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Abstract

The nucleus of excavation is based on the results which involve exponential functions. The results of
Exton and Pathan & Yasmeen are used with a view to obtain multivariable generating functions which
are partly bilateral and partly unilateral.
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Introduction

It should be noticed that the exponential function, which is a special case of the generalized
hypergeometric function pFq and p=g=0, appears in many different situations; for instance, in
conformal mapping theory [, in automorphic function theory M, in the theory of
representation of Lie algebras, in Physics and in the theory of differential equations 2. The
leading example of partly bilateral and partly unilateral generating function in terms of
exponential function, is doubtless the result of Exton FI,

exp(s+t—x—tj: >SRN (), e (1.1)
S M=-0 N=-0
Where
_N- : (M)
FM)(x) = F[-N;M +1x] _ L) w2
MIN! (M +N)!
and F"() are the classical Laguerre polynomials !

Pathan and Yasmeen [5] modified Exton's result (1.1) by defining M*=max s(0,—M) and

(M)

FM(x) =) _ 1 Z EN)X e N s
(M+N)l~ NILEL (M 0!

=0,if0 <N<M=*(ie. if M+N<0<N).

So that all factorials of negative integers occurring in this definition have meaning. Thus we
may rewrite equation (1.1) in the form

exp(s+t—x—tj: Zw: i ﬂﬂ” (X). ... (1.3)
s) v & (MmN

This result has attracted a great deal of interest by several researchers including (for example)
Pathan and Yasmeen ®7-51, Goyal and Gupta [], Srivastava et al. [* 1%, Gupta et al. '],
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Kamarujjama et al. 21, and Pathan and Subuhi 31, Works on Exton’s result inspired us to use integral operators to obtain more
generating functions, which are partly bilateral and partly unilateral. On account of many properties of generating functions which
are partly bilateral and partly unilateral, an increasing number of such problems and properties are now capable of being elegantly
represented by their use. A number of such generating functions are obtained in this paper.

In 2, an operator Q is explored and some generating functions are obtained by making use of results of Exton 8 and Pathan and
Yasmeen B, Further, a number of multiple series of hypergeometric functions are obtained in Section 5.3.

2. Integral Operator Q and Generating Functions
If we define the integral operator Q by

Q, (=] X11-x""{3dx,

then rewriting the results ([14]; p. 36(6)), ([15];p.192 (50), with y=1), ([15]; p.193 (51), with y=1) in terms of this operator, we
have the results

Qw{ezx}:wlﬁ FZ} Re(x) >Re(1)>0 ... (2.1)
(@) _TAI () (a +1), -n, 4
Qi {L” ('BX)}_ nIT(A + 1) P L‘ +1,i+u;’8} @2)
Re(A).Re(n) > 0.
and
(a) T () (a +1), a+n+1A; ~
QM{Ln (ﬂX)}— DL+ ) ,F, Lz+l,i+y; } (2.3)

Re().Re(u) > 0.

. . t
Starting from the result (5.2.1) with z replaced s +t _y?' we have

Q exp(s+t—£jx _TWNu=4) ¢ l;s+t_ﬂ
M s () s

Re(u) > Re(™) > 0.

Now using the results (1.3) (2.1) and (2.2), we can establish the following result

A; x & M¢N —N,M +N+4;
F st |- > D (’1)“’”¢2F2 Yo (2.4)
78 S M Nowx (1) .y MINI M+1L M+ N+

Re()),Re(n) > 0.

Further lettings =t =%, one has the following closure relation

(2.5)

yM+N
oL [zj D {—N,M+N+,1;}

1= F
M;w N:ZM* (1) y.n MIN! 22 M+1,M+N+y;y

Re(A),Re(u) > 0.

Which for A=p, can be written as,
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M+N
3)
Lo (2 -N;
1= F 2.6
M;m NZM: MIN! “{M +1;y} (20)

Again, taking in (2.1) for z=s+t— y—y?twe have

Q, {exp[s_;_t_y_i[}x}:wlﬁ{ﬂ;s_’_t_y_ﬂ]
’ s T(u) i s
Re(u) > Re(r) > 0.

Now using the above result, together with the results (2.3) and (1.3), we are led to

A © @ M¢N M+N+1LM+N+2A;
R s+t—y—it = (;L)“"+¢2F2 -yl 2.7)
; S M Namx (1) MIN! M+1L,M +N + g

Re()),Re(n) > 0.

Which for A=y, yields

yt 2 & SMtM M+N+1
expls+t—-y——|= — . F — 2.8
p( Y sj 2 Z v e Y *9
For
2

Equation (2.7) reduces to

M+N
. (Z)M+N( j .
A © © 2 M+N+LM+N+4,;
15{ __y} 3y ZF{ —y]... 29)

_M:_m N (L) MIN! M+1LM +N + g

Re(A),Re(u) > 0.

3. Generating Functions of Several Variables
The method of derivation of the generating functions involves the following results
A result of Pathan ([16]; p.52(5))

- Hz2 )i n e
.[o t""e ( 2) Wk,,u(pt)H(Mkimi—%(xil))dt _T(A+mI(A-pp * ﬁ(x.mi)
ia shtu | i
F(A—k+lj -
2
— 1 N
A+ pt A—m —k;m, =Ky ’mn_kn;:u_k"i'i;
x F{m %% ..... %"@ - (3.1)
A-k+—=:-;2m,; 2m,;......;.2m,; -
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Where
A:%+/1+Zml, S=1+ p+%2xj, Re(A+ ) >0, Re(22+ p->. X+ pi2x1]>0,
i=1 i=1 i=1 i=1

and F&" is a generalized hypergeometric function of (n+1) variable 161,

a:b;d;d,;....;d ;d; n
i i o @y Oy @ T T (@), @GOM !
Fm 2202 = D ; - (32)
€188y € Sy 10 ORI § W CONCAY
_T'(a+n)
Where [z], |zd<1, ke {1,2;....n},(8), =———
I'(a)
And by analytic continuation, none of the quantities c, ei,e»,....,e, are zero or a negative integer.
The result of Pathan and Yasmeen U]
) o0 M N
L(al)(xl)L(az)(XZ)L(ag)(XS) — (1+ al)nh (1+ aZ)mz (1+ a3)m3 x z ( ml)M ( mZ)N
my my Mg
m,!m,!m,! Mo N (L+3y) L+ az)NM!N!
-m +M,-a,—N,—m,,—N
— XX
x ,F, —1= (3.3)
X2

l1-a+M1+m,-N1+a;,M +1;

Expressing Laguerre polynomial LY () in terms of confluent hypergeometric function :F: using (5.1.2) and further using the
relation between <7 and the Whittaker’s function of the first kind M., ([130];p-39(23))

1
M, (2)=2""2 exp[_%j 1F1[#—k +%:2,u +1 Z]

We see that the Laguerre polynomial @,y is related to the Whittaker function M. (x) by the equation

L(a)( )[(m—l—a) je p(xj a+lM1 X e (3.4)
a E(a+1)m,;

Now, replacing X1, X2 and Xz by xiu, Xou and Xsu, respectively in (3.3) and multiplying both the sides by

ﬁ L8 (x,u) exp(— [z + gjuJM v (PU),

Further using (3.4) to replace each of the Laguerre polynomials, and finally integrating with respect to u from zero to infinity, we
arrive at

x,u)du
12(al+1)+m1%( 1 )

1 n n
( aﬁlj J.Ooo u 2 . 1aﬁn (Z+E( P*ZHXJJUWK# ( pu)H M
) i=1

a+l 0 0 > (_ml)M (_mZ)N (_ml +M )S x
(007 )« 2 2 8 aray G oy v,

M=—co N=M* S=0

s n
X X
—a, = N)g (~my)s (-N)g X x}' | - 222 S o ines) [ s M, X,u)du
(=3, =N)s(-my)s (=N)s % ( J uM+N+S it 3)9 [Z*'Z(P zi:AXJUWk‘u(PU)j L (a1+1)+m1 ( aw o 3.5)

@L-m, —N)s(1+a,) (M +1)SM|N'S' 0
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Now using result (5.3.1), we get, after some simplifications

3,3 oo L 1
5 A T TG My =My X

Fom a M. TR T

P z+pz+p z+pz+p
2-k: - a+1 a,+L..; a, +L -

v v v Em)yEmy)y(=m+M)g(=a, = N)s(=mj)s
_M;ocN:zM SZ:(; L+a)y(t+a)y@Q+a +M) @+m, —N)g(L+as)s

%”‘*'\" +N +s:g—,u+M +N +s;—m4;—m5;...;—mn;,u—k+%;

x F{ X X K 2 (3.6)
Z+p Z+p  Z+Pp Z+p
2-k+M+N+s: - a,+L a;+1..; a,+1 -

Re(%iuj>0, Re(z+p)>0,|z|,|x|<Li=12,...,n

To make the above result more proper, we replace

X *n and _Z by Xi,X,...X: and z respectively and also 3, ,and 2-k by a and b respectively to get
z+p z+p T z+p Z+p 2
a:3—a—m;-m,;...;—m_;a+b-3;
Fm Xy Xy yeerey Xy Z

b: -a+1 a,+L..; a,+L —

s
— XX
(_N)s (a)M+N+N (3_ a)M+N+S XlM X;\‘ (XlsJ

2

_ i i N )M(_mz)N(_m1+M)s(_az_N)s(_ms)s
Mmoo NM* 520 (1+a1) (1+a,),Q+a,+M);@1+m,—N);(1+a,)s (M +2),(®)y.n.s MINISI
a+M+N+s:3-a+M +N +s;—-m,;—m;;.....,—m_;a+b—-3;
Fn? X1 Xgyeeres Xy Z

b+M+N+s: — a,+1 a;+1..; a,+L -

n

Re(@)>0, |z],| X |<L i=12,,n. ....... (3.7)

Special Cases
I. Taking a=b and z—0 in equation (3.7) and replacing 3-a by a,. we get

FMla,—m,—m,,...,—m,,a, +1,8, +1,....a, +L X, Xyoree, X, |

N W O (=m)y (=m,)y (=M, + M) (=3, = N)s (=m,)
Z‘m N:ZM* 522:5 @+a)y(@+a,)yA+a +M)s(@+m, —N)s(1+a,)s

— X%, X

S
(_N)S(a)M+N+N XlM XZN( BJ
X, ) xF"¥a+M+N+s,—m,,—m;,....—m,,a, +1,a; +1..;a, +1 X, Xgpeee0, X, |

(M +1), MINIs!
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| X [+ % | 4ot | X <, oo (3.8)

% [+]% [+t | X, | <1 o, (3.9

Further for n=3, equation (3.8) reduces to

o0 ) _ _ M N
FOa,—m,—m,—mga, +1a, +1,8, +1 X, X, X[ = D M)y CMa)y @)y X%

oG (L+a), (1+a,), MIN!

-m+M,—a,-N,—m;,—N,a+M + N;
%, F, —= | ... (3.10)

l1+a,+M, 1+M,—-N; 1+a,, M+

I1. For n=3 equivalently for X, = X; = ... = X, = 0, equation (3.7) gives us
a:3-a———: —m;—m,;—m,;a+b-3;

FFS4) Xi1 Xpy X3, Z
b ————: a+1 a,+1 a+1 -

L3S S M) @B (@M N) (@b, x 2
VG S @ a), 1+ 3,) (0) (b+M+1), MINIF

-m;—N,-m+M,a+M+N+r3-a+M+N,-a,-N;
— XX

x oF < (3.11)
2
1+a,1+a+M,1+m,—-N,1+M,b+M + N +r;
Where F”hypergeometric function of four variables is considered by Pathan 8! and is defined as follows
a:ib——-: d;ef;g;
F(4) u,x,y,z|= i (a)m+n+p+q (b)m+n+p(d)m(e)n(f)p(g)qumxnypzq (3.12)
P LEASED B | | \ .
g d-.eu. fro_ m,n,p,q=0 (C)m+n+p+q(d )m(e )n(f )pm!n! plql
Conclusion

We have derived (3.12) the nucleus of excavation is based on the results which involve exponential functions. The results of
Exton and Pathan & Yasmeen are used with a view to obtain multivariable generating functions which are partly bilateral and
partly unilateral.
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