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Abstract

Let {Xj:j >-m+ 1} be a homogeneous Markov chain of order m taking values in {0,1}. For j =
0,—1,..,—l+1, we will set R; =0 and we define R; = ]‘[{;}_1(1 - Rl-)]'[{:;‘_lXi. Now R; =1
implies that an I-look-back run of length k has occurred starting at j. Here R; is defined inductively as a
run of 1 's starting at j, provided that no [-look-back run of length k occurs, starting at time j — 1,j —
2, ...,j — Il respectively. We study the conditional distribution of the number of [;-look-back runs of
length k, until the stopping time i.e. the r-th occurrence of the [-look-back run of length k where k; < k
and obtain it's probability generating function. The number of [;-look-back runs of length k; until the

stopping time has been expressed as the sum of r independent random variables with the first random
variable having a slightly different distribution under certain conditions.

Keywords: Look-back runs, stopping time, Markov chain, strong Markov property, probability
generating functions

1. Introduction

The theory of distributions of runs has been studied extensively since Feller [1968] [
introduced runs as an example of a renewal event. This field has received a lot of interest
among researchers. Various new techniques such as Markov embedding technique (refer Fu
and Koutras [1994]) !, method of conditional probability generating functions (refer
Ebneshahrashoob & Sobel [1990]) [ etc. have been developed to study interesting features of
the distributions of runs of different type.

We consider an m-th order homogeneous {0,1}-valued Markov chain. Further, we assume that
the initial condition {X, = xo, X_1 = X4, ..., X_n41 = Xm—1} IS given to us. The state 1 is
associated with success in an experiment while state 0 for failure. A run of length k is a
consecutive occurrence of k successes. The I-look-back counting scheme for runs was
introduced by Anuradha [2022a]. In this scheme, if a run has been counted starting at time i,
i.e, {Xi = Xjy1 = = Xizx—1 = 1}, then no runs can be counted till the time point i + [ and
the next counting of runs can start only from the time point i 4+ [ + 1. This scheme is repeated
every time a run is counted. In other words, if a run is counted starting at time i, there are k
consecutive successes from the time point i and no runs of length k can be counted which start
at the time points i —1,i —2,...,i — . The look-back counting scheme generalizes the
concept of run counting and encompasses both the definitions of overlapping counting as well
as the non-overlapping counting and also gives rise to new objects for further study. Clearly, if
[ = 0, this counting scheme of run matches exactly with the counting of overlapping runs of
length k, whereas if we consider [ = k — 1, then this counting scheme results in the counting
of non-overlapping runs of length k. Under the set-up of m-th order homogeneous Markov
chain, Anuradha [2022a] ! proved that the waiting time distribution of the n-th occurrence of
the I-look-back run of length k converges to an extended Poisson distribution when the system
exhibits strong propensity towards success. Under the same set up, central limit theorem was
established for the number of I-look-back runs of length k till the n-th trial. Anuradha [2022b]
[l obtained the conditional distribution of the number of runs of a fixed length or more till the
r-th occurrence of I-look-back run of length k when the underlying random variables follow an
m-th order Markov chain and identified the form of conditional distribution.
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In order to understand the practical use of the [-look-back counting scheme for runs of length k with [ < k, we consider the
following example. Suppose an experiment is conducted to study the efficiency of a particular drug to control the symptom of
iliness. Here observations are taken every hour for the presence (success) or absence (failure) of a particular symptom, say, fever
exceeding a specific temperature. If we observe the presence of the symptom for k successive hours, a drug has to be
administered; however, as is the case with most drugs, once the drug is administered, we have to wait for [ hours for the next
administration of the drug with [ < k. But the process of the observation for the presence or absence of the symptom is continued
as ever. In this experiment, the number of administrations of the drug until the time point n, is the number of [-look-back runs of
length k up to time n.

Aki and Hirano [1994] ™ studied the marginal distributions of failures, successes and success-runs of length less than k until the
first occurrence of consecutive k successes where the underlying random variables are either i.i.d. or homogeneous Markov chain
or binary sequence of order . Aki and Hirano [1995] B! derived the joint distributions of failures, successes and success-runs for
the same set-up. Hirano et al. [1997] % obtained the distributions of number of success-runs of length [ for various counting
schemes like runs of length k,, overlapping runs of length k,, non-overlapping of length k, etc. until the first occurrence of the
success-run of length k for a m-th order homogeneous Markov chain where m <[ < k. Uchida [1998] [*¥ studied the joint
distributions of the waiting time and the number of outcomes such as failures, successes and success-runs of length less than k for
various counting schemes of runs for an m-th order homogeneous Markov chain. Chadjiconstantindis and Koutras [2001] ©! also
obtained the distribution of failures and successes in a waiting time problem. In this paper, we obtain the distribution of [;-look-
back runs of length k,, until a specified stopping time, namely the r-th occurrence of the [-look-back run of length k where k; <
k. The study of distributions of runs until a stopping time brings out many salient features of runs statistics and establishes new
connection between various discrete distributions.

Next section outlines the definitions and the main result. Section 3 formalizes the underlying set up for deriving the results.
Section 4 is devoted to establishing the main theorem. The main tool that we use is the method of p.g.f.s, where we translate the
problem in terms of a first order homogeneous Markov chain taking values in a finite set and use the strong Markov property for
deriving the basic recurrence relation involving the probabilities of the number of [, -look-back runs of length k.

2. Definitions and Statement of Results

Let X_ i1, Xomazs - X0, X1, ... DE @ sequence of stationary m-order {0,1} valued Markov chain. It is assumed that the states of
X_ma1, X _mmyas -, Xo are known, i.e., we are given the initial condition {X, = x¢, X_1 = x4, ..., X_jps1 = Xm_1}-

To make things formal, for any i > 0, define N; = {0,1, ..., 21 — 1}. It is clear that N; and {0,1}* can be identified easily by the
mapping x = (Xo, Xy, ..., X;—1) — Y= 2/x;. Since, {X,:n = —m + 1} is m™ order Markov chain, we have, for any n > 0,

Px = PXny1 = 11 X, = %0, Xn1 = X1, o, Xnomg1 = Xm—1)

where x = z;’;glzfx, € N,,. Consequently, we have g, = P(X;,411 = 0 | X;, = X0, X1 = X1, o, Xnema1 = Xm—1) = 1 — p,. We
assume that 0 < p,, < 1 forall x € N,,,.
Fix two integersk > 1andl <k — 1. We setR;(k,l) =0fori =0,—1,...,—1l + 1 and for any i > 1, define inductively,

i—1l i+k—-1

Ri(k, 1) = l—[ (1-Ri(k, ) 1_[ X,
j=i

j=i—-1

If R;(k,1) = 1, we say that a I-look-back run of length k has been recorded which started at time i. Define a sequence of stopping
times {z,(k,[):r = 1} as follows

.k, 1) = inf {n:z R.(k,1) = r] +k—1.

It should be noted that this is indeed the stopping time for the completion of the r-th I-look-back run of length k.
Fix any constant k; < k. The counting of the runs of length k; can also be performed using the look-back counting scheme. For
l, < k4, we define N,.(kq, ;) as the number of [;-look-back runs of length k, up to the stopping time z,.(k, 1). In other words,

(kD) —kq+1

Nl l) =N = > Rkl

i=1

For some special cases, we will obtain the exact distribution of N,.(k;,l;). We denote the probability generating function of
N, (ky, 1) by ¢.(s; kq, 1;). Before we proceed, we present an example to facilitate understanding. Consider the following sequence
of 'sand 1 's of length 20

11010111011111011101.

For k =4 and | = 2, it should be noted that stopping times will be given by 7,(4,2) = 9,7,(4,2) = 15,75(4,2) = 18, 7,(4,2) =
24, 15(4,2) = 27 and 74(4,2) = 33. Now let us

consider k; = 2 and l; = 1, then the number of [;-look-back runs of length k, till the stopping times are given by N;(2,1) = 3,
N,(2,1) = 5,N;(2,1) = 6, N,(2,1) = 9, N5(2,1) = 10 and N¢(2,1) = 12.
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Now we introduce two discrete distributions which will be useful for identifying the results. Anuradha [2022c] introduced the
generalized Binomial type distribution. The probability generating function x, ., of the generalized Binomial type distribution is
given by

X(p,n,t)(s) = (q +qps + -+ qpt—lst—l + ptSt)n.

When we take n = 1, the random variable is called the generalized Bernoulli type and is denoted by GBer(p, t). Thus, the pgf of
GBer(p, t) is given by

Xpo(S) = (@ +gps+ -+ qp*~'st™1 + ptsh).

Another discrete distribution will be important for our results. Aki (1985) had defined an extended negative binomial distribution
of order t with parameters n and (py, ps, .., p;) and gave the probability generating function as

n

PPz - DeS*
f=1 DP1P2 " Pj-14;S’

o(sim Prp2s0p)) = |1

We will consider the case when p; = p, = -+ = p; = p. Indeed When t = 1, this is the usual negative binomial distribution with
parameters 0 <p <1landn = 1. Whenn = 1 and p; = p, = - = p; = p, we will call this distribution as extended geometric
distribution of order t with parameter p.

Now we state our main results which we have proved in the subsequent sections. We consider the I, -look-back runs of length k;.

Theorem 1 For any initial condition x € N,,,, if both k, and (I + 1) are multiples of (I, + 1), the probability generating function
of N,.(k4, ;) is given by,

s(pym_,5)ks

ks—1 J
—Z *o qgm—1(pém—1) s+t

G(siky, ly) = [(p;m_ls)lz
( ) )k -1 r—1
s(p,m_45)"s
b 2, FiraPin-ss)
1- Z qzm 1(p2m 1) S]+1

j=0

where pym_; = (pam_)" %, qym_y =1 —pom_y, ks =k, /(4 + 1) and I, = (L + 1)/(l4 + 1). The result of Theorem 1 provides
a powerful representation of N,(k,,l;) through the extended geometric random variables and generalized Bernoulli type
distribution. Let us define the indicator function as follows:

1 ifu=vw

Ipy(w) = {0

otherwise

Corollary 1 Suppose that {Gi(E):i =1, r} and {Bl.(G):i =1, r} are independent families of i.i.d. random variables where

each Gi(E) is having an extended geometric distribution of order k5 with parameter p,m_, and each BL.(G) is a generalized Bernoulli
type random variable GBer (p,m_,, l;). Then, under the conditions of Theorem 1, we have

-
d E G E G
N = (1+6P) + Z B+ (14 6) (1 -1,y (B))]
i=2
Indeed, we have that the generating function of any Gi(E) given above. Also, the generating function of Bi(G) + (1 + GL.(E)) (1
]I{lz}(Bi(G))) is given by

Z (11 D)p(6E = HP(B® = f)

i=0 j=0
o -1 oo
= Sj+(1+i)]P>(Gi(E) - l)]P)(Bl(G) :]) + Z Slz]P)(Gi(E) — l)]P)(BL(G) — ZZ)
i=0 j=0 i=0
o -1
= SZ siP(G =) Z sIP(B? = j) + s2(pym_,)"2 Z P(c\® =)
i=0 i=0

-1

s(pym_y8)¥s3
— ]HZ Gom s Bim_5)T + Pon_y5)'.

1 —ZfiSl Qym_y (Pym_ 1) s
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Thus, using the independence of the random variables, we now conclude that the generating functions of the random variables of
both sides of the Corollary 1 are same. This proves the corollary.

Unfortunately, when the above conditions do not hold, the distributions become more complicated and hence difficult to identify.
However, we will show, through an example, how we may proceed and obtain the generating functions in this case. We discuss
these results in the section 4.

3. Set-up
Now we outline the underlying set up which will be used in the subsequent section to establish the results. Let us define two

functions fo, f1: Sk, = Sk, by
fi(x) = 2x + 1 (mod2*1) and f,(x) = 2x (mod2k1).

Further define a projection 6,,:Sy, = Sy, by 6,,(x) = x(mod2™). Now, set X_,, = X_p,_; = = X_4 41 = 0. Define a
sequence of random variables {Y,;: n = 0} as follows:

ki-1

Y, = Z 27X, ).

j=0

Since X; € {0,1} for all i,Y;, assumes values in the set S, . The random variables X, 's are stationary and forms an m™ order
Markov chain, hence we have that {Y,;: n = 0} is a homogeneous Markov chain with transition matrix given by

P, (x) ify = f1(x)
Py =y 1Y =x)=41-pg ) ify=fo(x)
0 otherwise.

Note that Y,, is even if and only if X;, = 0. This motivates us to define the function «: S,, - {0,1} by

1 ifxisodd

0 ifxiseven

K(x) = {

Therefore, x(Y,,) = 1 if and only if X,, = 1. Hence, the definition of I-look-back run can be described in terms of ¥, 's as

i+k-1

i-1
Ri(k,1) = H (1-R;(k,D) 1_[ (%)
j=i-l j=i

Let us fix any initial condition x € S,,. We denote the probability measure governing the distribution of {Y,;:n > 1} with Y; =
x € S, by P,.. Since we have set X_,, = X_,—1 = = = X_j41 = 0, we have Y, = x.

In order to obtain the recurrence relation for the probabilities, we will condition the process after the first occurrence of the run of
length k,. Therefore, we consider the stopping time T when the first occurrence of a run of length k, ends, i.e., when we observe
k4 successes consecutively for the first time. More precisely, define

i
T:=inf<qi=kq: 1_[ Xi=1

j=imki+1

We would like to translate the above definition to Y; 's. It must be the case that when T occurs, last k, trials have resulted in
success, which may be described by ;c(Yj) =1 for j =i—k; + 1 to i. Therefore, Y; must equal 2¥1 — 1. Since this is the first
occurrence, this has not happened earlier. So, T can be better described as

T =inf{i > k,:Y; = 2k — 1},

i.e., the first visit of the chain to the state 2% — 1 after time k, — 1. Now, we note that {Y,;:n > 0} is a Markov chain with finite
state space. Further, since 0 < p,, < 1 for u € S,,,, this is an irreducible chain; hence, it is positive recurrent. So we must have
P, (T < ) = 1. We observe that when the first occurrence of k consecutive successes happen, we must have the occurrence of
k4 successes previously since k; < k. Therefore, we have P,.(T < 7,(k, 1)) = 1.

4. Look-back runs of length k,

In this section, we study the distribution of the number of [;-look-back runs of length k, up to stopping time t,.(k, ). We will
employ the method of generating functions to derive these results. We obtain a recurrence relation between the probabilities in
order to derive the generating functions.

~T~
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Let us define the probability, for x € S,,,,n € Z,
97 ke, 1) = P (N (ky, 1) = ).

Also, let us define ,.(s; ky, 1;) as the probability generating function of N,.(k,,1,), i.e.,

Gr(siky ly) = Z gﬁx)(n; ki, l;)s™.
n=0

4.1 When (I + 1) and k, are both multiples of (I; + 1)

We will show that these probabilities gﬁx)(n; k4, 1;) is actually independent of the initial condition x. First we consider the case
when r = 1 and obtain the basic recurrence relation. If r = 1and k, =k — k; = 0, i.e, k = k,, we have that N; = 1 and hence

9P ky, ) = gy (n)

where I,,(v) is the indicator function defined above. Clearly, we have gf‘) (n; k4, 1) is independent of x.
Now, we concentrate on the case when k, = k — k; > 0 with k, = k3(l; + 1). We note that N; > (k5 + 1) and hence P,(N; =
Tl) = gix)(n; kl’ ll) =0 fOf n< k3.

Theorem 2 For any initial condition x € N,,, if both k, and (I + 1) are multiples of (I, + 1), we have

k-1

gix)(ni ki 1) = Z qzm—1(P2m—1)tg§2m_2)(n —1-1t/(+ D] ke, 1)

t=0
+(pom_1) 2y (1 + Lk /(L + D)),
where [u] is the largest integer smaller than or equal to u € R.

Proof: When k, = k — k; > 0 and r = 1, using the fact that Y, = 2¥1 — 1 with probability 1, we have

9P (i ky, 1) = P (N, =n) = P, (N, = n, Yy = 281 — 1)
ky—1

= Z P,(N, =n,Yp =250 — 1, Yy, =280 — 1, . Yy = 2K — 1, Yy = 252 = 2)

t=0
+P, (N, =nYr =28 1Y, =2 -1, Yy =2 — 1Y, =2k —1).

We look at the terms in the summation first. Forany 0 < t < k, — 1, we have,

]P)X(Nl =n, YT = Zkl - 1, YT+1 = 2k1 - 1, ey YT+t = Zkl - 1, YT+t+1 = Zkl - 2)
== ]P)X(Nl =n | YT = 2k1 - 1, YT+1 = Zkl - 1, ""YT+t = 2k1 - 1, YT+t+1 = Zkl - 2)
XP,(Yp =2k —1,Vp, =21 —1,..,Vp,, =2F — 1,V =2k = 2),

The second term in the above expression can be written as
]P)X(YT = Zkl - 1, YT+1 = 2k1 - 1, ey YT+(‘,' = Zkl - 1, YT+t+1 = Zkl - 2)

== ]P)X(YT+t+1 = 2k1 - 2 | YT = 2k1 - 1, YT+1 = Zkl - 1, ""YT+t = Zkl - 1)
t

x 1_[ Po(Vryj =29 — 11 ¥y =25 — 1, ¥ppy = 260 — 1, Ypy oy = 251 — 1),

j=1
Now, T + j — 1 is also a stopping time for any 1 < j < t. Using strong Markov property, we can write

P(Yry =2 —11Yp =2k 1Y, =2k -1, Y, =2 — 1)
= PYTH._I(YH j=2k 1) = Pyiya (Y =25 — 1) = pym_,y.

A similar argument shows that

P,(Yrypsr =250 =2 | Yp =280 — 1, Yy, =250 — 1, ., Vpyp = 250 — 1) = gym_,.

~gn
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For the first term, we note that Y, = Yr,q = =Yr,, =251 — 1 and Yp,eq = 21 — 2. This implies that X7_,, = 0 and
Xr_ky+j = 1forj=0,1,..,k; +t— 1. Therefore, we have a sequence of 1’ s of length k; + t with t > 0 which contributes to
1+ [t/(l; + 1)] many L;-look-back runs of length k;. Since there are no runs of length k; before T, by the very definition of T,
we have that the number of [;-look-back runs of length k; up to time T+t + 1is 1 + |[t/(l; + 1)]. Thus, the process after time
T +t+ 1 will have to contribute rest n — 1 — |t/(l; + 1)] many [,-look-back runs of length k,. Using the strong Markov
property, the process after T + t + 1, is a homogeneous Markov chain with same transition matrix with initial condition 2%1 — 2,
Thus, we have

IPX(Nl =n | YT = 2k1 - 1, YT+1 = Zkl - 1, ""YT+C = Zkl - 1, YT+t+1 = Zkl - 2)
=Panpy(Ny =n—t-1)=g;" 2—1-1t/( + Dlky, ). |

Combining the terms, we now get the required result. Hence the Theorem is proved.
Further note that the right-hand side of the expression in the theorem does not involve the initial condition x € S,,. Therefore

gf‘)(n; ki,1;) must be independent of x. So, we will drop x and denote the above probability by g,(n;ky, ;). Thus, on
simplifying the right hand side of this equation, we have the following corollary from Theorem 2

Corollary 2 Forn = k; + 1 and k, > 0, we have

k3—1
g1k, ly) = Z (I;m_1(p;m_1)j91(n —1—jky, 1)+ (p;m_1)k3]1{n}(1 + k3)

j=0

where pym_y = (pom_1)"*, qom_y =1 —pym_y, k3 = kp /(L + 1).
For the case r > 1, we get the similar result by following the similar arguments as of Theorem 2 and Corollary 2. Hence we get
the following theorem:

Theorem 3 For any initial condition x € N,,,, if both k, and (I + 1) are multiples of (I, + 1), we have

ks—1
gr(ky, ly) = Z qym_y (Pym_1) 1 gy (n — 1 —ji; ky, 1)
Jj1=0
r-2 -1
+ Z Z QEm_1(P;m_1)j112+j2+k3gr—1—j1(n —1— (ks +j; +j1lz))ik1;l1
j1=0 j2=0

+(p;m_1)k3+(r_1)12]]{n}(1 + k3 + (T - 1)12).

Proof of Theorem 1: We observe that the same set of recurrence relations were obtained in Anuradha [2022b]. Therefore, rest of
the argument can easily be carried out to yield the following expression for the probability generating function:

' k
S(pzm—ls) 3 [( ! S)lz
ks—1 / j L\Pam—y
1_21':0 qzm—ls(pzm—1s)

-1 r—1

s(pym_y5) , , .
1_21':0 qzm—1s(p2m—1s) j=0

{r(S; klv ll) =

This proves the result.
4.2 (k; = 0) and (I + 1) is not a multiple of (I; + 1)

In this subsection, we briefly describe how our method can be modified to handle the cases when (I + 1 )is not a multiple of (I; +
1). Although, we concentrate only on the case [; =1 and [ = 2, the method for treating the general case is similar but
complicated. We define the generating functions Z 4 (z;k, 1) = ¥X720lors1(si ke, 1)z?™* and  E_ ., (zk 1) =
Y72140r(s; ke, 11)2%". We derive two linear equations involving E 4, (z; k, 1) and E,,., (z; k, 1) which can be solved to yield the
formula for £ 4, (z k,1) and £, (z; k, 1).

For odd values of r, the recurrence relation can be written as

even

r—1 5

Joar+1 (k1) = Z Z QZm—1(pzm—l)6j1+j29(2r-21'1—[1'z/3])((n —J1+U2/31=12/2Di k. 1)
J1=0 j2=0
+(Pym_1)® Iy ().
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Hence, the generating function {,,.,(s; k, 1) of the sequence {g,,+1(n; k, 1): n = 0} is given by

r—1

Core1(S5 k1) = Z Q2m—1(p2m—1)6j5j[(1 +pymog + (P2m_1)?8){or—2j(s; k, 1)

Jj=0

+(@am_1)*(1 + pam_y5 + (Pam_1)?5){or—2j-1(s; k, D]+ (pym_)o"s™.

Thus, we have

Sodd

The

Similar calculations may be carried out to obtain the other equation as

On solving the above two linear equations we get the following expressions of E 4, (z; k, 1) and E

o r—1
(zk,1) =

r=1 j=0

z + Z Z QZm—l(sz—1)6ij[(1 +pm_1 + (sz—1)25)(2r—2j(52 k, 1)

+(ym_1)*(1 + pym_ys + (pzm—l)zs)(ZT—Zj—l(S; k, 1)]er+1

[oe]
+ Z (pzm_1)6rSrZ2r+1
r=1

z gam_1(1+pym_g + (pZm—l)ZS)ZEeven (z k1)

1= (ppm_1)°sz?

1= (ppm_1)°sz?

" qu—l(pZm—1)3(1 +pym_1S + (pzm—1)25)50dd(zi k,1)

1= (pzm_1)°sz?

above equation can be simplified to yield

(1 —z%(pym_1)3(gym_qg + pzm—15))50dd =k 1)
=z + qym (1 +poym_g + (Pam_1)?5)2E ., (2 k, 1).

(1 —z%(pym_1)3(gym_qy + pzm—15))53ven =k

= (pm_1)3z% + qym_1 (1 + pym_q + (Pym_1)?8)ZE 4 (z; k, 1).

(z;k, 1).

even

Eoad @k, D) =] z—2z3(pym — 1)4(172"1—1 -s(1- sz—1Q2m—1))][[1 —z2(qym_1(pym_1)?
+(ym_1)*)]? — 22(qam_q + qam_1pam_q + qam_y (Pam_1)?s)*] 1.

And

=
even

(zk, 1)

= [2%(qym_1 + qom_1pzm_1 + qom_1(Pym_1)?s + (Pym_1)*)

—2*(pam_1)°(qam_q + pym_19)I[[1 — 2%(qzm_1 (Pam_1)® + (Pam_1)*s)]?

—2%(qym_1 + qam_1pym_y + qam_1(Pam_1)?s)?] 71

The expressions for {.(s; k,1) can be obtained from the above expressions. But their form becomes complicated and the
underlying distributions are difficult to identify. Finally, this method can be employed for the general case, where we can obtain a
system of linear equations which can be solved to obtain the expressions for {,.(s; k, 1).
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