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Abstract

In this short paper we try to state and prove some Impovtent theorem which we are given as an exercise
to N.P. Bhatia and G.P. Szego and V.V. Stepanove & V.V. Nemytskii.

Here we prove that every non-empty compact invariant set MCX contains some minimal sets. Now we
also prove that a set MCX is minimal and only if for each x € M, xR = M from these two rsults.

We also prove that the omega limit set Qx is minimal if for any two poihts y,z € Qx and any index a € A
There exists at € R such that (yt) € V,(2).
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Introduction

Main Results

Limit Set

A pointy € X is called positive (omega) limit point of a point x(y(x)or ) if there exists a net
{to} in R* with t, » o and n(x,t,) - y.

The set of all omega limit points of a point x € X is called omega limit set of X and is usually
denoted by Qx or At (x).

i.e., Ox = {y € X: there exists a net {t,} in R*

Such that t, — o and t(x,t,) = y}.

The set of all omega limit points of all points x € B ¢ X will be called the omega limit set of B
and is denoted by m(B),i.e., Q) = U{Qx : X € B}. Similarly, we define negative limit (alpha
limit) points of a point x (y(x) or m,) and their set is denoted by a, or A(x)

i.e., a, = {y € X : there exists a net {t,}inR

Such that t, = —co and (%, t,) = y}.
Now we mention some basic properties of limit sets without proof.

Theorem 1: For every For every x € X

1. Q. isclosed and invariant

2. xR* =xRUQ,

3. IfQ, is compact it is connected, hence it is a continuum.
4. If Q, is not compact none of its components is compact.

For the proof we refer to Bhatia 4.

Theorem 2: If closure of y*(x) is compact €, is non-empty, compact and annected. Hence it
is continuum.

Proof: Now we first prove that if y*(x) is compact then Q, is non-empty and compact. For,
this we write Q, =N y*(n(x, t)).
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t>0

But yT(m(x,T))cy"(x) fort>0. This implies that
{y*(n(x,7t)):Tt € R*} is a decreasing family of closed.
Subsets of y*(x).Weting that it has finite intersection
property and y*(x). Noting that it has intersection property
and y*(x) is compact. As given from the characterization of
compactness by finite intersection property, we have
vy (n(x,1)) # @. Therefore Q, is non-empty and Q, cy*(x) is
compact, closed subset of a compact space. Furthermore the
compactness of Q, implies its connectedness [Theorem 1].
Consequently the omega limit set is a continuum, whenever it
is compact.

Prolongation and prolongational limit sets
Let X be a topological space. For any point x € X the sets
D*(x) » (D(x)) and J*(x)(J~(x)) defined as below are
respectively called the first prolongation and prolongational
limit sets of x. The ‘+’ sign denotes the positive prolongation
and the ‘- sign stands for the negative protongation. These
sets plays an important role in the theory of dynamical
system, Particularly, in the stability theory and the theory of
dispersive system. Their formal definitions run as follows:
i) D*(x) = {y € X: there exists a net {x,} is X and there is a
net {t,} in R* with x,, - x such that (x,, t,) = y}.
ii) D™ (x) = {y € X: there exists a net {x,} is X and a net
{tn}in R™ with x,, = x such that n(x,, t,) = y}.
iii) JT(x) = {y € X: there exists a net {x,} is X and a net
{tn} in R* with x, - x and t, - o such that t(x,, t,) = y}
iv) ]~ (x) = {y € X: there exists a net {x,} is X and a net
{t,} in R~ with x, » xand t,, — oo such that m(x,, t,) = y}.

From above it is obivious that D* and D~ maps for X to 2*. It
is clear from the above definitions that for any x € X,y (x) c
D*(x) and y~(x) € D™ (x). For this we take x, = Xand t, =
t for all n in the above definitions. Also +(x) > Qx and
J7(x) 2 o

Minimal Set: A set M c X is called minimal if it is non-
empty closed and invariant and does not have any proper
subset with these three properties that xR c N ¢ M, as N
being closed and invariant this implies xR # M, is a
contradiction to our assumption. Therefore, M is minimal.

Theorem 3: If a minimal set M c X has an interior point then
all its. points interior points.

Proof: Let x € M be in interior point of M, then there exists
an index a such Vi (x) € M. Since M is minimal, for each t €
R, (V,(x),t) € M this with the homomorphic property of «
(Va(x), t) is a knighthood of m(x,t). Thus every point of the
trajectory is an interior point.

Theorem 4: the omega limit set Q, is minimal if for any two
points y and z Q, and index a €A there exists a t € R such that

(y, eV, (2).
Proof: Let us suppose on the contrary, i.e., Q, is hot minimal.

This implies there is a minimal set M c Q, Thus M and O, M
are two disjoint, empty, invariant sets.

fore M, n(y,t) € Q, —Mforallte R.

Compact set M and any point z € Q,_ M of a Housedroff
space X can be by two disjoint neighbourhoods Hence there
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exists a and b in A that V,(z) n V,(M) = @. This implies
m(y,t) € V,(z)forall.t € R.
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