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Abstract

In this paper, we introduced a modified Weibull distribution which is capable of handling both unimodal
and bimodal scenarios. The hazard function for this distribution exhibits versatile behaviors, including
increasing, decreasing, bathtub-shaped, and increasing-decreasing-increasing patterns. This modified
distribution is applied in a competing risks framework with two causes of failure. Maximum Likelihood
Estimation (MLE) is used for parameter estimation, and due to the lack of explicit solutions, we
employed the Newton-Raphson algorithm. To validate the modified Weibull distribution, we conducted a
simulation study and analysed a real-life dataset of cancer patients.
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1. Introduction

In many medical or engineering applications, Weibull distribution plays an important role
because of its flexible hazard functions, i.e., increasing, decreasing and constant hazard rates.
In survival or reliability studies, more than one cause of failure may be directed to a subject at
a time, this concept is considered as Competing Risks approach. The competing risks data
consists of failure time and cause of failure. Sometimes subjects may be censored. Many
authors had given the modification of Weibull distribution in many ways depending upon the
situation and datasets, viz., Mudholkar et al. (1995), Mudholkar and Hutson (1996), Xie and
Lai (1996), Chen (2000), Xie et al. (2002), Lai et al. (2003), Carrasco et al. (2008), Sarhan and
Zaindin (2009), Almalki and Yuan (2013), Bebbington et al. (2007), Almalki and Nadarajah
(2014), Rangoli and Talawar (2024b) [10.11.15.6.16,8,5,14, 2,3, 1, 13 These modifications work in a
unimodal scenario. Rangoli and Talawar (2024a) 4 considered a mixture of two Weibull
distribution and Kernel methods for estimation of hazard and survival functions in competing
risks scenarios for a bimodal dataset. Bebbington et al. (2007) ! gave the modification of
Weibull distribution within two parameters, which does not include any shape parameter. In
this paper we brought modification to the Bebbington et al. (2007) &I model by adding one
shape parameter that works in unimodal as well as bimodal scenarios and has decreasing
unimodal and bimodal density curves. Also, this modified Weibull distribution has increasing,
decreasing, bathtub, increasing-decreasing-increasing hazard curves.

This paper is organized as follows: We introduce the modified Weibull distribution in Section
2. Order statistics is considered in section 3. The maximum likelihood estimators are provided
in Section 4. In Section 5, we discuss simulation studies and real-life application. Finally,
Section 6 deals with concluding remarks.

2. Modified Weibull distribution

Under the assumption that there are k causes of failure, we have the following notations
t; — Lifetime of the ith unit

t;; —Lifetime of the i*" individual for cause j, j = 1,2, ...k

F(.) »Cummulative Distribution Function (CDF) of ¢t;

a and y are scale parameters and S is a shape parameter

f(.) — Probability Density Function (PDF) of ¢;

S(.) —=Survival Function of ¢;

A(t) - Hazard Function of ¢;
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F;(.) »Cummulative (CDF) of ¢t;;

Distribution Function
fj(.) — Probability Density Function (PDF) of t;;
A;;(t) — Cause Specific Hazard Function of ¢;;

Let the CDF is,

atB¥
F(t)=1—e¢"¢ ‘ ‘wherea >0,5>0,y>0,t >0
The PDF corresponding to (1),

Y
o th-¥

f) = (a B tB-1 4 tlz) o tﬁ_% o-
Form of the hazard function is,
At) = (0!,8 th-1 +t12) eatﬁ_%

And form of the survival function is,

Y
s@t) =e™" -
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From Figure 1 and 2 we can see that the density and hazard curves for different values of the parameters. This modified Weibull
density tends to Bebbington et al. (2007) I modified Weibull distribution when g = 1.
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Fig 1: Density curves for different values of parameters.
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Fig 2: Hazard curves for different values of parameters.
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3. Order Statistics
Let Ty, T, ...., T, be a random sample of size n from modified Weibull distribution with pdf and cdf defined in (2) and (1)
respectively. We give the density of " order statistic as

r—-1 n-r+1

n! _ atB-Y _ atB-Y _ y eBY
fr(t):m<1_ee t) (ee t) <aﬁtﬁ 1—|—t—2>ea t

The density of IS¢ order statistic is given by,

a B_Y Y
i =n (e‘e ‘ t) (aﬁ th-1 +ty—2) et

And the density of nt"order statistic is given by,
n-1

athb-Y atB-Y Y

4. Maximum Likelihood Estimation

The maximum likelihood estimation (MLE) is widely used among the statistical inference because of its desirable properties like
consistency, asymptotic efficiency. Use of maximum likelihood estimation in competing risk set up is different from general
approach as illustrated below.

We assume that T;; to follows modified Weibull random variables with parameters (aj,ﬁj, yj) i=12,.nj=12,..k

Let Ty, T,, ..., T,, are failure times and the subjects may fail due to various causes. Let us assume that there are k causes which
acts independently on the subjects. Let C be the censoring time such that, there will be available only time but not cause of failure.
The Likelihood function is given by,

L =TT T (fF () %0 S(8) =% o
L=TI%, 1T, (Aj(ti))gij S(t) .

Y 0 otherwise

The log likelihood can be written as
l=logL =Yk, Zzl ((51'1' *log (Aj(ti))) + log(S(ti)))
L= logL = Xy (217, (8 log (4,2 ) + Eiy log(5(t) )

Now for cause j, the log likelihood is given as,l; = Z?z"l log (/1]- (ti)) +3% log(S(t))

n B-1 v\ gttt 44
) o ) FilYi T
lj = Zii1log (ai Bj t; ! +t_é> e’ i +XL log|e® ‘
L
Bj_vj
—_ v Bji-1 , ¥j nj Bj noYi oy 4T
lj = Zizl lOg (aj .8] ti + E + Zi:l aj ti - Zi:lt_i — Li=1¢ ‘
Bj-1 Bj vj
dlogl; _ an Bjt; + an tﬁj _yn ea]' & ]_t_: tﬁj
s i=1 Bj-1 vj i=1"i i=1 i
] aj B] ti +t_.2
1A
(8;-1) B
dlogl;  nj ajt; (Bjlog ti+1) nj Bj n %L J
ap; 2 TN +X2 ot logt — X e tatlogt;
ajPjt; t2
B.
n nj n oaqit -1
dlogl; 1 1 1 N e
e e T /L DT Ja
Vi =19 Bt R IR = = L
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The second order derivatives w.r.t aj, §; and y; are given in Appendix.
Let I(®) be Fisher Information Matrix of the unknown parameters. @ = (a]-,ﬁj, yj)j = 1,2, ... k parameters for modified Weibull
distribution. The elements of the matrix /;;(0),i,j = 1,2, ... k can be approximated by Iij(@), where

_ 9%1(0)

Iij(@) = m evaluated at ® = @

2
6aj 0aij 0ajyj

d%logl; d%loglj 9%logl;

rzloglj a%logl; azzogzjw
15(0) = [aﬁj“j ap;  0Bjv; ‘ ji=12,..k 7)

d%logl; d%loglj 0%logl;
ovjej  OvB; 0V}

The elements of the above matrix were given in Appendix. These equations do not have explicit solutions to estimate the
parameter values, so we consider Newton-Raphson method for numerical solution.

4.1 Asymptotic Confidence Bounds
To calculate confidence intervals, we consider asymptotic distribution of the MLE of the parameters (Lawless, 2003 ). It is
known that the asymptotic distribution of the MLE @ is given by

(6 - 0) - N3(0,171(0))

Where 0 = (ay, a3, 1,82, ¥1,V2) - .
The elements of the 3 X 3 matrix of /72(.), are approximated by 1;;(8),
Therefore, the approximate 100(1 — y)% two-sided, confidence interval for @ is given by

0+Zs), /1-1(@)

Here Zs,is the upper §/2 th percentile of a standard normal distribution.

4.2 Information Criterion:

The Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) methods are used to know which of the
following distributions fits the data well (Lawless, 2003 ). The distribution fits the data well, whose AIC and BIC values are
less.

AIC = 2K — 2 InL
BIC = KIln(n) — 2 InL
Where L is the likelihood function, n is the sample size and K is the number of parameters estimated.

5. Results and Discussion
To validate the model we considered the two dataset; Simulated dataset (bimodal) and real life cancer patients dataset (unimodal).

5.1 Simulation Study

To validate the model, we simulated the bimodal dataset using Monte Carlo simulation algorithm. Using the algorithm and with
appropriate choice of the parameters, we have simulated 1000 observations. Then by considering these simulated datasets, we
generated the competing risks data using the algorithm given below (Beysermann et al., 2001 1),

e T be event time generated by Monte Carlo algorithm.

Run the binomial test for assigning the cause i.e. generating failure cause j,

i=123,..,].

Generate censored observation C. In this case we have used exponential distribution to generate censored observations.

Now considering min (T, C), and assigning cause if we get T else it will be considered as censored.

In this simulation we have considered the two causes of failure and generated the failure times and the censored times.

Table 1 shows the estimated values using MLE for simulated dataset. Figure 3 shows the density curve of the simulated dataset,
from this we can observe that this modified Weibull distribution has bimodal shape. From Figure 4 we can observe the hazard and
survival curves of two causes of failure for the simulated dataset. For cause 1 the hazard function is increasing, slight decreasing
then again steady increasing. For cause 2 the hazard curve is increasing then decreasing. The survival probability reaches 50%
before 5 months for cause 1 whereas for cause 2 it reaches after 10 months.
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5.2 Application to cancer data
To validate the model, we have considered the real life data of survival times of cancer patients given in Crowder (2001) "], The
dataset consists of two causes of failure and consists of censored observations. Table 2 shows the estimated values of the
parameters for the cancer dataset. From Table 3 we found that our modified Weibull distribution gives good fit by observing the
AIC and BIC values. From Figure 5 we can observe that for cause 1 and cause 2 the hazard curve becomes almost same. Table 4
shows the estimated parameter values, standard error, lower confidence limit and upper confidence limit.
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Table 1: Estimated value for the simulated data.
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Parameter\Causes Overall Cause | Cause Il
o 0.00061604334 0.0001777888 1.92593*1034
B 3.602037 3.9060763989 0.3894937
Y 2.350242 2.2419348289 4.036324
Table 2: Estimated values for the cancer dataset.
Parameter\Causes Overall Cause | Cause Il
o 0.001118968 0.002592299 1.104887*1070
B 1.355253491 1.15865758 2.367479
y 6.676638214 11.958162285 8.160834
Table 3: AIC and BIC values for cancer data.
Distributions logl AlC BIC
Bebbington -686.413 1380.826 1392.009
Modified Bebbington -665.0875 1342.176 1358.95

Table 4: Estimated parameter value, standard error (SE), lower control limit (LCL) and upper control limit (UCL).

Causes Parameters Standard Error LCL UCL
,=0.002592299 0.000122188 0.002352815 0.002831783
Cause 1 B1=1.15865758 0.283940760 0.459352091 1.572379425
¥1=11.958162285 1.498186498 9.021770684 14.894553886
@,=1.104887*10 4.502045*108 1.016649*10 1.193125*10®
Cause 2 B,=2.367479 0.7821883 0.8344180 3.900540
¥,=8.160834 1.873543 4.488757 11.83291
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Fig 3: Density curve of the simulated dataset.
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Fig 4: Hazard and Survival curves of 2 causes for the simulated dataset.
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Fig 5: Hazard and survival curves of 2 causes for cancer dataset.

6. Conclusions

The modified Weibull distribution can effectively address both unimodal and bimodal scenarios with one shape parameter. The
distribution of the hazard function demonstrates different patterns, including increasing, decreasing, bathtub-shaped, and
increasing-decreasing-increasing behaviors, making it highly versatile for various applications. We applied this modified
distribution within a competing risks framework involving two causes of failure and demonstrated its practical utility. The
simulation studies and the real life dataset justify the application of this modified Weibull distribution in both unimodal and
bimodal scenarios. Parameters are estimated for the cancer dataset including the standard error, lower confidence limit and upper
confidence limit.
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Appendix
numef = a; t l(ﬁ’ (Bjlogt; +1)
-1 Y
deno = q; p; tiﬁ + t—é
By B v

leoglj _ —an (ﬁ] t; ) _ym ea]- t; J—t—; t2 Bj

Ja? i=1 Bi-1 7] 2 i=1 i

J <a] B] ti +—2)
Bt 2 Bj vj

92logl; n: (deno ajt;’ logty(Bjlogti+2) )—(numeﬁ ) n Bi Bi ajt;i-U B
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Bj

iy
c’)zlogl] Z 1 1 on e“] ¢ i
R n
ayl <aj gt B, 1+Q> x4 i t?
nj Bi-1 Bi-1 nj ny Bi vi
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B, " i i it i i
Oajfj  Ofjay L (a'] B t; }t';) =1 i=1
Bj-1 Bj vj
0%logl; _ 0%logl; _ —2@1 Bjt; + ZL 1t,8] -1 ea] t; %
dajyj  Ovja; = (a, gl +V1>
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i t;
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