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Abstract 

Closed forms are obtained for the maximum likelihood estimators (MLE) of the mean vectors and the 

covariance matrix of a multivariate normal samples using known means of auxiliary variables. The 

likelihood function is decomposed as product of several independent normal and conditional normal 

likelihood functions. The parameters are transformed into a new set of parameters of which the MLEs are 

easy to derive. Since the MLE are invariant, the MLE of the original parameters are derived using the 

inverse transformation. 

MSC2000 subject classi cations: 62H12; 62H15. 
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Introduction 

Auxiliary information is very common and easily obtained in practice. Making full use of 

auxiliary information can improve the accuracy of inference effectively. For instance, we 

usually use the sample mean to estimate the population mean, but when there is auxiliary 

information, there are other better estimates. Cochran (1940) [1] proposed the ratio 

estimation of the population mean in simple random sample survey which reached the best 

when the research variables and auxiliary variables were highly positively correlated and 

the regression line passed through the origin. The product estimation was firrst proposed 

by Robson (1957) [5] and rediscovered by Murthy (1964) [4], which is suitable for the 

situation where the research variables and auxiliary variables are highly negatively 

correlated. The regression estimation proposed by Watson (1937) [8] is suitable for the 

case that the regression line of the research variable and auxiliary variable does not pass 

through the origin. 

In this paper, we consider the MLEs for multivariate normal population with auxiliary 

variables. 

Let the research variable be y and p dimensional, the auxiliary variable be x and q 

dimensional, and the expectation of x is known. And together they satisfy. 
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where c is a known constant. Suppose that there are n independent samples on both y and 

x, and in addition, there are m extra observations on x solely. In other words, we have a 

random sample as follows: 
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We consider the MLEs of the mean vector 


and covariance matrix   of y.  

 

Maximum Likelihood Estimation  

Partition the data in (1.1) as follows: 
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SS

SS
S  denote the sample mean vector and the sums of squares and products matrix respectively 

based on D1. Similarly, let 2D  and V denote respectively the sample mean vector and the sums of squares and products matrix 

based on D2. 

Consider the density function of data in (1.1). We note that the density of x and y can be written as the marginal density of x times 

the conditional density of y given x (we indicate the density of normal distribution by f( ) here), that is 
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The likelihood function can be written as  

 

 

),|(),|(),( 1.21.21.2

1

11

1

 






 ii

n

i

i

mn

i

xByfcxfL 
             (2.3)  

 

The maximum likelihood estimates of 1.21.21.211 ,,,  B are those values that maximize 

 

To maximize (2.3) with respect to 11 , we maximize ),|( 11
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. This gives us the usual estimates of the parameters of 

a normal distribution based on n+m observations, namely, 
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To maximize (2.3) with respect to 1.21.21.2 ,, B , we maximize the second term of the right hand side of (2.3). This gives the 

usual estimates of regression parameters, namely, 
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It is easy to see that the maximum likelihood estimates of the original parameters 2212 ,,   are obtained by solving (2.2), 

where  
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Hence, we have 
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with  
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It is obvious that ̂  is determined completely by 1D  and it is the same as regression estimator in sample survey. However, ̂  is 

different. It is not only related to 1D , but also related to the extra observations on x in 2D . 
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