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Abstract

There are several fixed point theorems in Mathematics having numerous applications. In this paper, we
will discuss some fixed point theorems that are applicable in Complete Hausdroff uniform space. Some
common fixed points of point-valued mappings on a sequentially complete Hausdroff uniform space
satisfying contractive type conditions have been obtained.
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Introduction

This paper analyzes some common fixed point theorems in sequentially complete Hausdroff
uniform spaces in such a way that they generalize some theorems which have already been
proved in metric spaces. Let (X, v) is a uniform space.

A family {d;: A € I, " is an index set} of pseudometrics is called an associated family for the
uniformity u if the family B = {V(I, r): i e [, r > 0}, where V(I, r) = {(X, ¥): X, y € X, d(X, y) <
r} is a sub-base for the uniformity u.

A family {d;}, A € T, T is an index set of pseudometrics on X is called an augmented
associated family for u if {d;: A € T'} is an associated family for u and has the additional
property:

Givena, b e T, there is a v € I' such that d,,(x, y) > max {d,(X, ¥), dp(X, V)}

An associated family and an augmented family will be denoted by P and P*respectively. For
details one can see Kelley [, Thorn I, etc.

Definitions

Let S and T be self-mapping of a sequentially complete Hausdroff uniform space (X, v)
defined by {d;: A e '} = P*. S and Tare said to be weakly commutative on X if

d;((STx, TSx) < d;(Tx, Sx) forall x e Xand A e T.

Further S and T are said to be compatible if lim d,(STx,, TSx,) = 0 for all A € I" whenever
{x,} is a sequence in x and that lim d;(Sx,,, t) = d;(Tx,, t) for all A € " and for some t € \.
The above two definitions are analogous to the definitions as introduced by Sessa [ and
Jungck [Min metric spaces while proving some common fixed point theorems in metric spaces.
It is to be noted that weakly commutative mappings are compatible but the converse is not true
by Sastry [,

Let w: [0, o) —[0, o) be such that w is continuous and 0 < w(r) <r forr > 0.

Now, we prove the following theorems:

Theorem 1: Let (X, v) be a sequentially complete Hausdroff uniform space defined by {d;: A
e} = P*. Letf, g, h, and jss are four mappings on X satisfying.
dz((fX, g)y) <max {d,(jx, hy), da(fx, 9x), da(ay, hy)
d;(x, +d; (hy,fx .
AL E B0 - wimax {dy (jx, hy), da (fx, 9x), da (Y, hy)

2
09y da YO o gl x, y € X, A€ T
2 1 9 .
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Let h and j be continuous, h and g be compatible, f and j be compatible. If f(x) < h(x) and g(x) < j(x), then f, g, h, and j have a
unigue common fixed point in X.

Proof: Suppose f(x) c h(x) and g(x) c j(x),

Let x, € X. Then there exists a sequence {x,,} such that

Yan = fxon = NXgnyq and Yony1 = 0xon41 = JX2n4 foralln=0,1,2,....

Now for all x, y € X, L e I'. We have d) (Yo, Yons1) = da(fxzn, 9%2n41)

< max{dy(jxzn, NX2n41), Aa(fxon,s Jx20), d2(9%20, NX2ns1), da(iX2n, OX2n41),

. . dy(xan.8x )+ dy(hxopnfxon)
§%2n), d3(@%an, NX2ni1), da(iXon, OXapyq), 2 me il A 2n2an ]

2

< max { dp(9%2n-1, Tx20), da(fx2n, 9%20-1), da(0%2n41, Fiap),
) (@%2n-1.8%2n 1)+ A3 (Panfan

d(Fxan, O%an-1), da(@%an 41, FX2n), 2 Erzn-18zms1)* 3 (¥am iy )}]

2
If dy(Van-1) Y2n) < da(Van, Yan+1) 164, if

da(9x2n-1, Fx2n) < da(9%2n41, fxzn), then

dy(8%an-1,8%2n+1) < Aa(0%2n-1, Tx2n) + da(fXon, 9X2n41)

< dj(fxzn, 9x2n41) + da(fXzn, 9xon41)

ANd, d)(V2n: Yan+1) < {daV2ns Yone1)} — WA (Van-1, Y2n+1)] < a(Van, Yans1)-

dp(hxan fxan)

5 }- wlmax {d;(jx2n, x2p11), di(fxzn,

da(gxan—1.8%an+1)+ da(fxan.fxzn)
2

} — wlmax { di(9x2n-1, Fxzp),

Which is a contradiction and so

Ay Vans Yon+1) < da(Von—1, Yon)-
We next show that lim d;(y,,_1,¥,) =0 foreach A e T,
n—-oo

Since d; (v,,—1, ¥n) is a decreasing sequence of non-negative terms, then lim d, (y,—1, ) = d € R, say, we want to prove that d =
n—oo

0.

Suppose d > 0 and since d is continuous and Y~ da (Vi, Vi) <di Vo, Y1) - A2V Yna1)

>Xico G Vn Yna1) < da(Vo, 1)-
Hence, the series .7, d; (v, ¥i+1) IS convergent.
Hence lim w(d,) = 0.

n—-oo

Since, d,, is a decreasing sequence of non-negative terms,
We have lim (d,)) =d, say R™.
n—-oo

Since w is continuous, it follows that lim w(d,,) = w(d) and therefore w(d) = 0.
n—oco
But since w(r) >0 forr>0andsod =0, i.e. lim d;(y,_1,y,)=0forieT.
n—oo

We now show that {y,,} is a Cauchy sequence. Then for every positive number & and for every positive integer K, there exists two
positive integers 2m(K) and 2n(K) such that 2m(K) > 2n(K) > K and d) (¥2m k), Y2nx)) > € and dj (Vamx)-2) Yanx)) < €-

Further let 2m(K) denote the smallest even integer for which 2m(K) > 2n(K) >k,

A (V2m(k) Yan)) > € and Ay (Vamk)-2) Yon(k)) < €

Now, € < dy (Vam(ky Yan(k))
= dl(yZm(K)—Z'yZn(K)) + d) (Vam@)-2) Yon)-1) + da()’Zm(K)—pYZn(K))-

Letting K—oo0, we get
Ay (Yom(k) Yon(xy) = € foreach d e T

By triangle inequality, we have
|3 (Vam) Yonoy+1) - da()’Zm(K)’)’Zn(K)N < dl(yZM(K)'yZn(K)+ 1)
I (Vam@)+1) Yonto+ 1) = daVanoy Yonao + DI < daVamoy Yom@)+ 1)
A2 (V2ma)+ 12 Yan@)+2) = daVema) 1 Yan o)+ 1 < A Fam@o)+ 10 Yam@)+ 2)»
A2 (Voma) 1 Yonoy+ 2) = G Vam@o+ 1 Yono)+ 2)l < A Gam@o)+ 10 Yam@)+ 1)
w &= lim d; (Vam), Yanao+1)

= ,11_{{.10 d/l()’Zm(K)+ 1 Yon(K)+ 1)

= ,11_{{.10 d/l()’Zm(K)+ 1 Yon(K)+ 2)

= lim d3 (Vam(x), Yan(xy+ 2) foreach 1 e I".

By the given assumption, dj(Y2m)+ 1, Yan)+ 1) = da(@%2m@)+ 1 Xonm)+ 1)
Az (i%an(i0)+ 28%2mK)+1)+ dAMXamu) X on )+ 2) }

< max {dl(ngn(K)+ 2 D Xomm)+ 2): Ay (B2 )+ 20 1% 2n @)+ 2)) da(8%2n )+ 1 DXam) 1), 2
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- A (i%zn () + 2.8%2mk)+1)+ AA(WXam i) BXon(i0)+ 2)
- WImax{d; (8Xzn )+ 2o Wam@ir+ 2)s A1 (Fanor+ 20 3 Xaniior+ 2)» Aa(@%anaio)+ 12 WXamy41), —— 22 . 2m{) T2n0+ 27 1]

da(Yan@) +1Y2m@E) +1)+ GAV2m@E) Yan@)+ 2y

= max{d; Vamx) Yan )+ 1) G V2m)+ 1 Yan)+2)» G Vemk) Yam)+ 1)»

2
da(Vanm)+1Y2mE)+1 )+ AV 2mE) Yank)+ 2
3 }] for each

W [max{d; (YVam) Yon)+ 1)r GAV2m@)+ 1 Yanw+2)» A G2m) Yam@)+ 1)»
rel.

Letting K— o0, we get,
e<e—-o()<e.

Which is a contradiction. Thus {y,,} is a Cauchy sequence.

Since X is sequentially complete, there is a point & € X such that & = lim (y,). Consequently, {fx,,} = { hxy,41} and {gxz, 41} =
{ jxon42} converges to & The mapping j is continuous. Then we havenf_(;iro allleT,

dy(fixan, 9%2n+1) S max {d;(jX2n, NX2n41), da(fixan, Jixan), da(9%2n, NXon41),

Q) L AQRt I [max dy(fxon, Gansr) < Max {daixzn, Manen), da(fiXan, ii%an), da(@¥an, Noznin),

2
daGixzn.8xan+1)+ dathxant1,hjxan) 0|
> .

Since the mapping f and j are compatible, then we have,

dﬂ(j&ﬁ é.') < max {da(_l&» E.»)n dl(.]“;a.]a)n dl(éa E.\): dl(jaa &)}

- W[maX dﬂ(jga é) < max {dl(.]éa &), dﬂ(.]éﬂ.]&)’ d/l(E.u a)a d/l(jéa &)}]
= d; (i€, &) —wW(da (&, 9))-

Now, we consider & # j&. Since(X, v) is a Hausdroff space and & # j&, there is an index p € I such that d, (&, j&) # 0.

Therefore we have,

d, (&, &) < d, (&, &) —wW(d, (&, &) < d,(&, &) which is a contradiction.
Hence jE=E&.

Further, we have for L e T,
d/l_(fﬁ, 2Xon+1) <max {dy(&, hxapny1), dy(hxapnyq, 18), da(9%2n41, NXopiq),
20Egrons )t 0oty [max dy (6, hxansr), da(Wns s ), da(Gons1, Wanss),

2
da(i88xan+1)+ da(hxan+1,f%) M
5 .

Taking limit as n—oo, we have,

dl(féﬁ EJ) = maX[dl(&a é)s dl(f&: &)9 dl(&v é)s %dll(éa %)}_ w [maX d/l(faa é) < max[dll(éa &)v dl(fga E.:)a d/l(éa E.:)’ %dl(és é)]
i.e. d;(fg, &) < dj(f€, &) — w(d (g, &)) for each A € T, which is a contradiction.
Hence f€ =j& =E.

Since h is continuous, we can show that g& = h& = £ and § is a common fixed point of f, g, h, and j.
To prove uniqueness of &, if possible let &' be another fixed point of f, g, h, and j and let & # &'. Then there is an index v € I such

that d\(5, §') = dy(f, 2¢') e e
< max { dy(j& hg"), dy(R, j6), dy(g¢', hg), LU BOEL,

wlmax{ dy(&, he"), d,(f2, j6). d(g¢', h¢"), LN OOERDy)
=max{d,(&, §).dy(&, &),, { dy(§", &), dy(E, &)}

-wlmax{d, (&, §).dy (&, £).d\(§", &), dv(&, ')}

=d, (&, &) - w[d,(& &) <d,(& &) which is a contradiction.
Hence &= &' and & is the unique common fixed point off, g, h and j.

Corollary 1
Let (X, v) be a sequentially complete Hausdroff Uniform Space defined by {d;: L e '} = P*.
Let f be a mapping on X satisfying the condition

x,h X
dy(fx, gy) < max{ d;(x, y), dy(hx, X), d; (hy, y), 2204000y

dy(xhy)+d (y.fx)
2

-wmax d;(fx, gy) < max{ d;(X, y), da(hx, x), da(hy, y),
in X.

H forall X,y € X, X € I'. Then f has a unique fixed point

Proof: Put f = gand j = h = I, identity mapping in theorem 1, Corollary 1 follows.

Corollary 2
Let (X, v) be a sequentially complete Hausdroff Uniform Space defined by {d;: L e I'} = P*.
Let f, h be mappings on X satisfying the condition
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da(fx, hy) < max { dy(hx, hy), da(fx, hx), dy(fy, hy), 2ROy

-wlmax {da(hx, hy) d;(fx, hx), da(fy, hy), da(fy, hy),

dy (hxhy)+dy (hy,fx)

> 1 for all x, y € X, A € I. Then f and h have a unique

common fixed point in X, provided h is continuous, f and h are compatible and f(X) < h(X).

Proof: Put f =g and j = h in theorem 1, Corollary 2 follows.

Corollary 3
Let (X, v) be a sequentially complete Hausdroff Uniform Space defined by {d;: A e I'} = P".
Let f, g, and h be three mappings on X satisfying the condition

da(fx, fy) < max { dy(hx, hy), da(fx, hX), da(fy, hy), “AEE229a0000
wimax d(fx, fy) < max{dy(hx, hy), da(fx, hy), d;(fx, hx), dy(fy, hy) 200 for il x, y € X, & € T. Let h be
continuous, h and f be compatible. If f(X) < h(X), then f, g and h have a unique common fixed point in X.

Proof: Put h = j in theorem 1, Corollary 3 follows.

Corollary 4
Let (X, v) be a sequentially complete Hausdroff Uniform Space defined by {d;: A e T'} = P".
Let f, j, and h be three mappings on X satisfying the condition

d;(fx, hy) < max{ d;(jx, hy), d3(fx, jX), dy(fy, hy), 2202 0y.00y

2

-w[max d,(fx, hy) < max{d;(jx, hy), da(fx, jx), dx(fy, hy), da(fy, hy) w}] forall x,y € X, A e I'. Let h and j be
continuous, h and f, j and f be compatible. If f(X) c h(X) n j(X) then f, j and h have a unique common fixed point in X.

Proof: Put f = g in theorem 1, Corollary 4 follows.

Conclusion

In this paper, we analyzed some properties of Pseudometrics. A large number of literatures are available which deal with .fixed
and common fixed points of point-valued mappings in metric spaces, Banach Spaces, Hilbert Spaces, etc. Very few literatures are
available which deal with common fixed points of point-valued mappings in Uniform Hausdroff Spaces. In this paper attempt has
been made to obtain some common fixed point theorems in sequentially complete Hausdroff space. Also, this new working area
will be a powerful tool for the existence solution.
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