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Abstract

The present Paper deals with the linear stability of the equilibrium points of the photogravitational
restricted three body problem in which the bigger primary is a source of radiation and the smaller
primary is an oblate spheroid. The problem possesses five equilibrium points, three collinear and two
triangular. The triangular equilibrium points make nearly equilateral triangles with primaries. The results
differ slightly with those of the classical problem due to radiation effect of the bigger primary and the
oblateness of the smaller one.
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1. Introduction

The elliptic restricted three-body problem (ER3BP) determines the motion of infinestimal
body under the gravitational attraction of two finite bodies known as primaries, which revolve
in elliptic orbits around their center of mass. The term “restricted” means that the third body
gets influenced by the primaries whereas it does not affect their motion. It describes the
dynamical system more accurately as the motion of the primaries are mostly elliptical. The
photogravitational circular restricted three-body problem (PCR3BP) studied by. It is
understood that the rotation of planets produces an equatorial bulge due to centrifugal force;
resulting in an oblate spheroid. Some of the planets in the solar system such as Jupiter, Saturn,
Uranus and Neptune are sufficiently oblate. Various authors such as Sahoo and Ishwar (2000),
have studied the effect of oblateness in ER3BP by taking one or both primaries as a source of
radiation or oblate spheroid.Some of the authors have calculated the mean motion n and others
have used the previous values of this important parameter. Essentially the true anomaly was
used for averaging the radial distance r over a revolution. Some of the authors did not explain
the method of evaluation. However, some of the authors have ignored the effect of eccentricity
on the mean motion. Following Danby (1988, page 346), in this paper we have used the mean
anomaly M to average the distance r between the primaries to get its average value. Then we
have used this average value in computation of the mean motion n of the primaries. This value
of n is different from the mean motion which is derived from the true anomaly in the literature.
The characteristic exponents can be analyzed by various perturbation techniques. The present
paper uses the analytical technique developed by. The stability of the third body around the
triangular equilibrium points results in the form of transition curves in the p-e plane, accurate
to O(e2).These curves separate the stable region from the unstable region.

The collinear points are generally unstable; whereas the triangular points are conditionally
stable in the linear analysis. This results in long- and short- orbits around the triangular
Libration points. The present study involves in examining the motion of the third body in the
ER3BP when the larger primary is a source of radiation and the smaller primary is an oblate
spheroid. Analysis of the stability of the triangular points using the analytical technique with

Correspondence the effect of radiation pressure through generation of transition curves is carried out. Tadpole
Kumari Vandana orbits for Sun-Jupiter system are generated. The motion around L4 is studied for the Sun-
Chatta Chowk, S.N Road, Saturn system with and without radiation and conclusion.
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2. Periodic Orbit
If the period of the generating solution is same as the period

of the analytic solution, then such a continuation is called a
periodic orbit in the sense of Poincare. According to him there

are three kinds of periodic orbits.

a. Periodic Orbits of First Kind

The orbits generated from the circular planar orbits are called
periodic orbits of first kind. In this kind eccentricity e = 0,
inclination of the orbital plane with a fixed plane 6 = 0.
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Fig 1: Circular planar orbits

b. Periodic Orbits of Second Kind

The orbits generated from elliptic two — body orbits in the
plane of the primaries (e = 0, # = 0) are known as periodic

orbits of second kind
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Fig 2: Elliptic periodic orbits

c. Periodic Orbits of Third Kind
The orbits generated from two — body orbits of o . ¢ and

i = 0are named as periodic orbits of third kind.

3.Equations of Motion of the System
Let us consider a restricted three body problem in which the

bigger primary is a source of radiation and the smaller one is
an oblate spheroid. Let m; and m; be the masses of the bigger
and smaller primaries and m be the mass of the third body
(infinitesimal). Let us assume that the equatorial plane of the
smaller primary coincides with the plane of motion of the
third body. Let us take the line joining the primaries as x-axis

and a line lying in the plane of motion of the primaries and
perpendicular to x-axis, as y — axis. Z — Axis is in a direction
perpendicular to the plane of motion. Let the masses I11; and

M, move in the circular orbits around their centre of mass
with mean motion n about z-axis. Let R be the distance

between the primaries m, andm,. Let r, and 7, be the

distances of m, and m, from the third body m respectively.
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We suppose that the third body moves in the xy — plane. Let
(x, y) be the coordinate of the third body. As the third body
due to its infinitesimal mass does not influence the motion of
the primaries. Therefore the motion of the primaries will be
governed by the problem of two bodies. Here, we assume that
the radiation effect of the bigger primary influences the
motion of the infinitesimal mass but does not influence the
motion of the smaller primary. Thus the motion of the
primaries takes place according to the law of two body
problem in which law of gravitation and the oblateness effect
of the smaller primary hold. Consequently the relative motion
of the primaries is described by the differential equation:

Ro2U R
TR

Where the force function U is given by:

U ::fi_F4£££L
R 2R3

Where
— 2
A=eR;

Re being the equatorial radius of the oblate primary, €is the
non dimensional ~ oblateness  parameter  and

1=k*(m, + m,)=K*M, where M =m, +m,.

As the force function is the function of radius vector only
hence the area integral exists and thus the motion takes place
in an invariable plane assumed to coincide with the equatorial
plane of the oblate primary. Let the motion of the primaries be
a circle of radius Ro. Then the mean motion of the primaries is
given by:

2 ouU
N“R,=—| —
0 (aR jos
[ 1 3A or,
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R4 2R R=R,
__ M |p, SA (3.1)
R2|" 2r.2
0 0
The force of radiation is taken as.
Fg
F=Fg -Fp=Fg 1—F—IO =(1-a)Fy

Where
Fg is the gravitational attraction force
Fp is the radiation pressure forceandq is the mass reduction

factor. Here it is assumed that gravitation prevails i.e., (1-q)>
0 and 0<g<<1. Here the Poynting — Robertson drag effect is

ign
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4. Barycentric coordinate system Putting L ,weget
In the rotating barycentric coordinate system (x, y) the L:man 2
Lagrangian for the motion of the infinitesimal mass in the 0
circular restricted three body problem is given by
2 .2
l . . 1 . .
2 2 Lzz[ +y J+2(x2+y2)+(xy—yxj
|=m dl_ny + dl_nx +U - (4.1)
2|\ dr dr
LM Ja-pa-), p
Where 2R 3 r  or 3
"o 1 2 2
U=K?2m M 24 22 Where,
R, 2R,
2 2, .2
_ o _ R =(x+u)+y
Using the non — dimensional variables
2 2, .2
m m S =(x—1+u)" +
2,1 4 - 2 H)yty
M =/, M =1-uM =m +m,
Also, we obtain
X Y = =
R R 2p 3
0 0 n“R 3A
20 =1+—
and k“M 2
T=nt ... (4.3) As the unit of distance is taken as the distance between the
) primaries. The unit of time is so chosen that the Gaussian
The Langrangian (4.1) takes the form constant of gravitation is unity. Hence the Lagrangian is
) obtained as
_ m? 2 2 "
[_mM"Ro [;,yj +(9+x] k2w | Lp-a) - uA
2 rlRO r 0 2R3, 3 1 2 .2 . . 1
0" L=2lx + (_j(Z 2)
Y |+ XY-YX |+ XT+YE |+
or, 2 2
L 1 2 . 2
—_— X— y| +|y+x| [+ 1 @—¢0@—q) M uA
m2R 2 2 Yy . (4.4)
0 1422 n r, 2r
2
1— g )1— A
2 M ( #r)( Q, u HA Now,
R 1 2 2r2 RO aL .
L] = X_ y
Here dot denotes differentiation with respect to non - 0 X
dimensional time T.
LS
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mn RO
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[1+7j 1 2

is also a non — dimensional number.
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As the Lagrangian does not involve time T explicitly, the
dynamical system admits Jacobis integral given by:

X— g; =h
6qi

;[yJ(yng( y)r3{3ex)en

or

1.2 .2
= -Q=h
Z[X +yj

Now the equations of motion of the third body can be written

as

d|{oL| oL
—| —=|-==0
dt ax OX
And

djaLj_a_,
dt| 5y | o

OX
Or
.o . éag)
X—2y=—
X ... (4.6)
re . é}g}
y—2X=—
oy
Where
2.2 - (4.7
Xty 1 (L-pi Q)+ﬁ+,UA
2 (1+37Aj n ) 2r23

and the non — dimensional variables (x, y) are coordinates of
the third particle with reference to a cartesian rectangular
rotating system of axes around its origin located at the centre
of mass of the primaries. Dots denote differentiation with
respect to the non — dimensional time T.

Fig 3: The rotating coordinate system (Oxy) with angular velocity p relative to the inertial frame (OXY). The two primaries and the massless

Conclusions

body are denoted by P1, and P2, respectively.

In this paper, we have studied the linear stability of triangular
equilibrium points in the photogravitational restricted three
body problem with triaxial rigid bodies, the bigger one an

~G5~

oblate spheroid and source of radiation. The co-ordinates of
the triangular equilibrium points are given in equations (4.2)
and (4.3). We see that the non — dimensional variables (X, y)
are coordinates of the third particle with reference to a
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Cartesian rectangular rotating system of axes around its origin
located at the centre of mass of the primaries displacements of
the new triangular equilibrium points from the classical
triangular equilibrium points are small and depend upon the
quantities.
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