 0

Or
HA ¢t 1+ Azu —[1 1+ Az

_ A A 5
$@Omy@=5 10 Toan ™ M ©
Corollary 3.3: Letp>0,a20,p= 1. If

m+1 m m+1 -1 1+ (1_ 2/0)
L-a)l™ AN (@) +a(l" (AN @)™ (LN (2) " n — ©)
A

e @G 5o Ao f (2

Proof: From theorem (3.2)
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1 1+ Az
A-a)z2l™ AN F@)) +el2"(4 N F @Y™ (AN F @) n = AN @ L+ Az
Now, take A=1-2p,B=-1
(1= )2l A OF (@) + a(zL™ (4, O)f (2)) (2L (4, ) f(z))“‘1 < w
_ ,ukjl 1+(1-2p)zu a—ld ,uxj-l @-p)@+zu)+ p(d—zu) M du- Mf [p+ 1-
al 1-zu al 1-zu
» [
=p +—(1 —p)f 1 o ugﬁ_ldu,(z €EE)
Corollary 3.4 Let u >0, a. >0 then
MB(a, A, A, 1, A,B) © MB(0, A, A, 11, A, B) (6)

Proof: If T(z) e MB(a, A4, A 1, A, B), we have

(i@ L+ Az G
Ifa=0then T(z) e MB(0,A,A, 1, A, B),so
(e ent@) L+ Az @

From equation (7) and (8), we have

MB(a, A, A 1, A,B) © MB(0, A, A, 11, A, B)

Theorem 3.5: Let T € MB(0, A, A, 1, p) for z € E then T € MB(ex, A, \, 1, p) for |z| < R(ex, A, 14) - Where
A

R(ar, % 1) = N

a+~Jat+Nu

Proof: We have the set (ZLm+1 (/1, ?u) f (Z))(J = (l— p)h(Z) +p0 (Z € E) . Now Differentiating with respect to z, we get

ulogz+ ulogL™ (4, (2) = log((L- p)h(z) + p)

w, (NI a-ph@
2 AN T@  @-ph@@)+p

Multiplying by Az and using recurrence relation, we have.

L"(4 0 1) _ 22(1-p)h'(z)
L™ (AN f(z) A-p)h(2)+p

— LA+ LN
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Multiplying by o and using the definition of h (z), we have

1-a)(2™ (AW F @) +a(2" (L) @)™ (W F () - p=A- p) h(z) + ’1—‘; Zh(2)
Y7,
Or

(- )™ (A F @) +alel (1) F @)™ (N f @) - p]é

_Ih@)+ 2% )
LA

Using the following known estimate

, 2r
zh'(z)|< T Reth(z)}, |7]=r<1
We have
-2 (AN @) +af" (AN f @)L (AN @) - p _ stelh(@)+ 2% ()

1-p A
>Re h(z)—ﬂ’—a\zh'(z)\
LA

> Re{h(z)} 1- 294 Lokt ok k<0 re (a, B)

pML—T7)

The right-hand side of this inequality is positive if I' < ERe(a,}\, /1) where ﬂ%e(a, 7\, ,u) is given by (3.2). Consequently, it
follows from (3.3) that f € MB(0, 4, A, 4, p) for |z| < Re(ar, , w).

Conclusion

In the research work, we will discuss some new classes of analytic functions using the technique of convolution, certain liner
operators will be defined all classes of analytic function. The main object of the present paper is to introduce the certain
subclasses of Meromorphic multivalent functions involving. We discuss some interesting geometric properties according to
coefficient inequality.

Future Scope
There are several other operators which can be applied on multivalent meromorphic functions. The theorems which are derived in
this research article can be applied practically for solving some functional analysis theoretical problems.
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