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Abstract

When the actual observation measurement is expensive and difficult, an effective approach for estimating
the population parameters is applied, such as ranked set sampling. In a survival or time-to-event analysis,
a frailty model is a random effects model where the random effect (the frailty) has a multiplicative effect
on the hazard. One of the traditional distributions, the Xgamma distribution, is frequently utilized in
reliability and regular survival models (frailty-free), but not in frailty models. Due to its inherent
flexibility, the Xgamma distribution and its generalizations have become significantly important in
survival analysis in recent years. In this study, we attempt to fit two-parameter X-gamma baseline
distribution (TPXGD) with parametric frailty models and apply them to the two real-life data sets. The
study results revealed that TPXGD with Gamma frailty model is a good choice for Kidney infection data
and recurrent asthma attack in children. To make studies of time-to-event data with covariates easier, we
propose the Two-parameter Xgamma baseline distribution (TPXGD) with frailty models as suitable
alternate models.
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1. Introduction

In many disciplines, including biology, epidemiology, medicine, and the life sciences, survival
or time-to-event data analysis is crucial [*1. Events can be death, recurrence, or any other result
of interest [, Another crucial element of survival analysis is called "frailty,” which is a
measure of the heterogeneity or unrecognized random effect that all participants share 1. To
account for such unobserved factors in survival models, Clayton ! was the first to build a
model, and Vaupel B! coined the term "frailty” in the study of mortality in 1979. As a result,
adding frailty (a random effect) to the baseline hazard function will produce results that are
more accurate than those from regular survival models (which do not include frailty) . The
majority of parametric survival models fit exponential, Weibull, log-logistic, and lognormal
distributions with gamma (GA), inverse gaussian (IG), lognormal (LN), and positive stable
(PS) frailty distributions. Due to its many hazard functions and forms, the Xgamma
distribution and its generalizations have been extensively used in lifetime data analysis
recently [ 81, but they have not been fitted with the frailty models. Due to this, we attempt to fit
the parametric frailty models for the Two-parameter X-gamma distribution (TPXGD) in this
paper and apply them to two real-world datasets. The structure of this essay is as follows. The
characteristics of the TPXGD distribution are covered in Section 2. Frailty models are covered
in Section 3, and in Sections 4 and 5, these techniques are applied to two real-life data sets.
Finally, Section 6 provides conclusions.

2. Two-parameter Xgamma distribution (TPXGD)

A random variable X follows the xgamma distribution if its probability density function (pdf)
is given by
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and its cumulative distribution function (CDF) is
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The two-parameter xgamma distribution is a novel
distribution that is presented by [ as an extension of the
xgamma distribution. This is done to create a more flexible
distribution when modeling real data sets due to the
widespread use of the xgamma distribution in various survival
analyses. When a random variable, X, exhibits the TPXG
distribution, the probability density function and cumulative
distribution function are, respectively, provided by
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We obtain the xgamma distribution with parameter as a
special case of the TPXG distribution for =1 in (3).

The distribution’s r-th order moment is determined by

E[x"] = 20 +B(L+1M2@2+NTr =123

r!
20T(p +0)

The  characteristic ~ function (CF) and  hazard
function H(x, B, 8) of the model are, respectively, given by
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3. Frailty Model

A multiplicative hazard model called a frailty model has three
parts: a random effect, a baseline hazard function, and a term
that simulates the impact of observable variables. A frailty
model's fundamental principle is to include an unmeasured
"random" influence in the hazard function to take into account
subject variability at the level of the individual subject. Under
the proportional hazard model, the hazard function at time t
for the i-th subject is (¢;x;, ¢;), where i=1, 2, 3,., n denotes
the observed.

h(t, x;, B) = ho(t) exp(x;B) (6)

A frailty model integrates the value of an additional
unmeasured covariate called the frailty, denoted z;, in the
hazard function, producing a hazard function.

h(t, xi, B) = ho(t) ziexp(x; B) ()

This concept is expanded to the model with time-varying
covariates with the typical notational change. The hazard
function that has been altered by the addition of frailty is
represented by the subscript equation in equation (7). With the
TPXGD baseline distribution, we attempt to fit four frailty
distributions in this paper: Gamma (Ga), Inverse Gaussian
(IG), Lognormal (LN), and Positive Stable (PS) distributions.

Table 1: Probability density function (p.d.f), Laplace transform (L(s)) and estimation of frailty parametric frailty distributions

The Laplace transformation from

Frailty Probability density function (p.d.f) frail Estimation of frailty
L robability density function (p.d. railty _var@
distribution L) = Elexp(-29)} log ((-1)7L@(s))
Gamma i Texn(—x /1 . 1 q-1
frailty (G) | e = 2 SPCH/D oo (145) s >0, - (q + I) log(1 + As) + Z log(1 + 1)
(Ga*)) rasm =
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1 T
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= [2271(s + L
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For a lognormal frailty distribution,
there is no explicit evaluation of the
Laplace transformation, and also 1 . 12
Lognormal (logx)? Kendall’s T no explicit formula exists |log [(— 1)4 T exp{—g({;s, A)}[g (s, A)] ]
(LN) (rA)V2xt exp{ - ]}/1 >0 |(Duchateau and Janssen [*2). Hence, we A
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3.1 Marginal Hazard Model and log-likelihood function

The frailty model interprets the regression coefficients
differently than the cox model does. Assume that there are n
independent clusters and that each cluster has K Subjects to
fix the notation. A failure of the J kind is possible for each
topic. The marginal mixed baseline hazard model is used to

calculate the failure time in the scenario of the jth type of
failure on the subject k in cluster 1.

hiji(t/xi () = hoj(Dexp{BT X (1)} (8)
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Where B = (B, Bz, ....Bg)" is a vector representing the
unknown regression coefficient, X;;,(t) maybe an external
time-dependent vector and the baseline hazard functions
h,;(t) and h,(t) are not known. Inferences have relied on the
log-likelihood technique because the marginal model
approach does not establish a correlation structure for the
failure time of a cluster X% [327]. In right-censored cluster
survival data, the marginal log-likelihood and covariate
information are assumed to be independent between the
censoring time and the survival time, the right censoring is
assumed to be non-informative, and the random variables are
assumed to be independent between the censoring time and
the survival time. The covariate information and the marginal
log-likelihood w = {w;;;i € 1,j € J;} 4.

bnar W, B, & W/T) = X4 {[5ij(10g(ho)10g(yl‘j) + ZiTjﬁ)] +
log [(~1)4L@ (T, Ho(yy;)exp5p) )| -

log[£(H, (Tij)exp(ziTjﬁ)]}, 9)

Where d; = Z}il d;; the variety of activities in i -th cluster

3.2 Laplace transform

The density function of the frailty distribution is described by
the Laplace transform, and it is simple to construct
unconditional survival and hazard functions. Because of this,
the Laplace transform can also be used to express the
probability function. As a result, frailty distributions with
simple Laplace transforms are crucial because they enable the
use of the standard maximum likelihood method for
parameter estimation [*2 131,

L@(.), the g-th derivative of the Laplacce transform [*4! of the
frailty distribution defined as

L(S) = E(exp(—z;s) f(z))dz;, s = 0. (10)
Where £@(,) is the Higher-order derivatives of the Laplace
transform up to g= max {dl,d2 dG}. Hence g-th derivate
is given by

LWD(S) = (—1)(‘”E(z(") exp(—zs)) (11)
3.3 Estimation and prediction

The EM algorithm, which combines an expectation and a
maximization step, was utilized to forecast the frailties [15].
The frailty z is predicted by the formulaz;
EZ/W;t;9,8,§), where w; and 1; are the data and
truncation times of the i-th cluster, respectively. As a result,
conditional expectation transforms into

L(di+1)(§f'=i H (yij)eXp(ZIB))
E(W/Xi,‘ti;ll»’; B,§) = @) "]i - B Tl]
£E@(3;1, Ho (viy)exp(ziiB))

(12)

Application to Real-life Data

Application -1

First, we fitted the four frailty models with the TPXGD
distribution using the kidney infection data set [*61 for model

~132~
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comparison. The dataset includes information on the first and
second times an infection recurred (within a day) from the
moment the catheter was inserted until it needed to be
removed. 38 patients who used portable dialysis equipment
had their measures taken, for a total of 76 observations
(cluster). The dataset had five variables, including recurrence
time, indicator (0=Censored, meaning the catheter could need
to be removed for reasons other than kidney infection), and
recurrence (1=recurrence), along with covariates for age, sex,
and illness type.

Application -11

Second, we used an Asthma attacks data set: Recurrent attack
in infants 71 to fit the four frailty models with the TPXGD
baseline. Asthma is occurring more and more frequently in
infants. Therefore, the objective of the study is a new
application of an existing ant-allergic drug administered to
children who are at higher risk of developing asthma to
prevent it. A prevention trial is set up with such children
randomized to a placebo or drug, and the asthma events that
developed over time are recorded in a diary. A patient usually
experiences several asthma attacks. Thus, inside a patient, the
various events are grouped and historically ordered. In the
model, this ordering is a possibility. The data set includes 232
(1776 observation) asthmatic infants between the ages of 6
weeks and 24 months, along with the variables (i)ID: infant
identification number (ii)Time (duration days: the time
between the end of one event (an asthma attack) and the next
event (iii)Status (Censored=0 or observed=1 event time (iv)
Drug (placebo=0, drug=1), and (v) fervent (First observation
of the patient (1=yes and 0=No).

4.1 Data analysis

The code and function for the TPXGD distribution using
frailty models and data analysis were developed using R
studio version 1.2.50. The models' fitness was evaluated using
Akaile's Information Criteria (AIC = -2 (loglikelihood) +2P)
and Bayesian Information Criteria (BIC = -2 (loglikelihood)
+P (log/n)) (where P is the number of Parameters). The
relationship between any two event times from the same
cluster was measured using Kendall's tau methodology [,
The ‘survial,” 2 “parfm,” [P "frailtyEM,"?? and
"frailtypack" ! R packages were used to create the code and
function for TPXGD.

5. Results

The parametric frailty models under the TPXGD baseline
were fitted using the kidney infection and asthma data sets.
The comparison findings for each data set for the four frailty
models are presented in Table 2. According to the model
results, TPXGD with Gamma (Ga), Inverse Gaussian (1G),
Positive Stable (PS), and Lognormal (LN) frailty models
provided outcomes that were remarkably similar to variables
in both kidney infection and asthma attacks. Due to its lower
AIC (671.871) and BIC (680.962) values compared to other
models for kidney infection data, the TPXGD baseline with
Gamma (Ga) frailty distribution was found to be the most
efficient.
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Table 2: Frailty models comparison under Two-Parameter Xgamma baseline distribution (TPXAD)

. Gamma (Ga) | Inverse Gaussian (IG) | Positive Stable (PS) | Lognormal (LN)
Data set Parameters/Covariates Estimate| SE Estimate SE Estimate SE Estimate | SE
Frailty 0.521 [0.198 1.023 0.496 0.347 0.21 0.583 0.321
A 1.216 |0.152 1.176 0.145 1.132 0.154 1.179 0.139
0 0.012 |0.008 0.013 0.008 0.012 0.008 0.011 0.009
Kidnev Infection data Sex -2.043* [0.434 -1.483* 0.422 -1.027* 0.384 -1.982* | 0.678
y Age 0.006 |0.018 0.007 0.012 0.005 0.011 0.006 0.01
AIC 671.87 676.62 674.89 682.32
BIC 680.96 688.27 686.37 692.02
Kendall's Tau 0.215 0.227 0.291 0.219
Frailty 0.21 ]0.039 0.221 0.049 0.086 0.023 0.086 0.041
A 0.024 ]0.017 0.025 0.003 0.024 0.004 0.023 0.003
0 0.734 ]0.002 0.866 0.018 0.854 0.022 0.685 0.014
Asthma Attacks Drug -0.102 | 0.08 -0.104 0.082 -0.098 0.083 -0.025 | 0.081
Fevent -0.273* |0.074 -0.281* 0.073 -0.342* 0.072 | -0.291* | 0.064
AIC 16625 16631 16653 16627
BIC 16646 16654 16662 16652
Kendall's Tau 0.098 0.087 0.082 0.092
*Significantly differed at 0.1% level (p<0.001)
o Akaike's Information Criteria [AIC]
686
682
678
674
670
Gamma (GA) Inverse Gaussian (IG) Positive Stable (PS) Lognormal (LN)
~—TPXGD ~#—Weibull == Loglogistic Lognormal
Fig 1: Comparison of AIC values for Kidney Infection data
s Bayesian Information Criteria [BIC]
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694
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Gamma (GA) Inverse Gaussian (IG) Positive Stable (PS) Lognormal (LN)
—8—TPXGD —e—Weibull =—e=Loglogistic Lognormal

Fig 2: Comparison of BIC values for Kidney Infection data
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Figure 1-2 shows the comparison of AIC and BIC values for
the kidney infection data with four frailty models with four

https://www.mathsjournal.com

baseline  distributions, including
Lognormal, and Log-Logistic.

TPXGD,  Weibull,

16800
16780
16760
16740
16720
16700
16680
16660
16640

16620

16600
Gamma (GA)

-—TPXGD

Akaike's Information Criteria [AIC]

—

Inverse Gaussian (IG)
~a—Weibull

Positive Stable (PS)
-~ oglogistic

Lognormal (LN)
Lognormal

Fig 3: Comparison of AIC values for Asthma Attacks data
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Fig 4: Comparison of BIC values for Asthma Attacks data

Similar to this, the lowest AIC (16624.8) and BIC (16645.7)
values among other models for the data on asthma attacks
resulted in the conclusion that the TPXGD baseline with
Gamma (Ga) frailty distribution was the most efficient.
Because each of the baseline distributions had minimal AIC
and BIC values, the results showed that the Gamma frailty
model is a perfect fit for these data. However, the TPXGD
baseline with the Gamma frailty model had the lowest AIC
and BIC values (Figures 3-4).

6. Conclusion

In actual practice, selecting and fitting a baseline with a frailty
distribution has proven to be essential and has produced better
results than other standard methods in time-to-event data

~134~

analysis. In this study, a baseline distribution called the Two-
Parameter X-Gamma Distribution (TPXGD) has been
presented. It has been fitted with parametric frailty models.
To choose the ideal model for the data sets on kidney
infection and asthma attacks, Akaike's Information Criteria
(AIC) and Bayesian Information Criteria (BIC) were utilized.
For data on kidney infections and asthma attacks,
respectively, the TPXD with Gamma (GA) frailty
distributions were found to be the best-fit model.
Additionally, compared to other baseline distributions, the
TPXGD baseline with frailty models demonstrated better fits.
Therefore, we propose that TPXGD baseline distribution with
the frailty models is a possible alternate method for time-to-
event data analysis.
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