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Abstract

On the basis of the discussion of predecessors on the matrices’ property (AB) =B A , this article

gives a proof which is relatively strict and completely new.
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1. Introduction
Concerning the matrices’ properties (AB) =B A
as follows:

, a proof is prevalent at present, which is

Proof. If A, B are two matrices of size NxN

1 when |A#0 g [B]=0 = (AB)(AB)" =|ABIE
L (ABY = |ABI(AB)  =|A[BB A" = BB A = AT

2) When [A=0 and |B|:O, let A(X)=XE+A’ B(x)=xE +B

"~When X is sufficiently large, A(X), B(X)are both invertible,

= (Ax)B(x)) =(B(x)) (A(x))" - (AB) =B"A’

The entries in the formulas above are all the polynomials about X, so the formula above

makes sense for all X . Particularly let X =0 then (AB) =B'A .

Al [B|. . .
3) When one of| | | ||s equal to 0 and another is unequal to 0. So we might let |AI

|B| 7 0, then use the method in step (2).
Let A(X): XE + A. ~when X is sufficiently large, A(X) is invertible.

= (AX)B()) = (B(X)) (AKX))

Similarly let X =0 then (AB) =B"A

The proof above has some problems actually. In the steps (2) and (3), we let X sufficiently

large at first to explain that A(X), B(X)are invertible, but then we let X = 0 so that we prove

~g~
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the proposition. In this progress, X is sometimes a large number, and sometimes 0, which is obviously illogical.

2. Preparation

This article is intended to give a rigorous proof.

We firstly give some essential conclusions as follows:

We define the matrix that comes from an identity matrix by adding k times of its j* column to its jth column as the third primary

matrixt2, and its notation is P(i, j(k)).

1

Thatis P(i, j(k))=

The following results are easily to prove:
P(i, j(<))" = PG, (k). P, j(k)) = P(j.i(K))

From P(i, j(k)) =|P(i, j(k)JP(, j(k))™, we can obtain that P(i, j(k))" = P(i, j(~k))

!

Lemma 1: If a square matrix A is of the size N XN, then (A*) - (A’)*

_a11 a12 coe coe ainw
aZl a22 a2n
Proof. If A=| : S : |, and the algebraic cofactor of a; is A;
_anl anz annJ
_AM A, e Au_ _An A, o Am_
A, A, - - A, AL A, e A,
A= S : .'.(A*): : S :
A, A, o AL AL A, o AL
_a'n ay ay ] | All AlZ et Aln |
a12 a22 anz A21 A22 A2n
A=| : Do, : .(A’)*: : : . :
_ain aZn ann_ _Anl A12 Am_

!

(A7) =(A)
Lemma 2: If a matrix A is of the size NxN (n > 2), P(i, j(k))is a third primary matrix of the same size of NXN, then

(APG, j(K))) =P, j(k))] A" (PG, j(k)A) = A"P(i, j(k))
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a ay |
a‘Zl a22 aZn
Proof. If A=| : : | and the confactor and algebraic cofactor of &;; are M and A;j respectively.
_anl an2 ann J
A A 3 ka, +a,, A,
a‘Zl a‘22 aZi kaZI + a2j a2n
AP(i,j(k)): : : :
_anl an2 a‘ni kam + anj a'nn i

If the algebraic cofactor of the entry at the place of intersection of the ¢ row and the t™ column of AP(i, j(k)) is E
Thenwhen t #1i ,E: A,
whent =i, A, = (1) |1 kM, + M, |= A, —KA,

Ay
ac

Ao
A

Au
Az

Aii_kAlj Azi_kAZj Ahi_kphj

A Pon A

Additionally (P(i, j(k))A)

! ! U

= (P (A ) = (A7) (PR ) = A (PG i) ) = ARG, (k)Y

.. The lemma 2 is proved.

d,
Lemma 3: if D = ? is a diagonal matrix of size NXN and A is a matrix of the same size NxN (n > 2),
d,

then (AD)* =D'A

ay  a, a, |

a2l a22 a‘2n
Proof. If A=| : : :

_anl anz annJ
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dl a; 3, - a4, dlall dlaiz e dlaln
DA = dz a; Ay, Ay, _ d2a21 dzazz dzazn
dn ay a, - ay dna‘nl dna‘nz dna‘nn

dzds"'dnAu d1d3"'dnA21 dle"'dn—lAnl

(DA)*: dzds"'dnAiz d1d3"'dnA22 dldz'“dn—lAﬁ

d2d3"'dnAln dldS'“dnAZn dldz'“dn—lAm
Ail A21 Aﬂ dzda"'dn
_ A?z A:22 A:nz d1d3"'dn ' —AD"

Ain AZn Ann dldz'“dn—l

* K

It can be proved in the same way that (AD)* =D A

3. The proof of the property
Theorem: If matrix A, B are of the size NxN (n > 2), then (AB)* —BA”

Proof. If A=T1T2"'TrD1Tr+1"'Tm’ B= P1P2"'PkD2Pk+1"'Ps

Among the matrices above T; (i =1,2---m)and P,-(j =1,2---S) are all the third primary matrices, D,, D, are both diagonal
matrices.

(AB)* = (T1T2 =T DTy TR --RD,R, R )*
= (T2T3 T DTy TRR--RDR R, )*Tl*
-(DT.,--T.PP---RD,R,---P)TT .- T,T,

= (P1P2 ~BD,RiR )*Tr:r r:fl T Dl*Tr* T 'TZ*Tl*

= Fi*th1"' Fill[);Fﬁj'.. F%TF1*1-*1-* .'1-* [);11f"'11;1]f

mim-1’

=(P1P2“'PI<D2R<+1“'P$)*(T1T2'“Tr DlTr+1"'Tm)*
—B"A" - (AB) =B"A

*

r+l
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