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Abstract

In this article we consider the geometry of the numerical range and show that if T is a hypernormal
operator on a finite dimensional Hilbert space then its Numerical Range W (T) is Polygonal. AMS200
Mathematics classification 47B47, 47A30, 47B20.
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Introduction

The well-known Toeplitz Horsdoff theorem touches on the geometry of the numerical range of
an operator stating that it is a bounded convex subset of the complex numbers. However, if the
operator T is a selfadjoint operator then the numerical range is an interval of the real numbers.
An introduction to the classical numerical range is found in M and a simple proof that the
numerical range of an operator on a two dimensional Hilbert space is elliptical is given. We
proceed to show that if T is a Hypernormal operator on a finite dimensional Hilbert space then
its numerical range is a polygon. We first consider an operator whose numerical range is a line
segment in the complex plane. This type of operators includes all selfadjoint operators.

Theorem 1.1
An operator T has its numerical range on a line segment if and only if T = ol + 8 Awhere A
is a selfadjoint operator.

Proof

Let W(T) be a line segmentthe W (T) = {a + BA; A € R}

Hence B~1(a + BA) — B taisreal. Now let A = B~IT — B~lal. Then for any unit vector
x we have that (Ax,x) = B7IT (x,x) — B ral (x,x) = B (a+ BA)— B *ais real. Thus, A
is a self - adjoint operatorand T = al + BT.

Conversely if T = ol + B Awhere A is selfadjoint then A € W (T) implies there exists a unit
vector x such that A = (Tx,x) = ((al + BT)xX) = axx) + B(Ax,x) = o + BA
where A is real. Hence W(T) is a line segment.

Example 1.2
Let
T=0 %l

andA € W (T) then A = (Tx, x) for some unit vector x. Thus

=3 Y1) =

Evidently the numerical range of T is a pure imaginary set and it must then be a line segment.
If we parameterize w and z so that w = r,e®: and z = r,e®? then we have that A =

1 1
11,2701 4 r1e®1792 = 21 (1 —1rP)zsin(0, — 0,) = 2r(1 —r¥zsiny.
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((:VZ),(VZV)) = zw + wz = 2Im(zw)
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The supremum of the absolute value of the last term occurs when r = % and sinyy = 1.Hence w(T) = 1.

On the other hand we have that || Tx [|2 = (Tx,Tx) = zz + ww = 1 whenever X is a unit vector. Thus || T |12 = 1 leading to
I TIl= w(T).

Theorem 1.3
If T = BA where A is a selfadjoint operator and f is a non-zero complex number then || T || = w(T).

Proof
BT = A is a self adjoint operator. Hence || B~1T || = w(B~1T). Consequently, | B~ I T II=1B* Iw(T)and so || T || =
w(T).

Theorem 1.4
If T is an operator whose numerical range is a line segment, then T is normal.

Proof

LetT = af + BAwhere Aisaselfadjoint then TT* = (al + BA)(@ + BA) =lal?>+ afA + BaAd+ 1B I%.
Onthe other hand T*T = (@l + BA)(al + BA) =la >+ aBA + Bad + 1B I

Hence TT* = T*T.

Theorem 1.5

If T is normal and A is an eigenvalue for T then A is an eigenvalue for T*.

Let x be an eigen vector corresponding to A then Tx = Ax. Hence (T —ADx = 0.
Now || (T* —=Al)x I =1l (T —ADx || = 0. Hence T*x = Ax.

Theorem 1.6
If T is a normal operator then any eigenvectors corresponding to distinct eigenvalues of T are orthogonal.

Proof

Let x and y be eigenvectors of Ti.e Tx = Ax and Ty = By,A#p then
Mxy) = Wxy) = (Tx,y) = (6Ty) = (x,By) = Blxy).
Hence (A — B)(x,y) = 0. Consequently (x,y) = 0sinceA— B # 0.

Theorem 1.7
If T is a normal operator on a two dimensional Hilbert Space H then W (T) is a line segment.

Proof

Let u and v be normalized eigenvectors corresponding to distinct eigenvalues o, B then by the previous theorem they are
independent and hence form a basis for H. For each unit vector x in H, we have thatx = pu + qv. So that (Tx,x) =
(pau + gBv,pu + qv) =lpl2a+lql?Bwhere |pl?> +1ql1*>= 1. Ifwesett =]|p|? then we obtain (Tx,x) = ta +

(1 —t?)B. Thus W (T) is a line segment from « to .

Definition
An operator T is said to be Hyponormal if [| T*x [| < || Tx || for all x in H.

Theorem 1.8
If T is Hyponormal operator then eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof
In 31,

Theorem 1.9
If T is a Hyponormal operator on a finite dimensional Hilbert space H then W (T) is a polygon with n sides.

Proof
Let {u,} be normalised eigenvectors corresponding to distinct eigenvectors a,,. Then each unit vector x in H has the unique
representation Y% = 7 p,u, where Y2 _, I pe 12 = 1

(Tx,x) = <T<Z 2% uk): Z Pk uk)
k=1 k=1
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Corollary 1.10
If an operator T is normal on a finite dimensional Hilbert space, then W (T) is a polygon with n sides.

Example
Let
0 0 1
T=1]1 00
0 10

Then for eigenvalues of T we must have det(T —AI) = 0. Hence

-1 0 1
o

0 1 -4

=0

This leads to the equation—A3 + 1 = 0. Hence the eigenvalues are the cube roots of unity. From which we obtain the fact that
the numerical range is the equilateral triangle that joins the vertices 1, w, w2.
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