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Abstract 

This study explores the use of non-linear filtering in an information-based stochastic volatility model. 

The stochastic differential equations in the model incorporate information which is the sum of true 

information about the future cash flows and noise which distorts the true information. It is assumed that 

there exists a market information process consisting of a combination of these two sources of 

information. The volatility process in the model is non-linear and gaussian which makes the use of the 

extended Kalman filter approach ideal. The study first obtains a state space model and the extended 

Kalman filter is then used to model volatility based on it. The modelled volatility is used to determine the 

extent to which the price of the information-based stochastic volatility model is affected by fluctuations 

in volatility. Using simulated data, the study finds that there’s a general increase in volatility as the price 

obtained from the model increases. 

 

Keywords: Extended Kalman filter, information-based stochastic volatility model, measurement 

equation, state transition equation, state space model 

 

Introduction 
Following the collapse of the stock market in the late 1980’s as documented in (Bernhardt & 
Eckblad, 2013) [1], there has been significant research on the volatility of option prices. The 
Black Scholes model as presented in (Black & Scholes, 1973) [7] makes the assumption that 
volatility is constant. This assumption has been shown by various authors not to be ideal 
despite the model being used successfully in pricing options (Bernhardt & Eckblad, 2013)  [1], 
(Javaheri, 2005) [12], (Pottinton, 2017) [13] and (Bergomi, 2004) [14]. 
Models which make an assumption that the volatility is stochastic are known as stochastic 
volatility models (SVM). These models can be used to address the failure of the Black Scholes 
model to detect the volatility smile which arises due to the variation of volatility with time as 
suggested by (Javaheri, 2005) [12]. The Heston model as presented by S. Heston in (Heston, 
1993) is a popular SVM which is used in pricing options. The variance process in the model is 
assumed to follow a Cox Ingersoll Ross (CIR) process, (Cox et al.,1985) [10]. 
Despite the fact that the Heston model is an improvement to the Black Scholes model, it 
suffers from the weakness that the volatility dynamics are pre-specified which shows an ad-
hoc nature. The information based pricing framework by Brody, Hughson and Macrina, 
(Macrina, 2006) [3] tends to be an improvement to this as the volatility dynamics are not pre-
specified. The volatility is shown to be naturally stochastic as a result of the assumed market 
information process. A non-linear filtering approach, in particular the extended Kalman filter 
(EKF) is used in this study to model volatility from an information-based stochastic volatility 
model (ISVM). The ISVM is derived from the information based pricing framework outlined 
in (Macrina, 2006) [3]. Javeheri et al. demonstrate the application of non-linear filtering to the 
Heston Model, (Javaheri et al., 2003) [9]. A filter is used to determine an estimate for a 
dynamic system’s state given the available information that is contained in the system’s 
observations. In this case, the dynamic system’s state relates to the volatility and the 
observations are the prices observed for the ISVM. Having been introduced by R. Kalman in 
(Kalman, 1960) [2] where a solution was obtained for a linear filtering problem, Kalman 
filtering is used where a system of dynamic equations is linear with gaussian noise. Let 𝑥𝑘  for 
k = 1,2,... be an unobservable state vector with a linear stochastic differential equation (SDE) 
given by: 
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𝑥𝑘 = 𝑀 𝑥𝑘−1 + 𝑏𝑘−1        1.1 

 
Where k denotes time. 
The Kalman filter can be used to determine an approximate 
value for the state process in equation 1.1 with the 
measurement process is given by: 
 

𝑦𝑘 = 𝐺𝑥𝑘 + 𝑐𝑘         1.2 

 

The measurement process noise is given by 𝑐𝑘  while the state 

process noise is given by 𝑏𝑘with variance R and Q 
respectively. The two noise processes are assumed to be 
uncorrelated. 

The prior and posterior estimate errors are 𝑥𝑘 − 𝑥̂𝑘
−

 
and 𝑥𝑘 −

𝑥̂𝑘 respectively. 𝑥̂𝑘
− denotes the prior estimate taking account 

of the state process before the particular step while 𝑥̂𝑘  is the 
posterior estimate making use of the information from the 
measurement process up to that time. 

The prior estimate error covariance is denoted by 𝑃𝑘
− while 

the posterior estimate error covariance is denoted by 𝑃𝑘. 
An estimate of the state posterior is obtained from the 
following equation: 
 

𝑥̂𝑘 = 𝑥𝑘
−  + 𝐾𝑘(𝑦𝑘 − 𝐺𝑥̂𝑘

−)      1.3 

 

Where (𝑦𝑘 − 𝐺𝑥̂𝑘
−) denotes the measurement residual and 𝐾𝑘  

is a matrix denoting the Kalman gain given as: 
 

𝐾𝑘
 = 𝑃𝑘

−𝐺 
𝑇(𝐺𝑃𝑘

−𝐺 
𝑇 + 𝑅)−1      1.4 

 
The Kalman filter approach can be categorized into two: the 
time update equations referred to as the predictor equations 
and the measurement update equations also referred to as 
corrector equations. 
The time update step equations are as follows: 
 

𝑥̂𝑘
− = 𝑀 𝑥̂𝑘−1          1.5 

 

𝑃𝑘
− = 𝑀𝑃𝑘−1

 𝑀 
𝑇 + 𝑄        1.6 

 
and the measurement update step consists of the following 
equations: 
 

𝐾𝑘
 = 𝑃𝑘

−𝐺 
𝑇(𝐺𝑃𝑘

−𝐺 
𝑇 + 𝑅)−1      1.7 

 

𝑥̂𝑘 = 𝑥𝑘
−  + 𝐾𝑘(𝑦𝑘 − 𝐺𝑥̂𝑘

−)       1.8 

 

𝑃𝑘
 = (𝐼 − 𝐾𝑘

 𝐺)𝑃𝑘
−

         1.9 

  
The predictor and corrector equations are obtained and the 
process is performed for each time step. The Kalman filter is 
however only applicable to linear models with gaussian noise. 
The EKF is an improvement to this as it is applicable where a 
model is non-linear provided that the noise is still gaussian. 
The study begins by looking at the EKF which gives a 
technique for modelling volatility in the ISVM. The ISVM is 
then looked at where the information available is modelled 
using a market information process. The state space model is 
derived which is then used in the EKF to model volatility. 

 

Extended Kalman Filter 
This approach linearises non-linear SDEs using Jacobian 
matrices. The non-linear SDE can either be the state transition 
process or measurement process or both. 

Let the state variable be given as: 

 

𝑥𝑘 = 𝑓(𝑥𝑘−1, 𝑏𝑘−1)        2.1 

 

and the measurement equation 𝑦𝑘  is such that: 

 

𝑦𝑘 = ℎ(𝑥𝑘, 𝑐𝑘)         2.2 

 

The actual values for the state transition noise, 𝑏𝑘  and the 

observation noise, 𝑐𝑘  are not known in practice. This means 

that an approximate value for the state transition vector and 

measurement vector given by 𝑥̃𝑘  and 𝑦̃𝑘  respectively can be 

used. 

Thus, approximate values for 𝑥𝑘  and 𝑦𝑘  are as follows: 

 

𝑥𝑘 ≈ 𝑥̃𝑘 + 𝐴(𝑥𝑘−1 − 𝑥̂𝑘−1) + 𝑊𝑏𝑘−1   2.3 

 

And 

 

𝑦𝑘 ≈ 𝑦̃𝑘 + 𝐻(𝑥𝑘 − 𝑥̂𝑘) + 𝑉𝑐𝑘     2.4 

 

Respectively where the Jacobian matrices are given as 

follows: 

 

𝐴𝑖𝑗 =
𝜕𝑓𝑖(𝑥̂𝑘−1,0)

𝜕𝑥𝑗
,         2.5 

 

𝑊𝑖𝑗 =
𝜕𝑓𝑖(𝑥̂𝑘−1,0)

𝜕𝑏𝑗
,         2.6 

 

𝐻𝑖𝑗 =
𝜕ℎ𝑖(𝑥̃𝑘,0)

𝜕𝑥𝑗
,          2.7 

 

𝑈𝑖𝑗 =
𝜕𝑓𝑖(𝑥̃𝑘,0)

𝜕𝑐𝑗
,          2.8 

 

The prediction error is given by: 

 

𝑒̃𝑥𝑘 ≈ 𝑥𝑘 − 𝑥̃𝑘 ,         2.9 

 

While the measurement error is: 

 

𝑒̃𝑦𝑘 ≈ 𝑦𝑘 − 𝑦̃𝑘,        2.10 

 

Using equations 2.9 and 2.10, an estimate for 𝑥𝑘  can be 

obtained as follows: 

 

𝑥̂𝑘 = 𝑥̃𝑘 + 𝐾𝑘𝑒̃𝑦𝑘 
 

= 𝑥̃𝑘 + 𝐾𝑘(𝑦𝑘 − 𝑦̃𝑘)       2.11 

 

Information-Based Stochastic Volatility Model (ISVM) 

State Space Model 

In the ISVM model, an assumption is made that the market is 

incomplete and that information about the market is available 

to the market participants using the market information 

process: 

 

𝜉𝑡 = 𝜆𝑡𝑍𝑇 + 𝛾𝑡𝑇          3.1 

 

Where 𝑍𝑇  denotes a cash flow which matures at time T. 𝜆𝑡𝑍𝑇  

represents the actual information regarding ZT. λ denotes the 

rate that determines the speed at which the true value of 𝑍𝑇 is 
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made known to the market participants. {𝛾𝑡𝑇}0≤𝑡≤𝑇  denotes a 

Brownian bridge with 𝛾0𝑇 = 0 and 𝛾𝑇𝑇 = 0. 

 

𝛾𝑡𝑇 ~ 𝑁 (0,
𝑡(𝑇 − 𝑡)

𝑇
) 

 

ZT and 𝛾𝑡𝑇  are assumed to be independent. 

Following a similar approach to (Brody et al., 2008) and 

assuming that the interest rate, r is a constant, the asset price 

SDE is given as: 

 

𝑑𝑆𝑡 = 𝑟𝑆𝑡𝑑𝑡 + Γ𝑡𝑇𝑑𝑊𝑡       3.2 

 

Where Γ𝑡𝑇  denotes the absolute volatility process: 

 

Γ𝑡𝑇 = 𝑃𝑡𝑇
𝜆𝑇

𝑇−𝑡
𝑉𝑡         3.3 

 

𝑃𝑡𝑇  denotes the discount factor and 𝑉𝑡 denotes the conditional 

variance of 𝑍𝑇. 

A further assumption is made that there exists an established 

pricing kernel and the absence of arbitrage. These two 

assumptions ensure the existence of a unique risk neutral 

probability measure, ℚ. Following the approach presented in 

(Mutijah et al., 2012), under the ISVM, the price of a 

European call option takes a Black-Scholes Model 

representation as: 

 

𝐶 = 𝑆0 Φ(𝑑1) − 𝐾𝑒
−(𝛿+

𝜚2

2
)
 Φ(𝑑2)    3.4 

 

Where: 

 

𝛿 = 𝑟𝑡 −
1

2

𝜆2𝜏

𝜆2𝜏 + 1
𝜈2𝑇 

 

𝜚2 = (
𝜆𝜏𝜈√𝑇

𝑡(𝜆2𝜏 + 1)
)

2

(𝜆2𝑡2 +
𝑡(𝑇 − 𝑡)

𝑇
) 

 

𝑑1 =
log (

𝑆0

𝐾
) + 𝛿

𝜚
+ 𝜚 

 

𝑑2 = 𝑑1 − 𝜚 
 

Φ(𝑥) = 𝑃[𝑍 ≤ 𝑧] 
 

𝑍 ∼ 𝑁(0,1) 

 

v is the asset price volatility parameter. 

λ and v cannot be observed directly and are assumed to be 

constants. 

The dynamics for 𝑉𝑡 are given as: 

 

𝑑𝑉𝑡 = −𝑣𝑡
2𝑉𝑡

2𝑑𝑡 + 𝑣𝑡𝜅𝑡𝑑𝐵𝑡      3.5 

 

Where: 

 

𝜅𝑡 = 𝔼𝑡[(𝑍𝑇 − 𝑍𝑇)3] 
 

And 

 

𝑣𝑡 =
𝜆𝑇

𝑇 − 𝑡
 

𝑉𝑡  is the unobserved state variable. 

The asset price volatility is given as Γ𝑡𝑇 = 𝑣𝑡𝑃𝑡𝑇𝑉𝑡. 
By discretizing equation 3.2, the following measurement 
equation is obtained: 
 

𝑆𝑘 = 𝑆𝑘−1 + 𝑟𝑆𝑘−1∆𝑘 + 𝑣𝑘−1𝑃(𝑘−1)𝑇𝑉𝑘−1√∆𝑘𝑊𝑘−1  3.6 

 
The discretized form of the variance process is as follows: 
 

𝑉𝑘 = 𝑉𝑘−1 − 𝑣𝑘−1
2 𝑉𝑘−1

2 ∆𝑘 + 𝑣𝑘−1𝜅𝑘−1√∆𝑘𝐵𝑘−1  3.7 

 
Thus: 
 

(
𝑉𝑘

𝑉𝑘−1
) = (1 − 𝑣𝑘−1

2 𝑉𝑘−1
 ∆𝑘 0

1 0
) (

𝑉𝑘−1

𝑉𝑘−2
) + (𝑣𝑘−1

 𝜅𝑘−1
 √∆𝑘
0

) 𝐵𝑘−1 

 
The state space model is made up of equation 3.6 for the 
measurement equation and equation 3.7 for the state transition 
equation. 
 

Extended Kalman Filter (EKF) in the Information Based 

Stochastic Volatility Model (ISVM) 
This study models volatility using the EKF approach by 

making an assumption that the brownian motion, 𝑊𝑘−1  in the 
discretized asset price process in equation 3.6 is independent 

of the brownian motion, 𝐵𝑘−1 in the discretized volatility 
process in equation 3.7. The EKF technique can only be used 
if the noise in the measurement equation and state transition 
equation are independent of each other. 
Using the state space model obtained in the previous section, 
EKF can now be applied to the ISVM. In the paper (Li, 2013), 
a non-linear filtering approach is used in the Heston model to 
extract volatility. In this study, non-linear filtering is applied 
to the ISVM model. Parameters in the model can be estimated 
using the approach in (Mutijah et al., 2013). 
Let: 
 

𝑓𝑖(𝑥̂𝑘−1, 0) = 𝑉𝑘−1 − 𝑣𝑘−1
2 𝑉𝑘−1

2 ∆𝑘 + 𝑣𝑘−1𝜅𝑘−1√∆𝑘𝐵𝑘−1 4.1 
 
and 
 

ℎ𝑖(𝑥̃𝑘, 0) = 𝑆0 Φ(𝑑1)  − 𝐾𝑒
−(𝛿+

𝜚2

2
)
 Φ(𝑑2)  4.2 

 
The Jacobian matrices can then be obtained as follows: 

𝐴𝑘−1 =
𝜕  

𝜕𝑉𝑘−1

(𝑉𝑘−1 − 𝑣𝑘−1
2 𝑉𝑘−1

2 ∆𝑘 + 𝑣𝑘−1𝜅𝑘−1√∆𝑘𝐵𝑘−1)  

 

= 1 − 2𝑣𝑘−1
2 𝑉𝑘−1

 ∆𝑘        4.3 

 

𝑊𝑘−1 =
𝜕  

𝜕𝐵𝑘−1

(𝑉𝑘−1 − 𝑣𝑘−1
2 𝑉𝑘−1

2 ∆𝑘 + 𝑣𝑘−1𝜅𝑘−1√∆𝑘𝐵𝑘−1) 

 

= 𝑣𝑘−1
 𝜅𝑘−1∆𝑘         4.4 

 
The state variable can be approximated as: 
 

𝑥𝑘 ≈ 𝑥̃𝑘 + (1 − 2𝑣𝑘−1
2 𝑉𝑘−1

 ∆𝑘)(𝑥𝑘−1 − 𝑥̂𝑘−1) + 𝑊𝑏𝑘−1  4.5 

 
The price of the European call option is taken to be the 
measurement process. 
 

Empirical Application 

Here, the volatility is modelled using the EKF in the ISVM, 

the measurement noise is taken to be 0.01 and the state 
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process noise is taken to be 5 × 10−6, these two values make 

up the value of R and Q respectively. The values of 𝑣𝑘−1and 

𝜅𝑘−1 are taken to be constants with estimated values 0.5 and 

0.2 respectively with r = 0.1 

Using the Jacobian matrices in the previous section: 

 

𝐴 = 1 − 2𝑣𝑘−1
2 𝑉𝑘−1

 ∆𝑘 

 

= 1 − 𝑉𝑘−1
 ∆𝑘          5.1 

 

and  

 

𝑊 = 𝑣𝑘−1
 𝜅𝑘−1∆𝑘 

 

= 0.1∆𝑘           5.2 

  

The subscript k − 1 isn’t used in the matrices in this case as 

they are assumed to be constant. 

The volatility process which is the subject of modelling is 

represented by the state space process equation given by: 

 

𝑉𝑘 = 𝑉𝑘−1 − 0.25𝑉𝑘−1
2 ∆𝑘 + 0.1√∆𝑘𝐵𝑘−1  5.3 

 

and the measurement is as follows: 

 

𝑆𝑘 = 𝑆𝑘−1 + 0.1𝑆𝑘−1∆𝑘 + 0.5𝑃(𝑘−1)𝑇𝑉𝑘−1√∆𝑘𝑊𝑘−1  5.4 

 

The initial value for the state process, 𝑥̂𝑘−1 is taken to be 0 

and the initial value for the posterior state estimate error 

covariance, 𝑃0 is taken to be 1. A simulation is done to obtain 

the measurement process observations which represents the 

price with standard normally distributed errors, 

𝑅~𝑁(0, 0.01). 

The state space process representing the volatility for the 

ISVM model is as given in the curve below. The estimated 

volatility is shown to be generally increasing with increase in 

price. 

 

 
 

Fig 1: Volatility modelling using EKF 
 

Conclusion and Recommendation 

In this work, volatility has been modelled from the ISVM 

using a non-linear filtering approach, in particular using the 

EKF. The measurement equation is taken to be the price of 

the European call option under ISVM. The state transition 

equation is the discretized volatility process from the BHM 

model. The two equations make up the state space model. 

The price of the European call option is simulated using the 

parameter values,𝑣𝑘−1 = 0.5, 𝜅𝑘−1 = 0.2 and the interest rate 

is assumed to be constant at 10%. The resulting volatility 

values are shown to generally increase with an increase in the 

European call option price in the ISVM. 

Jacobian matrices are used to linearize the state space model 

under the EKF. Once linearized, the time update step and the 

measurement update step can be used to model volatility. The 

noise in the model is assumed to be gaussian and the two 

processes are assumed to be uncorrelated. 

The EKF is seen to be a practical approach to use in 

modelling volatility as the repeated nature of the time update 

and the measurement update step make it a very practical 

technique in modelling volatility as the current volatility only 

depends on the previous volatility. 

The study recommends for further research in cases where the 

interest rate can be assumed to be stochastic and not a 

constant as is done in this study. In addition, other non-linear 

filtering techniques such as the unscented Kalman filter and 

particle filtering can be used to model volatility in the ISVM 

and the result compared with that from the EKF to determine 

the most suitable technique for volatility modellling in the 

ISVM. 
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