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Abstract

The fixed lifetime inventory system with zero or positive leadtime has being considered by various
authors, with the aim of reducing the quantity outdating in the inventory system. Chiu (1995), considered
the positive leadtime case by approximating the expected shortage quantity, the expected outdate quantity
and the expected on hand inventory. His result was a Q, R ordering policy where Q and r are the ordered
quantity and the reorder point respectively. In this work, we examine Chiu’s implementation of the
model, use simple minimization method to obtain the order quantity and modify the total cost function
obtained by Chiu. Also, we consider the case where I the reorder point is not zero, which Chiu did not
considered.
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Introduction

Many researchers have worked on the fixed lifetime inventory system. Schmidt and Nahmias
(1985) B, Liu and Lian (1999) Bl Omosigho (2002) I, Olsson and Tydesjo (2010) €, Shen et
al. (2012) Il to mention a few. All of these authors worked on reducing the amount of items
outdating in a fixed lifetime inventory system. Fixed lifetime products are products with a pre-
defined shelf life and normally carry expiration dates on them. While in inventory, these
products are depleted by either demand or outdating. Outdating occur when a product is not
used to meet demand by the end of its useful lifetime in inventory. Examples of such products
include foodstuffs, drugs, blood, batteries etc. This work examine Chiu’s model on fixed
lifetime, redefine the outdate quantity and consider the case where the reorder point is not
zero.

Chiu (1995), considered the case of an approximation to the continuous review inventory
model with perishable items and positive lead time and came up with the total cost function

EAC(Q,r) ={(k+cQ+ pES+WER)/ET}+hOH .

where
ES = _[(dL - r)fL(dL)dL
r+Q r
ER= J.(r +Q - dm+L)fm+L(dm+L )dm+L _J(r - dm+L)fm+L(dm+L)dm+L
0 0
er - 9—ER

OH =r—(DL)+%

So that the total cost function becomes
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0 r+Q
EAC(Q,1) ={k+cQ+p[(d, - f (d)d, +wW{ [(r+Q—d . ) fr (dini) —
[0 dp.0) o @), JHET 40 DL+ )

0 (1)
where

ES = shortage quantity

ER = outdate quantity

ET = cycle time

OH =on hand inventory

Q = ordered quantity

r = reorder point

k = fixed ordering cost per order
¢ = replenishment cost per unit

p = shortage cost

h = holding cost per unit per unit time
w = outdate cost per unit

In order to search for a minimum Chiu took the partial derivatives of (1) with respect to Q and r, setting each to zero, and obtained

aigC _ o : ER)Z [1-F,  (r+Q)](k+cQ+ pES +WER) +ﬁ[c +wF,, (r+ Q)]+2 =0 (2)
OEAC D ) o,
o = @Ry e+ Q= Pt (0](k+cQ+ PES + WER) +- = {pl-1+ F (1]

+W[Fm+L(r+Q)_ Fm+L(r)]}+h =0 (3)

Equations (2) and (3) could not be solved explicitly, so he developed a solution algorithm to solve the equations for Q and r.
However, Chiu reported that, “ it requires an extremely large number of iterations to complete the steps of the solution algorithm
and the intolerably computational efforts makes it impossible to obtain a convergent solution”. The result for this model is of the
form (Q, r) where Q is ordered whenever on hand inventory drops to r, which imply that the decision to reorder depends on the
quantity of products on hand. Furthermore, Chiu obtained numerical results for the case where the reorder point is zero.

To implement the model, we obtain the partial derivatives of equation (1) with respect to the ordered quantity using Mathematical
8, equate to zero and solve the resulting equation.

1
0EAC h D(C+E(Q+ r?wf,.,,)
oQ a1 S f P (Q+r)
+ (inf inity)” — —=(inf inity)“rf, + r — + —"*= — f

Q ( y) 3 2( y) | 6 6 6 m+|

SO i )3 SF Tt 2 3 3 3
D(l—l(Q+r)2 fYKk+cQ+ p((lnf inity)” f, _ (inf inity)“rf, LT f,)+W(_r fon N Q+r) fmﬂ)
2 3 2 6 6 6
O+ (infinity)* f,  (inf inity)*rf, . r’f, . rrf. Q+r) me)Z
3 2 6 6 6

Going forward, we take f (inf inity) to be zero and consider the cases where r =0 and r = O which was not considered by
Chiu.

Case 1. assume r=0 and simplifying, we have
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Q* Q* Q’
D(C+?\me+l) D(1_7 m+|)(k+CQ+W m+|)
+ - =0

Q—Q—f (Q—* )

=

N | o

3

fm+|) 2D(1 Q2 m+|)(k+CQ+ Q6 m+|) O

=h(Q- m*') +2D(C+QZ m+')(Q

4 6 3 3 5 3
— hQZ . hQ fm+| + hQ fm+| _ DCQ fm-¢—| + DWQ fm+| _ DQ Vme+| — 2Dk —M‘l‘ Dszfm+
3 36 3 6
5
+DcQ%f, LDl

so for the case r =0, our polynomial will be

6 4
— hfm+|Q + ( DVme+| _ D\me+l )Q5 — hfm+|Q + (— DCfm+| + DVme+| _%4_ DC.I:m+|)Q3

36 3 6 3 3
+(h+Dkf ., )Q*-2Dk =0 (4)

We solved equation (4) using mathematical 8 and the results obtained for the ordered quantity is compared with the results
obtained by Chiu and shown in tablel

Table 1: comparing values of Q from chiu’s algorithm (Qc) and minimization method Qm. Constant values, c=h=d=1

s/n w m k Q. Q,
1 1 1 1 0.6635 1.0453
2 5 1.5545 1.6503
3 10 1.9307 1.8724
4 1 5 1 1.3663 1.4081
5 5 2.8115 3.0313
6 10 3.6735 4.0869
7 1 10 1 1.4139 1.4142
8 5 3.1452 3.1623
9 10 4.3962 4.4721
10 5 1 1 0.4936 0.8549
11 5 0.8068 1.3580
12 10 1.4524 1.5820
13 5 5 1 1.3036 1.3965
14 5 2.5544 2.9904
15 10 3.2741 4.0010
16 5 10 1 1.4115 1.4142
17 5 3.1258 3.1623
18 10 4.3259 4.4721
19 10 1 1 0.4057 0.7474
20 5 0.6928 1.1971
21 10 0.8322 1.4121
22 10 5 1 1.2397 1.3827
23 5 2.3538 2.8858
24 10 2.9866 3.7846
25 10 10 1 1.4115 1.4142
26 5 3.1045 3.1623
27 10 4.2472 4.4721

For the total cost function, we observe that the outdate quantity obtained by Chiu, shown below

r+Q r
ER = J.(r + Q - dm+L) fm+L(dm+L)dm+L _I(r - dm+L) fm+L(dm+L)dm+L
0 0
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Is misleading for the following reasons

(1) ris designed to satisfy the leadtime demand and not demand during M+L units of time as giving in the second term of the
outdate quantity

(2) The first term calculates the outdate quantities for both the previous and current orders. We believe that outdate quantity
should be a function of previous order only, since the issuing policy is oldest unit first.

)
We this, the outdate quantity should be _f(r —d,)f,.(d,)d, sothatthe total cost function becomes
0

EAC(Q.r)={k+cQ+ p[(d, —r)f(d,)d, +w[(r—d,)f (d,)d,}/ET +h(r - DL + %)
r 0 (5)
We compare the total cost using equations (1) and (5) for the values of Q obtained in table 1.

Table 2: Comparing total cost between Chiu and the modify model. Constant values c=h=d=1.

shn w m K Q. EAC, Q, EAC,
1 1 1 1 0.6635 3.8483 1.0453 2.6920
2 5 1.5545 9.7612 1.6503 5.8656
3 10 1.9307 15.6106 1.8724 9.2921
4 1 5 1 1.3663 2.4462 1.4081 2.4169
5 5 2.8115 4.3809 3.0313 4.1824
6 10 3.6735 6.0282 4.0869 5.5287
7 1 10 1 1.4139 2.4145 1.4142 2.4142
8 5 3.1452 41671 3.1623 4.1623
9 10 4.,3962 5.4944 44721 5.4721
10 5 1 1 0.4936 47428 0.8549 2.9342
11 5 0.8068 12.4472 1.3580 6.5980
12 10 1.4524 19.5293 1.5820 10.3508
13 5 5 1 1.3036 2.4898 1.3965 2.4210
14 5 2.5544 4.5658 2.9904 4.2025
15 10 3.2741 6.3704 4.0010 5.5701
16 5 10 1 1.4115 2.4149 1.4142 2.4142
17 5 3.1258 41723 3.1623 4.1622
18 10 4.3259 5.5139 4.4721 5.4721
19 10 1 1 0.4057 5.5311 0.7474 3.1502
20 5 0.6928 14.1839 1.1971 7.2405
21 10 0.8322 23.0770 14121 11.3121
22 10 5 1 1.2397 2.5398 1.3827 2.4261
23 5 2.3538 47544 2.8858 4.2300
24 10 2.9866 6.7040 3.7846 5.6354
25 10 10 1 1.4115 2.4154 1.4142 2.4142
26 5 3.1045 4.1787 3.1623 4.1622
27 10 4.2472 5.5366 4.4721 5.4721

We observed that the cost for the modify model are lower when compared with Chiu’s model. The reason for this is because the
outdate quantities are lower with the redefined form as shown in the table3. Now the outdate quantity can be obtained from

_ (k+cQ+WwER)
EAC(Q) = = +HC
where
ET = Q-ER
[(ET]
HC=—2_—
ET

simplifying we have

_ 2EAC-2Dk —2DcQ —hQ?
~ 2DW+2ECA-hQ

ER = shortage quantity

ER
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Table 3: Comparing outdate quantities between Chiu and modify Chiu’s. Constant values, c=h=d=1.

s/n w K Q. ER, Qo ER,.
1 1 1 0.6635 0.1483 1.0453 -0.0290
2 5 1.5545 0.7423 1.6503 0.2226
3 10 1.9307 1.0447 1.8724 0.4445
4 1 1 1.3663 0.0154 1.4081 0.00092
5 5 2.8115 0.1391 3.0313 0.0013
6 10 3.6735 0.3320 4.0869 -0.0237
7 1 1 14139 | 000015 | 1.4142 | 0.000007
8 5 3.1452 0.0042 31623 | 0.000002
9 10 4.3962 0.0221 44721 | -0.00007
10 5 1 0.4936 0.0764 0.8549 -0.0217
11 5 0.8068 0.2294 1.3580 0.0723
12 10 1.4524 0.6662 1.5820 0.2378
13 5 1 1.3036 0.0135 1.3965 0.0004
14 5 2.5544 0.1021 2.9904 | -0.01035
15 10 3.2741 0.2284 4.0010 -0.0444
16 5 1 14115 | 000014 | 14142 | 0.00003
17 5 31258 | 0.00403 | 3.1623 0.00012
18 10 4.3259 0.0204 44721 | -0.00131
19 10 1 0.4057 0.0732 0.7474 | 0.01622
20 5 0.6928 0.1633 1.1971 0.05425
21 10 0.8322 0.2457 1.4121 0.0844
22 10 1 1.2397 0.0118 1.3827 | -0.00004
23 5 2.3538 0.0786 2.8858 0.0128
24 10 2.9866 0.1693 3.7846 0.04354
25 10 1 14115 | 000014 | 14142 | 0.000002
26 5 31045 | 000391 | 31623 | -0.00020
27 10 4.2472 0.0185 4.4721 -0.0019

When the outdate quantity is negative, it imply that no outdating occur from that order, but there will be shortages.

Case2: when r =0

Next we assume r = 0 and simplify.

D(c+(Q+2r)2Wf

—+

f f f
+r37|+r3 m+l +r 3 "m+l
Q s T s Q+r) e

B r-?’fmﬁ-l + (Q + r)S f

2
pa- g Qe p” 1y e )
2 6 6 6 0
3 3 3
(Q + r fl + r fm+| _ (Q + r) fm+| )2

6 (6)

Simplifying equation (6) we have
3 3 2 3 3 3
h{Q + r6fl + r3 frgrl _ (Q +r6) fm+|}2 +2{D(C+ (Q + r)z \me”)(Q-}- r6fl + r f6m+l _ (Q +r6) fm+|}
2 3 3 3

_ 2D{(1— (Q + r2) fm+| )(k + CQ + pr6 fl + W(— r fm+| + (Q + r) fm+| )) — O (7)

6

Expanding and further simplifying gives equation (8) and (9)
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rif,  rif Q3f 3Q°rf 3Qrif,., r f

h + | + m+l m+l m+l m+ m+l|

Q 6 6 6 6 6 Y

2 3 3 2 2 3
2{(DC+ DQ \me+l + DZQanmH + DrZVme+|)(Q + r6fl + r f6m+l _ Q ;m+l _ 3Q gfm+l _ 3Qr6fm+l _ r 1ém+| )}
2 2 3 3 2

_ 2D{(1— Q ;m+l _ 2Q;fm+l _ m+| )(k + CQ pr f Wr 6fm+l + WQGfm+I + 3WQGr-ferl

3wQr? f | wr °f
+ Q6 m+| m+|)} 0 (8)
h(f rh(f,.)*  Dw(f,..)*  Dw(f r’(f —Dwr(f,,)’

( m+|) Q { ( m+|) (12m+|) + ( m+|) }Q {h( 3m+| ( m+|) ) ( 4( m+|) _

2 —
DWI’(me) ) Dwr(fm+|) }Q +{h( rf r fl fm+| r ( m+|) )+( Dc:fm+l + Dme+I —3Dr2W(fm+|)2 _
18 2 6 2
2 2
Dr W(Gfm+|) _ DrZW( fm+|)2)+(_ \g,fmﬂ DCfm+| + Dwr (2fm+|) + DI’ZW( fm+|)2 DWf (fm+l) }Q +
4 2 3

th-rf,, -~ fle met [ (fzﬂ) )+ (-Dwrt,, + DKf, , + 22"ty prog +—Dr Wlt)"

C Derf, Dwr ff DIt _ Driw(f,,)°  Driw( fm,)z}Qz +{h(r3f, rPfif., r'f fm+l)+

2 12 2 2 3 12 12
4 4 2 2
(-2Dc — Dwr2f, , + 2Drkf +Drp—f'fm+'+ Der?f 4+ 2 o)’y | oo - P o opprer s o
m-+1 m-+l 3 m+1 2 2 I m+l
6 3 5
DrZVme DWf (fm+l) )}Q { h(f ) Dwr 6f| fm+| 2Dk _ Dpr fI + Dkr2 me Dpr fI 1:m+l}=0
©)

We use mathematical 8 to solve equation (9), table4 shows values of Q obtained for some values of r.

Table 4: Values of Q when I # Q. Constant parameters c=h=d=1.

s/n w m k r Q
1 1 5 1 10 0.3108
2 1 1.9872
3 5 1.9417
4 1 10 1 10 1.9981
5 1 1.9999
6 5 2.0001
7 5 5 1 10 11.5588
8 1 1.9762
9 5 1.7264
10 5 10 1 10 1.9978
11 1 1.9998
12 5 2.0000
13 1 0.4734
14 5 5.7674
15 10 5 1 10 11.2302
16 1 1.9628
17 5 1.4717
18 10 10 1 10 1.9976
19 1 1.9997
20 5 1.9999

Where there are no past records to determine the value of r, we differentiate (1) with respect to the reorder point and obtain an
equation for the reorder point.
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1 rf 1 1
—=inf inity® f f r2f 4= 2 ¢
GEACQ.1) _, . p(= inf inity™f, + ) + W r*f,y +2 Q+ 1) Fi)

3 3 3
or Q + inf inity32—;inf inity?rf, + © 1 4 Df" ';m” n (Q;r) -

2 s 3 - TR 3
(—;inf inity?f, + r2f N D{ (Q + r) f'”*'})(k 10+ (lnf m;ty f, inf m;ty rf, N r6f,)
—r3f
+ W(T"”' +(Q+r)f
3
(Q + inf inity> - — r6f (Q + r6) fm+l)
(10)
Which gives
r’f -1 1
P, ')+W(7r2fm+, +, @ N2f )
h+ - - ; _
o r f| +D{r fm+| N (Q+r6) fm+,}
2 3
r 2f ' D{ (Q . r) o3k + 0Q + p(i')) +W(— ™+ Q) f,
:O
r3f (Q+ 1)° fon
((? +_[){ m+ )
° 6 6 (11)

Exapanding and simplifying (11) yields (12)

hQ*f® _DQf’p szQp)r4+(hQ3f2 L hQ’f? _DQ’f?p _Df*wQ? Dszzp)r3
4 4 6 4 4 12 2 12
hQ*f? hQ’f hQ*f’ hQ’f hf’Q* DfpQ Dpf’Q’ Dwf’Q’ Dwf’Q®
12 2 4 2 12 2 12 4 2
hQ°f? _2nfQ* hf’Q° _ Dwf’Q* Dwf 2Q*
12 2 12 4

(

+(

W;Q)rz o

wfQ?
2

+Q’Dfw— + fQDK + DcfQ? +

4 26 3 25 2 3 3
_2nfQ* hf’Q°  DwiQ® Dwi’Q® DQ’fk  DcQ’f  wiQ
6 36 2 12 2 2 6

)r+hQ? =0 (12

We can use equations (9) and (12) to obtain values of Q and r
1. First assume I' =0 and use (9) to obtain Q.
2. The value of Q obtained is then used in (12) to obtain the value of r.

Observe that for the minimization problem, the resulting polynomial have a number of roots. Deciding which of the roots is the
order quantity, we follow the steps below.

Step 1: Eliminate all the complex roots, as the order quantity cannot be represented by a Complex number, but by a real number.
Step 2: Eliminate all negative roots, since the order quantity cannot be a negative number.
Step 3: When there is only one positive root, its taken as the value.

Step 4: If there are more than one positive root, we pick the minimum of the positive roots as our order quantity, since higher
values may increase the outdating quantity.

Step 5: If zero is the only non-negative and non-complex root of the polynomial, we use the aspiration Level criterion to
determine the order quantity. The aspiration level is the degree/level of Performance (determined by past experience) that a firm
desires to attain or feel it can achieve. For details on aspiration level criterion see Vahid et al. (1992).
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Conclusion

With simple minimization, the model obtained by Chiu can be solved. This will reduce the uncertainty associated with Chiu’s
algorithm. The results obtained using the modify method, shows that the total cost for the model is generally lower for the
redefined form when compared with results obtained by Chiu, the reason for this is because the outdate quantities are lower for

the redefined form. The ordered quantities when r # O were also obtained for some values of r.
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