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Abstract

In this paper several new subclasses of analytic functions which are defined by means of a generalized
integral operator have been introduced. Next, inclusion properties for these subclasses are established.
Many interesting applications are also discussed.
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Introduction
Let A, denote the class of functions f (z) normalized by

f@)=2"+ > a,z", (peN (1.1

n=p+l
which are analytic in the open unitdisk U={z:ze Cand |z |<1}. Also let S (@) and K, (o)

denote, respectively, the subclasses of A, consisting of p-valent functions which are starlike
and convex of order o in U with 0 < o < p. In particular S,(0) =S, and K, (0) = K, are the

well-known subclasses of p-valent starlike and p-valent convex functions in U, respectively.
Given two functions f and g, which are analytic in U with f (0) = g (0), the function f is said to
be subordinate to g in U if there exists a function w, analytic in U, such that
w(0)=0,|w(z)|<l(zeU),andf(z)=g(w(2) (z € U).
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We denote this subordination by
f(z2)<g(@inU

We also observe that
f(z2)<g(@inU

iff f(0)=g(0)andf(U)cg (U)

whenever g is univalent in U.

Let M be the class of analytic functions ¢ (z) in U normalized by ¢ (0) = 1, and let H be the
subclass of M consisting of those functions ¢ which are univalent in U and for which ¢ (U) is
convex and R {$(z)} >0 (z € U).

We define the following subclasses s; (¢) and ky (¢) for ¢ € H by

s’;((/ﬁ):{f:feApandM < p¢(z)inu}
f )
kp(¢):{f:feApanomM < p¢(z)inU},
f'(2)
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Obviously

«(1+2 x
1. Sp(Ej:Sp,

1+z
2. kp (Ej: Kp

«(1+ Az N
3. S =S [AB] (-1<B<AX<1
"(1+Bz} p[ 1 )
1+ Az
4. k | —— |=K [AB] (-1<B < A <1).
p(1+Bz) "[ 1( )

We also have S;[L—l] = S; and K [1-1] = K. For p = 1, the above reduced classes S" [A,B] and K [A,B] were investigated

by Janowski ' and Goel and Mehrok 1],
Clearly

f(2) ek, (@) =2f'(2) es, () .

Further suppose that
holla):(B)iz] = 2° (F (en,n s Brveen B 1 2)
=z"+ Y By (n)z" (1.2)
n=p+l

q<r+l;o€ R; B R\Z,;Z,={0,-1,-2,..};
i=1,.,qj=1,.,52¢eU)

where 4F is the generalized hypergeometric function and

B(aq)V(ﬂr) (n) _ (al)n—p (aZ)n—p "'(aq)n_p

(ﬂl)n—p (ﬂz)nfp "'(ﬂr)nfp (n - p)l .

.(1.3)

Corresponding to the function h [(e,);(/,);2], Dziok and Srivastava [2, p.3, Eq.(3)] introduced a linear operator Hpo,p,
defined by the convolution

HP,aqﬂ, f (Z) = hp [(aq,)l(ﬂr)lz]*f (Z) (14)
or equivalently by
Hoo s T@ =2+ 3 B (n)a,z" (z € U). (15)
' n=p+1

Here * stands for the convolution of two analytic multivalent functions f and g of the form

f(z)=2z"+ i a,z",g()=2z"+ i b,z"(a,,b,>0, peN)

n=p+1 n=p+1
and is defined by
fxg)(2)=2"+ > a,b,z". ..(1.6)

n=p+1

The linear operator H f (z)includes various other linear operators considered earlier by Hohlov [6], Carlson-Shaffer [1],
P.ag Br

Goyal and Bhagtani [5], Ruscheweyh [9] etc.
Next by using the operator leaq 5 We introduce the following classes of analytic functions for ¢ € H; f € Ay, a;,>- 1 and 5,

>1
Spa s, (B)= {F:FeA jandH,, . f(2) es;(4)}
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Koaos (@) ={f:feA jandH, , , T(2) ek, (9)}

We also note that

f@)ek,, , @) = 2f'@) es,, , @) (17)

In particular, we set

. 1+z .
SprstZ( =S rs,t?
NS, 1_2 p.rs,

. 1+ Az .
Splﬂvv"-ﬂx#(l_i_ sz plvr],u[A B] (_lSB<A Sl)l

1+ Az
kp,l,v,/l,y (m) - plvny[A B] ( 1<B<A <1)

and for p = 1, we have

- (142 *
if r =s=nthen Snz[l—jzsn :
“\1-z

ifv:ﬂ,thens;y[%jzs;y[A,B] (-1<B<A<1)
#\ 13 By ,

And K., (%) =K,,[AB] (-1<B <A <1).

2. Inclusion properties involving Hyo,p,

The following result will be required in our investigation:
Lemma (Eenigenburg et al. ). Let h be convex univalent in U with h (0) = 1 and

R{Lh(@)+ r}>0  (ByeC)
If p (2) is analytic in U with p (0) = 1, then

zp'(2) .
p(2) +m < h(@z)inuU

impliesthatp (z) < h (z) in U.
Our first inclusion theorem is stated as:
Theorem 1. Let a,>-1and B, > 1. Then

Spa (@) S Spp s (@) Sy, 1, (#) (peH)

Proof. First of all we show that
s p"quﬂr+:|- (¢) = Sp,aq ’ﬂr (¢) (¢ S H ; aq> - 1 al’ld ﬁr 2 l)
Letf(2) S, 5. (F) andset

Z( pags, T (2 ))
Hp'%ﬁr f (2)

=pbo(2), (2.1

where 0 (z) = 1+c,z+C,2° +... .

Obviously 6 (z) is analyticin U and 0 (z) # 0 forall z € U.
Applying (1.21) in (2.1), we obtain

(H p,aq,ﬂ,+1f (Z)) _
(B, +p-1) Hp’%‘ﬂr @ =pd(z)+p, -1 ..(22)

By using the logarithmic differentiation on both sides of (2.2) and multiplying with z, we have
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Z(Hp,aqﬁ,ﬂf @) 0@+ pz6'(z)
Hyus £(2) po(z)+p -1

..(2.3)

*

pvaq vﬂr

R{p¢@+ B, -1}>0(zcV)

pzd'(z)
p0(2)+ﬂr -1

Since S, 21,0 (z) eHandf(2) € S (@) from (2.3), we see that

and p@(z) + < p¢g(z) inU

Thus by using the Lemma and (2.1) we observe that
po(z2)<pd(z)inU

so that f(z)e S;,aq,ﬂr (¢)

This implies that
S p.ag. B+l (¢) c Sp,ozq,ﬂr (¢) .

To prove the second part, let T (z)e S;,aq,ﬁr (@) (a,>-1and B, > 1) and put
Z( H pvaq+lvﬁr f (Z))

=pY¥(z)
Hypu g T (@)

where W (z) = 1 + diz + dpz? +... is analytic in U and ¥ (z) # 0 for all z € U. Now by using arguments similar to those detailed
above, it follows that

pY (@) <pd(2)iny,
which implies that f (z) e s:) , (4) . Hence we conclude that
,{1q+1, r

SN () RN (/) <N () I 11 )

which completes the proof of Theorem 1
Remark. By putting

q=2r=2,a,=r,a,=s,p, =t,4,=2,(r,s,teN,),u=2and ¢(z) = ]1'+—Z Z €U in Theorem 1, we obtain
—-Z

g

prsit - pr+ls+lt

Further ifp=1and r =s = n then S; (= S:Hl which was asserted earlier by Noor [8].
Theorem 2. Leta,>-1and B, > 1,

kp,aq,ﬂ,ﬂ (¢) - kp,ggq,/}r (¢) - kp,aq+l,/)’r (¢) (¢ € H)
Proof. Applying (1.7) and Theorem 1, we observe that

f (Z) € kp,aq,ﬁr+l(¢) g Hp,aq,ﬂ,-d +1f (Z) € kp (¢)

©2(H,, ,af@) €s,(@) < H,, . @ '@)es, (@)

o 21 @€ S, 4a@) 2@ €5, . B S H,, , @T'@)es, ()

& z(praqﬁr f(2)) e s; (9 < Hooo s f@) ek, (9) <f(2)e kp,aq,ﬂ, (9)
and

f@)ek,, ;@) =zt @)es,, 4 (#)
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= 21 '(2)eS), 1y ) S 2(H,, 1, T @) €5, (@)

< Hyus T@ ek, (9) =T @)ek,, 1y (4)

which evidently proves Theorem 2.
Taking

1+ Az
1+Bz

o9(z) = (-1<B<AX<Ll;zel)

in Theorems 1 and 2, we have
Corollary. Leta,>-1and B, > land -1 <B <A <'1. Then

s;,aq, 5 alABlc s;,%, 45 [ABlc s;,aqﬂy 5 [AB]

and
Kp'aqﬁrﬂ[A, B] Kp,aq,ﬁ, [A,B] c Kp’aqﬂﬁr [A,B]
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