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The relationship between the three major sampling 

distributions and the normal distribution 

 
Ruijia Shi 

 
Abstract 

The chi-square distribution, t distribution and F distribution are the three most important sampling 

distributions in probability theory and mathematical statistics. They all have a certain relationship with 

the normal distribution, and they are asymptotically normal under certain conditions. This article first 

combines the gamma distribution and the moment generating function indicate the correlation properties 

of the three major sampling distributions and the relationship between the three. Using the relevant 

functions such as the characteristic function and the central limit theorem to explain that they all 

converge to the normal distribution under certain conditions. At the same time, they use mathematical 

software MATLAB to verify. 
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1. Introduction 

The three major sampling distributions occupy an important position in probability theory and 

mathematical statistics, and are often used in estimation and inference problems such as 

hypothesis testing, interval estimation, and analysis of variance. They are all evolved from the 

normal distribution, and finally belong to the normal. However, most of the textbooks do not 

explain the relationship between the three distributions in detail. This article summarizes and 

analyzes the three distributions based on the knowledge learned, highlighting their connection 

with the normal distribution and proving that they are all under certain conditions. Converge to 

the normal distribution, and perform MATLAB verification at the same time. With such a 

relationship, some more complex distributions can be transformed into normal distributions 

that are easy to accept and understand, and it is more convenient to operate. 

 

2. Preliminary knowledge  

If a random variable X  follows a gamma distribution with a shape parameter of   and a 

scale parameter of  , we record it as 𝑋(𝛼, 𝛽) and its probability density function is 

𝑋~𝛤(𝛼，𝛽) then its probability density function is 

 

 𝑓(𝑥) =
𝛽𝛼

𝛤(𝛼)
𝑥𝛼−1𝑒−𝛽𝑥  𝛼, 𝛽 > 0, 𝑥 ≥ 0 𝐸(𝑋) =

𝛼

𝛽
, 𝑉𝑎𝑟(𝑋) =

𝛼

𝛽2 

 

Where 𝛤(𝛼) is the gamma function 𝛤(𝛼) = ∫ 𝑥𝛼−1𝑒−𝑥∞

0
𝑑𝑥 and the moment generating 

function of the gamma distribution is 𝑀(𝑡) = (
𝛽

𝛽−𝑡
)

𝛼

 

 

3. Definition and nature of the three major sampling distributions 

3.1 chi-square distribution 

Definition If 𝑍~𝑁(0,1), 𝑋 = 𝑍2 then 𝑋obey the chi-square distribution with 1 degree of 

freedom, denoted as 𝑋~𝜒 [1]
2 .The following uses the moment generating function to analyze 

the relationship between chi-square distribution and 𝛤 distribution: 
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The derivative of the distribution function can be obtained: 

 
1

2 2
1

2

1
( )

1
2 ( )

2

x

Xf x x e
− −

=


 

It is not difficult to find that the above formula happens to be the probability density function of 𝛤(
1

2
,

1

2
), so 𝑀𝑋(𝑡) = (1 − 2𝑡)−

1

2, 

which is written as 𝑋~𝜒 [1]
2 . 

 

Nature 1: Additivity of chi-square distribution 

 

If 𝑍1, 𝑍2, . . . , 𝑍𝑛 is an independent random variable, and 𝑍𝑖~𝑁(0,1), let 𝑋 = ∑ 𝑍𝑖
2𝑛

𝑖=1 , then 𝑋~𝜒(𝑛)
2  

 

Prove: Using moment generating function and independence can be obtained: 

 

 

MX(t) = MZ1
2(t) × MZ2

2(t) × … × MZn
2 (t), 

 

Because of 𝑍𝑖
2~𝜒(1)

2 , its moment generating function is 𝑀𝑍𝑖
2(𝑡) = (1 − 2𝑡)−

1

2 

 

Therefore, 𝑀𝑌(𝑡) = (1 − 2𝑡)−
𝑛

2  this is the moment generating function of 𝛤(
𝑛

2
,

1

2
), so𝑋~𝛤(

𝑛

2
,

1

2
), at this time we record as 𝑋~𝜒(𝑛)

2  

 

Nature 2: Chi-square distribution asymptotically normal distribution 

When 𝑍𝑖
2~𝜒(1)

2 , we can know 𝑍𝑖
2~𝛤(

1

2
,

1

2
), according to the expected variance calculation formula of the gamma distribution, we 

can get: 

 

2 2

2
( ) 1, ( )= 2i iE Z Var Z

 

 
= = =

 
 

According to the central limit theorem, for any x , the distribution function  

 

𝐹𝑛(𝑥) = 𝑃 {
∑ 𝑍𝑖

2−𝑛𝑛
𝑖=1 𝐸(𝑍𝑖

2)

√𝑉𝑎𝑟(𝑍𝑖
2)𝑛

≤ 𝑥} the following formulas are all established 

 

𝑙𝑖𝑚
𝑛→∞

𝐹𝑛(𝑥) = 𝑙𝑖𝑚
𝑛→∞

𝑃 {
∑ 𝑍𝑖

2 − 𝑛𝑛
𝑖=1 𝐸(𝑍𝑖

2)

√𝑉𝑎𝑟(𝑍𝑖
2)𝑛

≤ 𝑥} =
1

√2𝜋
∫ 𝑒−

𝑡2

2

𝑥

−∞

𝑑𝑡 = 𝜙(𝑥) 

 

The theorem states that when n  approaches infinity, the random variable 

 

𝑌𝑛 =
∑ 𝑍𝑖

2−𝑛𝑛
𝑖=1 𝐸(𝑍𝑖

2)

√𝑉𝑎𝑟(𝑍𝑖
2)𝑛

=
∑ 𝑍𝑖

2−𝑛𝑛
𝑖=1

√2𝑛
→ 𝑁(0,1)  

 

So ∑ 𝑍𝑖
2 → 𝑁(𝑛, 2𝑛)𝑛

𝑖=1 , and because of ∑ 𝑍𝑖
2~𝜒(𝑛)

2𝑛
𝑖=1 , namely when n  approaches infinity, 𝜒(𝑛)

2  gradually approaching the 

( ,2 )N n n
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Matlab Drawing Verification 

 

 
 

Fig 1: The chi-square distribution converges to normal distribution 

 

From the figure 1 above, it can be seen that the larger the n , the closer the chi-square distribution density function is to the 

normal distribution density function, which is consistent with the proven conclusion. 

 

3.2 𝑡 distribution 

Definition If 𝑍~𝑁(0,1), 𝑈~𝜒2(𝑛), 𝑍 and 𝑈 are independent of each other, then 

 

~ ( )
Z

t n
U

n  
 

Nature 1: If 𝑋1, 𝑋2, … , 𝑋𝑛 is random variables of independent and the same distribution, and 𝑋𝑖~𝑁(𝜇, 𝜎2), then 
(𝑛−1)𝑆2

𝜎2 ~𝜒𝑛−1
2 , 

because of 
𝑋−𝜇

𝜎

√𝑛

~𝑁(0,1).By using the definition of the t-distribution we have 

𝑋−𝜇
𝜎

√𝑛

√
(𝑛−1)𝑆2

𝜎2

𝑛−1

=
𝑋−𝜇

𝑆

√𝑛

~𝑡(𝑛 − 1) 

Nature 2: If the random variable 𝑋~𝑡(𝑛), then when n  is greater than or equal to 2, 𝐸(𝑋) = 0. when n  is greater than or equal 

to 3, 𝑉𝑎𝑟(𝑋) =
𝑛

𝑛−2
 

 

Nature 3: When n  tends to infinity, 𝑙𝑖𝑚
𝑛→∞

𝑡𝑛(𝑥) = 𝜑(𝑥) =
1

√2𝜋
𝑒−

𝑡2

2  

 

Prove: Setting 𝑇 =
𝑍

√
𝑈

𝑛

~𝑡(𝑛), in this expression 𝑍~𝑁(0,1), 𝑈~𝜒2(𝑛) and they're independent of each other. Because the 

characteristic function of 𝑈 is 𝜑𝑈(𝑡) = (1 − 2𝑖𝑡)−
𝑛

2 , the characteristic function of 
𝑈

𝑛
 is 𝜑𝑈

𝑛

(𝑡) = (1 −
2

𝑛
𝑖𝑡)−

𝑛

2 . According to the 

special limit formula available: 𝑙𝑖𝑚
𝑛→∞

𝜑𝑈

𝑛

(𝑡) = 𝑙𝑖𝑚
𝑛→∞

(1 −
2

𝑛
𝑖𝑡)−

𝑛

2 = 𝑙𝑖𝑚
𝑛→∞

[(1 −
2

𝑛
𝑖𝑡)−

𝑛

2𝑖𝑡]
𝑖𝑡

= 𝑒𝑖𝑡 

It is not difficult to find that 𝑒𝑖𝑡 is a characteristic function of single-point distribution 𝑃(𝑋0 = 1) = 1, so the distribution function 

of 
𝑈

𝑛
 

 

𝐹𝑛(𝑥) →
𝑊

𝐹(𝑥) = {
0, 𝑥 < 0
1, 𝑥 ≥ 0

(𝑛 → ∞) 

 

namely, 
𝑈

𝑛
→
𝑃

𝑋0 = 1(𝑛 → ∞),√
𝑈

𝑛
→
𝑃

√𝑋0 = 1(𝑛 → ∞). So,  𝑇 =
𝑍

√
𝑈

𝑛

→
𝑃

𝑍(𝑛 → ∞) 

 

According to the above deductions, we can see 𝑙𝑖𝑚
𝑛→∞

𝑡𝑛(𝑥) = 𝜑(𝑥) =
1

√2𝜋
𝑒−

𝑡2

2  
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MATLAB drawing verification 

 

 
 

Fig 2: The 𝑡 distribution converges to normal distribution 

 

3.3 𝑭 distribution 

Definition If 𝑈~𝜒(𝑛)
2 , 𝑉~𝜒(𝑚)

2 , 𝑈 and 𝑉 are independent of each other. Then  

~ ( , )

U

n F n m
V

m  
 

Nature 1: If 𝑋~𝐹(𝑛, 𝑚),we can deduce 
1

𝑋
~𝐹(𝑚, 𝑛) 

Nature 2: If 𝑋~𝑡(𝑛),we can deduce 𝑋2~𝐹(1, 𝑛) 

Nature 3: 𝐹𝛼(𝑚, 𝑛) =
1

𝐹1−𝛼(𝑛,𝑚)
. This formula can be used to solve the values of some of the quartile not listed on the F

distribution table (  represents the upper quartile). 

Nature 4: When x is greater than or equal to zero, F distribution will converge to 𝑁(1,
2

𝑛
). 

Prove When x is greater than or equal to zero, the density function of the F distribution is known as follows: 

 

1
2

2 2

2

( )
2( )

( ) ( ) ( )
2 2

n
n m

m n

m n
x

f x n m
n m

nx m

−

+

+


=

  +
 

 

When m  tends to infinity, 𝑝(𝑥) = 𝑙𝑖𝑚
𝑚→+∞

𝑓(𝑥) =
(

𝑛

2
)

𝑛
2

𝛤(
𝑛

2
)

𝑥
𝑛

2
−1𝑒−

𝑛

2
𝑥
. According to the density function expression of the gamma  

 

distribution, 
( )p x

is the density function of 
𝜒(𝑛)

2

𝑛
. 

 

Therefore, 𝐸(
𝜒(𝑛)

2

𝑛
) = 1, 𝑉𝑎𝑟(

𝜒(𝑛)
2

𝑛
) =

2

𝑛
. According to the central limit theorem, when n  tends to infinity, 

𝜒(𝑛)
2

𝑛
−1

√
2

𝑛

→

𝑁(0,1).Namely, 
𝜒(𝑛)

2

𝑛
→ 𝑁(1,

2

𝑛
). 

In summary, when n  and m  tends to infinity, 𝐹(𝑚, 𝑛) converges to 𝑁(1,
2

𝑛
). 
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MATLAB drawing verification 

 

 
 

Fig 3: The 𝐹 distribution converges to normal distribution 

 

4. Conclusion 

In this paper, through the learned knowledge, with the help of gamma distribution, characteristic function, and central limit 

theorem, it is proved that the three distributions converge to the normal distribution under certain conditions. It can be seen that 

the normal distribution plays an important role in mathematical statistics. When the sample size is large, We can use the normal 

distribution to approximate the three sampling distributions, and use mathematical software to verify. By further summarizing, 

studying multiple proof methods for one property is very helpful for understanding the relationship between the three 

distributions. 
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