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Abstract

The study seeks to prove the existence and uniqueness of solution of a coupled system of Burger’s
equations using Energy method. The solution and corresponding derivatives are bounded on the defined
domain and we were able to prove the convergence of the solution to a solution and also to establish the
uniqueness of the solution.
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1. Introduction

Burger’s equation is a simplified form of Navier Stokes Equation. In 1915, Harry Bateman [
(1882-1946) modeled the initial and boundary value problem:

ou ou &

—+U—=v—, O0<x<L, O<t<r

ot ox  Ox (1.1)
u(x,0)=u,(x), 0<x<L

u(0,t) = f,(t), u(L,t)=",(t), O<t<z

1.2)

where" %t and Vv are the velocity, spatial coordinate, time and kinematic viscosity
respectively.

U &% are prescribed functions of variables depending upon the specific conditions for the
problem. The equation (1.1) is known as Burgers’ equation acknowledging the contribution of
Johannes Martinus Burgers 1 (1895-1981) who used it to describe the mathematical modeling
of turbulence. Since the appearance of this problem, many researchers have worked on it in
many fields of applications.

2. Formal Solution
In this paper we seek to prove the existence and uniqueness of solution of one dimensional
coupled system of Burger’s equation (1)-(2) using Energy inequalities method

ou o&%u ou .
Y +u5+a(u7v):0(|)

ov oV ov .

o +v&+ﬂ(v—u):0(n) 2.1)
with initial and boundary conditions

u(x,0)=u,, v(x,0)=v,

u(0,t)=v(0,t)=0=u(2z,t)=v(27,t) 2.2)

With @8 constanto' %0 real valued functions.
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We set first part of our problem in the form of Theorem for the existence of solution.

Theorem 1
o%u, 6 V,
If ox® - o <02 )for anyT >0(t E(O'T)), there exists classical solution to coupled system of Burgers equation (2.1)-(2.22).
To prove thls Theorem we shall require the following three steps:
1. Derivation of energy estimates. Here we determine upper bounds on “norms of "V and their higher derivatives. This
process is called a priori energy estimates,
2. Construction of approximate solutions. Here we seek the recourse of ODE theory to get local in time solution to a finite
dimensional approximations "% of (2.1)-(2.2) satisfying same energy bounds as‘:V of the energy estimates,
3. Convergence of approximate solution to a solution. We use compactness argument to show that there exists a

subsequence of {u"}nzl’{vn}nzlthat converges and that the limiting solution satisfies (2.1)-(2.2).

The following inequalities and lemma will be used in the derivation of a priori Energy estimates
(@) Gronwall’s Inequality [*!

Assume k(t)’ g(t) eC’ &a(t) eC for 120 ang it satisfies a‘(t) = k(t)a(t)+ g (t)

Then

t

a(t)Sy(t)a(O)+Jﬁ((;))g (7)dr, X y(t)exp“k(r)dr}
wnere 0

(b) Young’s inequality [

P q
ab<%+% Let p=g=2

(c) Cauchy Schwarz inequality [

[(x )< XV
Lemmal: The following statements hold:
ov
Set,(01 M <], <>
1. If OX ( )and V satisfies V(0)=0=V(27). en 28
o%v i 1R
eL, (0,27 —0— Fv
2. If OX° 2 ( )and \ satisfies V(O) _O_V(l)’then ox ax2

Proof
1. A Priori Energy Estimate

For a priori energy estimate we start of by taking the inner product of (2.1) (i) with U

<“%u><“%>+<“'”%>+“<“’(“V)>:° 23)

Integrating overQ=(0,27) by applying the divergence theorem and using the boundary conditions (2.2) on the boundary 9 we
have [

Iu dx— ju dx+Iu dx+aju(u v)dx=0
(2.4)

Then (2.4) becomes

||u|| +||Vu|| —a|u(u-v)dx=0
2dt I (2.5)

Then using Cauchy Schwarz inequality and Young’s inequality we have
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1d 2
2l Ivelf, < S Vi) 26
Since the two equations in (2.1) are similar we have the results of (2.1) (ii) as
SV I <27 1ol
2 dt (2.7)
Combining (2.6) and (2.7) we get
2
(), = (2.8)
Dropping the second term of the LHS and combining the two terms of the RHS we get
d 2
E"( (2.9)
By Gronwall’s inequality:
t
o <l e i |-
’ ’ 0 (2.10)
Now doing the time integration of (2.8) we have
(u,v) ZL
’ (2.11)
2
Dropping H(U,V)H on the L.H.S of (2.11) and using (2.10) to estimate R.H.S of (2.11) we obtain for
L2
2 2 ot 2 rt
(Up, Vg ) R (U5 ) . jo exp(pr)dz <c|(u,,v, )||L2 _[0 exp(pr)dr=E, (2.12)

are bounded if the solution exists to the system of coupled Burgers’ equation (2.1)-(2.2).

IH (v dr

Next we determine the regularlty of the solution by taking the X derivative in the equation (2.1) and we have

We have shown that (v

%(Vu)—a—z(Vu)+§(uVu)+a§(u—V)=0(i) (2.13)
st(v\/)_a—(Vv)+2(vVv)+,B (u—v)=0(ii)

Taking the inner product (2.13) (i) withvu , using Au =0; X = (0, 2;;), and integrating over Q:(O, 27;) by applying the divergence
theorem and using the boundary conditions on Q2 we have

%%i(Vu)zdx—j(Au)zdx = —i uVuAudx—ai Vu(Vu-Vv)dx (2.14)

Q

On using the Cauchy Schwarz inequality and Young’s inequality we have

e = 1 O] Y e Y (2.19)

Similarly from (2.13) (ii) we get__||vV|| _"AV"i < o—(t)"v\,"i +§||VU||2L (2.16)
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OV (u,v) || (2.17)

2

Then combining (2.15) and (2.16) we get d

Dropping the second term of the LHS and adding the two terms of the RHS we get

—||V wv)l <() (2.18)
On using Gronwall’s Inequality we get
Vv <V e[ A(r)dr<E, (2.19)

z 2 0
Now going back to (2.17) and carrying out time integration and applying Gronwall’s Inequality

2 Vo) (2.20)
Dropping the first term and using (2.19) we get

(2.22)

"O)Hi expul(r)dr}s E,

We have shown that | (

t
“| A(u,v)||2 dr are bounded if the solution exists to the system of coupled Burger’s equation (2.1)-
0 N

(2.2). We take the X derivative of the system of equation (2.13) and we have

%(Au) jsg(Vu)+ (uVu)+a—(u v)=0(i) (2.22)
)= S5 (W) 2 (W) 2 (w=v) -0(i)

Taking the inner product (2.22) (i) with AU , using Au =0; x = (0, 27z) and integrating over ) = (0, 27;) by applying the

divergence theorem and using the boundary conditions on 02 we have

1d 2 ouY o (2.23)
=—|(Au) dx- (j dx+ | AuA(uVu)dx+a | Au—(u—v)dx=0 :
2t (A |5 o] Jause
On integrating by parts and using the Cauchy Schwarz inequality and Young’s inequality we obtain
1ol 25 a 2.24
2 S +128 Sg S+ Ol <l + S flauf, <Jovl ] (2249
The RHS simplifies to:
25 ay e (2.25)
so el + 3128 < B iadl + o
Similarly from (2.22) (ii) we get
3V 25 2 f 2 2.26
Sl + 3100 <R i+ S, (2.26)
Combining (2.25) and (2.26) we get
2
d o 2.27
SR+ S| =@+ o)) (2.27)
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Dropping the second term of the LHS and Ietting(25k(t)+p) =xc(t) we get

L <e@avl; (2.28)
On using Gronwall’s Inequality we get,
t
||A(uv)||i <A (o) exp [ x(r)dr <E, (2.29)
2 L2 0

Now going back to (2.27) and carrying out time integration

de<[a(uv)f + [x @@y de (2:30)

L, 0

2

||Auv|| +I uv)

Dropping the first term and using (2.30) we get

t

et

dr < [x(O)a @V dr <[ (v, ) expjk(f)dT<E (2.31)

0

£16° (u,v) i

and .[ dr are bounded if the solution exists to the system of coupled Burger’s equation
aXS

We have shown that ||A(u,v) 2

L2

0

L2

2.1)-(2.2).

3. Galerkin’s approximation
The following definitions will be of essence when we discuss the Galerkin’s approximation method

Projection Operator: Let X be a vector space over K. A linear operator p on ¥ is called a projection operator if P? =P The

projection operator p satisfies the properties < P(x), y> - < P(x),P( y)> - <x, P( y)> &||P||=1where <., > denotes the inner

product of square integrable functions.
Galerkin method: This is a method in which we approximate the solution of a PDE by the projection of the solution and the
solution into finite dimensional subspaces (Hunter, 2014) [©1,

Parsevals identity or equation: Let g be an inner product space. Then S = {ua}aEA is a basis for g if and only if for arbitrary

xeE ,Z|<x,ua>|2 :||x||2,where X = Z(x,ua>ua

aeh acA

The identity above is called Parsevals identity or equation.

Using Galerkin approximation method we start off by constructing finite approximation to (1)-(2). Let A (x) =%e‘kﬂi = JT
T

{ﬂk (x)}:):1 forms an orthonormal basis for functions on L, [0, 27[] Let us define E, €L, [0, 27[] a finite dimensional subspace

E, —{UE L, [0,27]:u( ZC } , Where C, =<U’AK>L2 &uel,(0,27) ifand only S 6, [P <o,

keN

We denote by P, :L,(0,27) > E, eL,(0,27) ©

Orthogonal projection onto EN defined by , [ZC ikJ =i° A

The following Lemmas are essential in the sequel. We state them without proof

Lemma 2: For any integer K >0; ifu € E,, then for any A € L, (0, 27) then we have<V§u,V§FM> = <V§u, V§/1>.
Lemma 3: If , - 1 in C'[0,27] then||RA -], —0as k >

Define Galerkin approximation to (1) by seeking Uy € EN with finite representation
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n

(xt)=2a, (1 (60)=3b, (1) 4,

k=1 k=1

Then @ and bk are chosen to satisfy
%(un)_vzun = _PN (UnVUn +0((Un _Vn))’%(vn )—VZVn = _PN (anvn +ﬂV(Un -V, )) (232)

U, (x,0) =PyU,, v, (x,0) =PV,

Which is equivalent to the set of finite nonlinear ODES for K =1,...,n

(2.33)

Since the equations in (2.1) are similar we work with one that is (2.1) (i) which corresponds to the projection equations (2.32) and
generalize on the other (2.1) (ii) and the corresponding equations. We may write (2.32) in the integral form as

u, (x,t) =P, +£{V2un =P, [u,Vu, +a(u, -v,)]}de (2.34)

v, (x.t) =Py, +j{v2vn ~R W, +a(v, -y, )]jdr
0

Proposition’ 1: For any integer n with T >0 there exists a unique solution to the ODE system (2.33) above for te(O,T)
implying unique solution U satisfying (2.32)

Proof
Taking the inner product of first equation of (2.32) with U,

<un,§tun> —(u,,Au,) = —<un, P, (u,Vu, +a(u, —vn))> (2.35)
And following the procedure for equations (2.3) to (2.6) we get

2 Ez 2 2 2.36
e LR K e T (2.30)

1d

Similarly 2 Z o |f +[vvilf < S [l +lu.lE, ] (230
On combining (2.36) and (2. 37) d Va) 2 - 5"( V. (2.38)
Dropping the second term of LHS we get %”(u v ) Z < 5||(u (2.39)
And using Gronwall’s inequality, it follows that "(UmVn )"2 < " (UO,Vo )"2 exp( é'l') -E, (2.40)

Where we take the maximum of ||(Un,Vn )" <E,onte (O,T)

Thus from Parsevals’ inequality Z“:az <E
k — —0

k=1
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Proposition’ 2: For any integer N the solution U, found in Proposition (1) satisfies the same bounds as the a priori bounds on, for
2

. tlai
j=0,1.., % <c, where C is independent of nand T and only depends on L, bounds of Ug . Furthermore 0 u_n <C,
. a0 | =© ’ ox!

X 0

for j =0,1.., where C is independent of N and T , but only depends on L, bounds of Ug

Proposition3 ): For any integerN >1, the solution U, satisfies above Proposition1.

Proof

We nOte that aaut" — Aun _ Pn I:unVun + a(un _Vn ):' (241)

i i = ou
Taking the L, norm with ||P||I_2 1then we have X, <Jau,l, +luall, IVuall, +ef(u, v,
L
Applying Lemmal we getio) <y, +2lu,], Ivul, +alu, v, <C (242
at L L, 0 L, L,
Taking the X derivative of (2.41) Q(Vu ):a3un _p ﬁ[u vu, +a(u, -V )} (2.43)
at n aXS n n n n n
Since p and 9 do commute and||Pn||:1, on taking L, estimate we get
ox
3

“QVUH < a—u; - |Vu,Vu, +u,Au, +av (u, -V, ) (2.44)
at L ax L, K

We have from Lemmal
N e TR S N e PO TR (2.45)

nliL, Nileo aXLZ 6’Xw8t an 6X3L2 N lloo niiL, Nl niiL, n /L,
Taking the X derivative of (2.43), we also note that (Simplifying using product rule)
a aAU 52 a a4u (33U
ZAu =—2-P —fuvu +aV(u -v. )| LAy =L n _ (2.46)
o T o naxz[ nV Uy (u, n):| atAu” pvC P{SVunAun+un o +aA(u, vn)}
Thus | @ o', o, o'u, 2.47
(o] (28 satvul e, sl |5 +lalloul-lallavfsc | S (2.47)
L L L L
Now taking t derivative of equation (2.41) we write
o, _ 0 0 ou, o 0 0 o @ 248
t=—Au ——P |uVu u,—v n_Z Ay — = = Zu-= (2.48)
P [V, +a(u, -V, )] = A, P{un6tVun+atunVun+oz(atun mvnﬂ
Then taking the L, norm and using Lemmal, it follows that
2
B T C e i e N e e |
ot ot ot ot ot ot
2 4
oy, :HﬁAun Al |2 vu ] 12 uwu +|a|Hﬁun +|a|H§vn <c4| Ll (2.49)
ot ot “|lot ot * ot ot oX
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So, it follows thatj &, d‘rﬁj(C+ o'u, Jdrsc(T)[Hj 'y, drjscl(T) (2.50)

o’ ox*

Similarly we have t||52 t ay Y ay [P
4 |5 dr<I(C+ oy de<c 1+j Wl 47 [<cy(T)
at ) ox ox

0

(2.51)

Thus we have shown that the finite dimensional approximationU,,V, of (2.1)-(2.2) satisfies same energy bounds asU,V of a
priori energy estimate.

4, Convergence of approximate solution !

We shall use following Lemmas and Arzela’s dominated convergence theorem for the proof of convergence of approximate
solution to a solution of the system of Burgers Equation (2.1)-(2.2). Arzela’s dominated convergence theorem for the Riemann
integral

Let{ fn} be a sequence of Riemann-integrable functions defined on a bounded and closed interval [a, b], which converges on [a, b]

to a Riemann-integrable function f .If there exist a constant M >Osatisfyinng(x)Hngor aIIXe[a,b]then

J'fn(x)dx 'fllmf (x)dx = If(x)dx

n—o0

b
lim
n—owo

a

L (X)—f |dx o- In particular |,

n—o0

Lemma 4: (Tanveer, 2019a) [}

For any fixedX {6Un(xyt)}x is an equicontinuous family of functions of te[O,T]and therefore has a subsequence that converges
, m 1

uniformly fort e [O,T].

Lemma5: If S, —>SinC'[0, 271],then||Pnsn—S||w —085n —> oo.

Lemma 6: Define — ou, &, ) — ov, &%, ) Then fort e[O T] exist subsequences {ﬁ }“’ {T }°° which converges in the
e A e o RIS

sup normto — _ [ au o’u j |_(V6\/ 02} where U, V satisfy the integral equation

oxox® o' o
{(uv)}(xt)={(up, v )} +j'{ Au, AV) - [uVu],[vVv])+5(u,v)}(x,r)dr Implying U, V satisfy (2.1)-(2.2)
o
Proof
Since ||0'u,| (@ , for j=0,1,2have the bounds independent oft & n . Therefore {m, }" ,{l,}" forms an equicontinuous

ox axJ
families of functions they have subsequencesﬁ&f converge in the sup norm for eacht ¢ [O,T]to m &1 zero atx = (O, 27[)

We now prove thatU, V satisfy the coupled system of Burgers equation. Since U, —> U in C? (0, 272') for eacht E[O,T], it

follows that
. o, L] N 6{un o, —uau} —0&|v, — el 9 { . M —vav} -0 (2.52)
1OX ox|| ox | 7 ox OX N (G) OX ox | b oXx OX .
as j — o0o. Also each term in the time integral
j‘{Vzunj -R [unJVunj +a(unj -V, )}}(x,r)dr (2.53)
0

is bounded independent of t in the supxe[ovzﬂ] sense.

Furthermore, using previous lemma, for any given x, subsequences {Un }°° &{Vn }” converges uniformly for te[0,T]as j — oo
i j=1 j j=1
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Therefore, from dominating convergence theorem, and using Lemmas, we have

lim {V u, —P [unJVunJ +a(UnJ —Va. )}}(va)df:j;{vzu_[UVUJ’“(“_V)J}(X‘T)dT (2.54)

—o
I 0

Ilmt{ v, —P, [vnvan_+a(vnv—unl)J}(x,r)dr:j{vzv—[vVv+a(v—u)]}(x,r)dr

jow j i
0 0

Further, it is clear that||P,u, —ug| —0, [PV, —Vo|, —0.0n the other hand, limu, (x,t)=u(x,t), limv, (x,t)=v(xt) It
j—oo
follows from (2.34) that U,V satisfy

t t
u(x,t)=u, +I{V2u ~[uvu+a(u-v)Jldz,v(xt)=v, +J'{V2v—[vVv+a(v—u):|}dr

0 0
Which immediately implies U (X,t) ) V(X,t) satisfy system of coupled Burgers equation with initial condition U, (X) Vo (X) .
Here comes the end of the proof of the Theorem.

5. Uniqueness of the solution
We use Energy method to prove uniqueness for the system of Burgers equation (1)

2
We work first with the first equation of the system 8_u_8_ +u a_uﬂl(u v)=0 (2.1)i
ot ox?

Assume we had solutionsu,u +s &Vv,v+s satisfying the equations (2.1). Then we replace U by U+ Sand Ubyv+s in the

equation (2.1) (i) a(g 5)_0°(u+s)

+(u+ 5)$+ a((u+s)—(v+s))=0(iii) subtracting equation (i) from (iii) we see that

aXZ
— ou, ou, ) o, 0V, § (05 a(us) 0%
m=|u, S S0 oy S Wlllsatlsfy =— 5(x,0)=0 (2.55)
! (”ax 6x2j ["6x 6x2] X X o (x0)

Multiplying (2.55) with S and integrating in X € R , we obtain

o s os 1|s| This implies that 9 1 i (2.56)
Gl oo (5o (s shost| S < SE I 515 321k, < 21l Il
From Gronwall’s Lemma we have 1"5"2 <1 Iso| eXpD‘"ullz d r} (2.57)

L~ 0llL, L,

From (2.57) we have S = O for all t since this is the case fort =0. This is true for the equation 1(ii) so we have unique solution in
the class of solutions U,V for which ||u||i ||v||i are integrable in time. This proves the existence and uniqueness of the solution

of the coupled system of Burger’s equation (2.1)-(2.2).

6. Conclusion

We have proved the existence and uniqueness of solution of coupled and system of Burger’s equation in one dimension. This
leaves a scope of extending this study to two or more dimensional coupled system of Burger’s equation and to inhomogeneous
case.
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