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Abstract

This article proposed the SIR and SEIR models with delay and vertical transmission. We have
incorporated the vertical transmission in a delayed SIR model assuming a fraction q of offspring from
infectious class are infective at birth. Again, we have incorporated incubation period h > 0 as delay in
the SEIR model with vertical transmission. The conditions of existence and boundedness of the steady
states are executed. The basic reproduction number R, is derived, and disease-free equilibrium is shown
globally stable at R, < 1. Global stability of the endemic equilibrium is shown under specified
conditions. The numerical simulation also confirms our theoretical findings.
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1. Introduction

Disease transmission is a dynamic process driven by the interaction between susceptible and
infective. In nature disease transmitted through both horizontal and vertical modes. Horizontal
transmission occurs through direct or indirect physical contact with the infectious host while
vertical transmission can be accomplished in humans and animals through transplacental
transfer of disease agents via mother to a new born and, in insects and plants, vertical
transmission through eggs and seeds.

Some mathematicians studied an SIR infectious disease model considering the diseases
transmitted in humans via direct contact [, which has a latent period h > 0 to become
infectious. However, in many human diseases such as rubella, herbs, infection is transmitted
through vertical modes. In this article, we have studied and analysed an SIR model with latent
period as delay for the diseases also transmitted vertically [, assuming that a fraction of the
offspring of the infected host is infected at birth and will stay latent before becoming
infectious.

Some researchers ¥l proposed an SEIR model for epidemic spreading in humans by vertical
transmission, assuming that the infected host instantaneously shows the disease's symptoms.
However, for many infectious diseases such as syphilis, hepatitis B, AIDS, the infected host
stay in an incubation period before showing the symptom of the disease. Here, we have
analysed an SEIR model with vertical transmission assuming a time lag h > 0 after that
infected host will show symptoms of the infection.

2. Mathematical models

2.1 SIR model

das

o= b — 2e~P"S(t)I(t — h) — qbl — bS

% = e PhS()I(t — h) — bl — yI + gbl 1)
dr _ I — bR

a Y '

~142~


www.mathsjournal.com

International Journal of Statistics and Applied Mathematics http://www.mathsjournal.com

With S(t) > 0,1(t) = 0, R(t) = 0,Vt = t,and (S(t), (), R(t)) € L*(0, +0).

We denote the total population is constant and N (t) = S (t) + I (t) + R (t). Where S(t), I(t) and R(t) are the susceptible,
infectious and recovered or removed population from the possibility of infection, b stands for the recruitment of susceptible and
per capita death rate, A is average no. of susceptible per infective per day, v is removal rate of infective, q is fraction of offspring
from infectious class who are infective at birth. We consider that the infected individual will not survive after time h units; hence
we introduce a survival term e ~?" which is independent of the of the individual.

2.1.1 Boundedness of solutions

Lemma 1: The solutions of system (1), which start in [0, 1] < IR, ? lies in the feasible region

r={GS LR eER*S+I1+R<1} (2)
Moreover, they are uniformly bounded in this region.

Proof: We rewrite our system

ds S(t

— = —2e P"S(t)I(t — h) — qb,] + b, (1 - Q) S(b),

dt K

&= A PRS()I(t — h) = byl — I + qby], 3)
R - bR

dt Y 31t

Here, K is the environment carrying capacity, and a positive steady state is feasible if K > S*. Let (S(t),I(t),R(t)) be any

. ds S(t)
solution of system (3) then s b, (1 - T) S(t).

By comparison theorem fim sup S (t) < M,where M = max(S,, K). Consider a function y(t) = S(t) + I(t) + R(t).

d s

d—{: b, (1—E)S—b21—b3R < (b, +1)S =S — byl — byR < M(by + 1) — by(t)
dy

=2 L by(e) < M(by +1).

dt

M(by+1)

———+y{5(0),1(0),R(0)}e™™. As t—,0<

v(S,LR) < %(b1 + 1). Therefore, all feasible solutions of extended system (3) enter in the region ¢ = {(S, LR)€e[0,1]3:y <
M(by+1)

Where b = min{b,, bs, 1}. After solving this, we get0 < y(S,I,R) <

+ee> 0}. Consequently, all feasible solutions of (1) will enter the region ¢, = {(S,I,R) € [0,1]3:y < 1+ ¢&,¢ > 0}

and I' € ¢,. Hence, feasible solutions of system (1) are bounded and consequently defined in [0, 1]%. We also note that if So= 0,
then (S(t),1(t), R(t)) — (0,0,0) irrespective of initial value I(t), R(t) = 0. if S(t) > 0 then, (S(t),R(¢t),I(t)) - (1,0,0) for
I(t) = 0 = R(t). While solutions enter in the region @, and stay there otherwise. Subsequent analysis of the model will be based
on the following. we consider any pair of variables from the three variable S, I, R and let x(t) = (S(t),l(t)) € ),where 2 =
{S,) eRZES+1<1}x(t) = (I(t),R(D)) € 2y, where 0, = {(I,R) € R,*:1 + R < 1}. With the understanding that 2,0, c
I'. Therefore the endemic state in our analysis will be defined in terms (I*, R*) because based on the fact that N < 1, system (1)
reduced to the following system (4), and this system now becomes the primary system for study.

2.1.2 Equilibrium classification

1. Disease-free equilibrium Eg = (1,0, 0).

2. Endemic Equilibrium E, = (§*,I*,R").

3.

b+y—qb b b qb? i y y qyb

S*: ) - - IR = -
Ae~bh b+vy le‘bh+(b+y)/le‘bh b+y e Pt e Ph(b+vy)

Provided Ae =" = b + y — gb. True in the interior of E, .
2.1.3 Basic reproduction number

}.e_thO
b+y—qb

> 0.

The basic reproduction number R, is given by R, =

2.1.4 Global stability analysis

Theorem 1: The endemic equilibrium point E, of the system given by (1) is globally asymptotically stable with respect to the set
T givenin (2).

Proof: SinceS + I 4+ R < 1, the system reduced to
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% = de PhS(O)I(t — h) — bl — yI + qbl, (4)
R bR
a7

From Beretta and Takeuchi [4] we can assume thatS*Ae~®" = b +y — gb. Now (I,R) € (0,1]? because (I*,R*) # 0, while
(S,1,R) € [0,1]3.

dl
T Ae PhS(I(t — h) — SAe P I(t) = Ae (1 =1 — R)I(t — h) — SAe PR [(t)
dR =yl — bR
ac 7
Where

(LR)E, ={(I,R) ER,: I +R <1}.LetU, =1 —1I",U, = R — R*, we have

%:ze*b“[{l—(u2 FR)= (1" +UHI +U, (t-h)}-5°(1" +U,)]

=2 -1 R -U, U, I +U, =) }-57 (1" +U))] (5)
= e [ls —U, -U, 1 +{87 —U, -0, U, (t-h)]- 8717 e ™ s U e

du . .
=71 U bR+ U,) = U, -bU,

Now we define a Lyapunov function for the system (5)
w W 1 . «\ _—bh [t
V(U ()= 71u12 (1) +—2U L2 () +Ew1,1(| +s8" )™ [ U wav

Where W; > 0 are positive constant, and V(.) is an extended real-valued function V:I" - [0, o) satisfying V (U(t)) = 0 and
VU () = 0at E [5] and V(U(8)) < S {U,*(6) + U,2(0)} 2 0.

Where

W,

W, —bh
K:max{—1 +A(1"+S")e }
2 [1 ] 2 ) Now

dv (U (1))
dt
............ “WU, (i [(s*—U, —U, U, t—h) = (1" + S")U, (1) — 1"U, )]+

............... WU, ()[U, (t) —bUz(t)]+%/1(l 1S MU —U2—h)]

............ = —bW,U 2 (t) + (W, — AW, 1 "e ™" U, (U, () —%i(l " +SM)e U () +

—W,U (1)U 1(t) +W,U, (1)U 2 (t) +%w1/1e*"“(| “+sMuzwy—uz-h)]

............... AW,(S” —U, —U,)e U, (t)U, (t — h)—%Wl(l *4+S7)e U2 (t—h)
Choose W;, W, > 0 such that AW, = W, de~?"1*, Then

V(U(t)) = —bW,U3(t) —%Wle‘bh{(l* +SUE(E) = 2(S* — Uy — Up)Uy (t — W)U (&) + (I* + SHUE(t — h)}

=—bwzug(t)—gwle-bh[(’fl(t) )T{ I'+s* —{S*—(U1+Uz)}}(ul(t) )]

Uit —h)) |={s"— (U, —U,)} I"+5* U, (t —h)
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= —BW,U3(t) — Wy "M [V (t, DAV (¢, h)] (6)
Where,

— I'+s* _{5* - (Ul + Uz)} _ Ul(t)
10=(Ls“yruy - res o )mven = 5

Then the determinant of A(t) is positive if and only if A = [(I* + $*)? — {S* — (U,(t) + U,(¢t))}*] > 0.With solutions satisfying
the following inequality —I* < %(U1 (t) + U,(t)) < S*. Now since A is more significant than zero then the matrix A is positive
definite, now for any £ > 0, consider

0., ={U€n;:U @)+ Uy(t) > —2I" + &}
Then for any U € £2,,3 a minimum eigenvalue of A is strictly positive. Let us denote such an eigenvalue by ¢,. We have
[V (t, AV (t, )] = @ (UF () + U3 (t = h)) ©)

Substituting value from (7) in (6) we get
: W.
V(U(t)) < —bW,U2(t) — 71/16‘1”1<p[U12(t) +UZ(t—h)] < —8UZ(E) + U3(1) <0

Where
§ = min {~W,b,"2 Ae """, }. By Barbalat's lemma [5] (I — I)? + (R — R") = 0 as t — 0. Hence V(< 0) is semidefinite for

any U; and U and is equal to zero at E.. Thus, since the only possible o- limit sets of (1, R) on the boundary of [0, 12 is {I*, R*}
and {0, 0}. The second set is to be ignored because I*, R* # 0 i.e., (I*, R*) € (0,1]2. By Lasalle’s invariance [6] principle, the

only largest compact subset of €; is M = {I*, R*}. It, therefore, follows that 31 > Osuch that liminf I (t) > I Hence E, is
globally stable in (0, 1]2, but all solutions of system (4) enter [0, 1]%. Hence endemic equilibrium is unique and globally stable in
¢4, the interior of @;.(R, > 1).

Theorem 2: Whenever Ae™®" < b + y — gb, then disease-free equilibrium Esis globally asymptotically stable.

Proof: We choose a variable (I, R) and consider the space 22, = {x = (I,R) € R2: I + R < 1}. Dynamic equations for IR classes
are given

1(t) = —(b + Y — gb)I(t) + AS(OI(t — h)e™P" R(t) = yI(t) — bR(t).

Where

0 < S <1and(l,R) € f,. Let us consider the Lyapunov function,

. ) ) t
V(x(8)) =1(t) + WR(t) + /le‘bhf I1(w) du, W > 0

t—h
Then, V(x(t)) = min{I, W} (I (t) + R(t)) = 0 forany t = 0.

t

V(x(®) = I(t) + WR(t) + Ae‘bh% I(w) du
t—h

=—(b+y—qb)I(t) + SOOIt — h) + W(yI(t) — bR(t)) + 2e P [I(t) — I(t — h)]
< —(b+vy—qb)I(t) + e PI(t) + W(yI(t) — bR(¢)) + Ae PR[I(t) — I(t — h)]

< —{(b+y—qb) — e PP —Wy}I(t) — BWR(t) < —K[I(t) +R(t)] <O0.

Where

K = min{bW, (b +y — qb) — le~?" — Wy}. By choosing W Such that b +y — qgb — Wy > Ae~#". Hence the system (1) has
only disease-free Equilibrium Es, which is globally asymptotically stable.
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2.2 SEIR model

ds
5= b — 2e~P"S(t)I(t — h) — pbE — qbl — bS,
% = 2 P"S(6)I(t — h) + pbE + qbl — (¢ + b)E,
8
d_op (4 + b)I
ac ¢ Y ’
R~ bR
a7 '

With S(t) > 0,I(t) = 0,E(t) = 0,R(t) = 0,Vt = t,. We consider total population size N(t) = S(t) + I(t) + E(t) + R(t) = 1.
Where, ¢ is the rate at which the exposed individual pass from latent to infectious class and p is fraction of off springs from
exposed class who are infective at birth. Rest of the variables are same as described in section 2.1.

2.2.1 Boundedness of solution
Lemma 2: The feasible region for system (8) isT" = {(S,E,,LR) € IR4:S+E+1+ R < 1}.
Moreover, the feasible solutions of the system (8), which start in [0,1]* < IR3 are uniformly bounded.

Proof: Proof is similar to the lemma 1.

2.2.2 Equilibrium classification

We see that model has two equilibrium points

1. Disease-free Equilibrium Es = (1,0,0,0).

2. Endemic equilibrium point E. = (§* E*, I*, R*).

(y +b)(e +b) — pb(y +b) — qbs £ b[/lse‘bh +pb(y + b) + gbe — (y + b)(e + b)]

S Ase™P (e + b)e~bh
b[/lee‘bh +pb(y +b) + gbe — (y + b)(s + b)] _ y[Aee™" + pb(y + b) + qbe — (y + b)(& + b)]
A(e + b)(y + b)e~br R = A(e + b)(y + b)e~br

2.2.3 Basic reproduction number
The basic reproduction number R, for SEIR model is given by,

Ae7bhes,

RO:(s+b)(y+b)—pb(y+b)—qb£>0'

2.2.5 Global stability analysis
Theorem 3: The endemic or positive equilibrium point E. of the system given by (8) is globally asymptotically stable for the
set I' given in (9) under the following condition

2b%(y + &) — (b? + y*)Ae PR(E* + I* + R*) > 0.
Proof: SinceS + I + E + R < 1, the system can be reduced to,

dE

dl dR
T = 1e P"S(t)I(t — h) + pbE + qbl — (¢ + b)E =¢E—(y+ b)I =yl — bR.

Now (E,I,R) € (0,1]3 because(E*,I*,R*) = 0. While (S,E,I,R) € [0,1]* and

(E,LR) €, ={(E,,LR)€IR:E+I+R<1}.Lety; =E —E*, U, =1—1",Us = R — R*. We have

du.

dtl /’{e_bhs U (t - h) Ae_bh(Ul + U2 + U3)U2(t - h) /Ie_bh(Ul + U2 + U3)I* + prl + quZ - (8 + b)Ul,
ddUtZ = SU]_ - (]/ + b)Uz, (10)
dUs,

W = yUZ - bU3.
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Now we define a Lyapunov function for the system,

W, W. w. w. t
v(U®) = 71 UZ(t) + 72 UZ(t) + 73 U2(t) + 72/1(15* + 1"+ S57)e bk : hug (v)dv.

Where W; > Oare positive constant and V(.)is extended real valued function V:I' - [0,0) satisfying V(U(¢)) =0 and
V(U(t)) =0atEs[5] and V(U(t)) < g{Uf(t) +UZ(t) +UZ()} = 0.

Where

K = max {% [1+A("+ S+ E*)e—bh]’%’%}.
V(U(D) = WU, (DU () + WylUs (U (6) + WsUs(O)Us () + [UZ(E) — UZ(t — B)] x

W,
—22 (E*+ 1" + S*)e~bh

= WU, (0)[Ae™MS™ — (Uy + U, + U3)}U,(t — h) — 2e ™" (Uy + Uy + Us)I*] + WoUp (D) [U1(8) — (v + B)U, ()]
WU O U(0) ~ DUs (O] + 22 (B + 1+ 5°)e P [U30) — U3 — )]

= [{WTZ/1 (E*+I"+S5)e P —W,(y + b)} UZ(t) + yW3U, () U3(t) — bzﬂ U3 (t)]

de bhpy bW.
- [Tl I*U, (£) + Ae PhW, I U, (D) U (t) + TZ U32(t)]
—bh

WIrUE(t) — 2W{S* — (Uy + Uy + U3)3U (DU, (t — h) + Wo(E* + 1" + SO)UZ(t — h)]

2

+{€W2 - /’{e_bhwll*}Ul (t)UZ (t).

Taking W1, W, > 0 such that eW,, = 1e~Phw, I*;

_l[{ZWZ(y +b) — AW, (E* + I + S")e P"MU2(t) — ZyW3U3(t)U2(t)]
2

vv®) = +bW,U2(t)

1 1
-3 [Ae PRWLIFU2(t) + 2Ae PhW, 1" U, (t)Us + BW3U2(t) ] — Ele_bh[Ul(t), U,(t — h)]

% [ wi I Wi{s*— (U, + U, + Us)}] U, (t) ]
Wi {S* — (U; + U, + U)} Wo(E*+ 1"+ S§%) U,(t —h)

= —%[{ZWz(V +b) = AW,(E* + 1" + §*)e "M U3 (t) — 2y W5Us () U, (t) + bW3UZ (1)]
- % [Ae PRW I UZ(t) + 2Ae PhW, 1" U, () U5 (t) + bW UZ(t)] — %Ae‘bh[V(t)A(t)VT(t)]

Now if we choose W, = 1 and W, =(E++S) Then above Lyapunov function is negative definite under the following

conditions;
1. b2(y +b) —A(E* +I" + $M)e "} > y2W;.

2. bW; > e Ph(E* + 1" + §%)
3. Determinant of A(t) is +ve if (E* +I* + S)[I** = {S* — (U + U5 + U3)}?] > 0.

With solutions satisfying the following inequality —I* + S* < (U; + U, + U3) < I* + S,
And from condition (1) and (2), we get another condition

[20%(y + &) — (b® +yH)Ae™(E"+ 1" +R")]>0
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Hence V(< 0) is semidefinite for any U;, Uy, and Us, and this is equal to zero at E. Thus, the only possible w- limit set of (E, I, R)
on the boundary of [0, 1]%is {E", I*, R"}and {0, 0, 0}. The second set is to be ignored because E”, 1*, R"# 0, i.e., {I*, E *, R*} €
(0,1]3. Then by LaSalle's invariance principle [6], the only largest compact subset of Q; is M = {E”, I", R"}. Hence, our endemic
state is globally stable.

Theorem 4: Whenever Ae~""eS* < {(e + b) — pb}(y + b) — gb then disease-free equilibrium point Es is globally asymptotically
stable.

Proof: We choose variable (E, I, R) and consider the spacef2;, = {x = (E,[,R) € IR::E+1+R < 1}.

Dynamical system is given by

E(t) = Ae PhS(6)I(t — h) + pbE + qbl — (¢ + b)E, I(t) = €E — (v + b)I, R(t) = yI — bR.

Let us consider the Lyapunov function,

V(x(®) = E(t) + I(t) + WR(£) + 1e™" f " Iwduv (<o)

t-h
= E(t) + I(t) + WR(t) + Ae=Ph[I(t) — I(t — h)]

= 1e b"S()I(t — h) + pbE + qbl — (¢ + b)E + ¢E

=@y +b) + W(yI(t) — bR(Y)) + AePM[I(t) — I(t — h)]

< —[-Ae7Ph —qb— Wy + (y + b)] I(t) — (b — bp)E(t) — bWR(t)
< —K[I(t) + E(t) + R(t)].

Where K = min[{—2Ae~"" — gb — Wy + (y + b)}, (pb — b), bW]. By choosing W such that e " <y + b — gb — Wy. Hence,
the system (8) has only one disease-free equilibrium, which is globally stable.

3. Results

We see that for the parameters, b = 1,4 = 2,y = .04,q = .5, h = .5, the endemic equilibrium points of SIR model S* = .45, I" =
516, R"=.021 exist and stable, as shown in fig. (a). Again, all the disease-free equilibrium point of SIR model exist and stable for
the set of parameters s b = .45,4 =1,y =.6,q =.5,h = .25, as shown in fig. (b). the numerical simulation of SEIR model
reveals that for the set of parameters b = .05,1 = .3,¢ = .2,.07,y = .01,q = .5,p = .5, h = .025, the endemic equilibrium point
S"=.1420, I"= 5720, E" = .1716, R" = .1144 exist and stable as shown in fig. (c). Again, for the set of parameters b = .05,1 =
15,6 =.2,.07,y =.11,q = .5,p = .5, h = .025, the disease-free equilibrium point exist and stable are satisfied as shown in fig.

(d).

Time Series Graph
[ [ [ [ T T [ [ [
Susceptible
Infective
Recovered ||
0.4+ -
031/ -
0.2t s
01—~ -
0‘4/”/ [ [ [ [ [ [ [ [ [
0 20 40 60 80 100 120 140 160 180 200
Time

Fig (a): Stable population distribution for Susceptible, Infective and Recovered in endemic case
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Time Series Graph
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Fig (b): Stable population distribution for Susceptible, Infective, Recovered in disease-free case
Time Series Graph
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Fig (c): Stable population distribution for Susceptible, Exposed, Infective, Recovered in endemic case.
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Time Series Graph
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Fig (d): Stable population distribution for Susceptible, Exposed, Infective, Recovered in disease-free case
4. Conclusion

This paper investigated the SIR and SEIR epidemic model with delay and vertical transmission. In these models, the infection
transfers through direct contact and vertical transmission. Delay in the SIR model reveals that the infected host stays in the latent
period before becoming infectious, and delay in SEIR model reveals that the infected host stays in the incubation period before
showing the symptom of the disease.

After analysis, we have concluded that the endemic and disease-free states are linearly asymptotically stable under some
conditions involving disease-related parameters. The reproduction number shows that disease-free equilibrium is stable if Ry < 1
and endemic equilibrium is stable if R, > 1. Reproduction for SIR model depends ong, 0 < g < 1. Here, q is the fraction of
offspring from the infectious class infected at birth. Now we can see that as q increases, R, also increases. Therefore, we can
conclude that disease can be controlled if the number of infected newborns from the infective class is reduced. Again, the
reproduction number for the SEIR model depends on g andp, 0 < p < 1. Where, p fraction of offspring from exposed class who
are infected at birth. We can see from the reproduction number that as p increases, R, also increases. Therefore, if we want to
control the disease, we have to reduce the number of newborn offspring from exposed class who are infective at birth.
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