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Abstract

Bayesian estimation of some univariate distributions is carried out by many authors but none has used
frailty model except Parekh et al. (2016). In this paper we extend the results of Parekh et al. (2016) for
some other univariate Bayesian frailty models and Bayesian estimation is carried out for all those models,
the list of which is given in the introduction.
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1. Introduction

Many authors such as Clayton (1978) @, Vaupel et al (1979) I introduced several survival
models, amongst which Cox (1972) B! Proportional Hazard regression (PH) model is well-
known. Hanagal (2011) 1 used Weibull distribution when hazard function is linear function of
frailty parameter. Parekh et al. (2015) [° have estimated the Survival function with the use of
linear hazard function and exponential base line distribution. The classical Bayesian approach
for estimation is dealt by many authors, amongst which some of them are Akaike (1983) [, Le
Cam (1990) 1, Joshi (1990) [, Geyer and Thompson (1992) ™ etc.

Some of the authors who have used Bayesian approach for the frailty models are Ibrahim et al.
(2001) 1, Santos et al. (2010) 31 and they have used Weibull as base line distribution and
Gamma, Log normal as frailty distribution. The Inverse Gaussian frailty model is used by Kheiri
et al. (2007) . Sahu et al. (1997) 2 have used prior distribution similar to the Normal
distribution with mean 0 and large variance.

In this paper we establish some univariate Bayesian frailty models for the following baseline
distributions and Bayesian prior distribution as frailty distribution in sections 2 to 6.

Dealing Section | Baseline distribution | Bayesian prior distribution as frailty distribution.
2 Negative Binomial Beta
3 Poisson Gamma
4 Gamma Gamma
5 Univariate Normal Gamma
6 Inverse Gaussian Uniform

Throughout this article Y represents logT where T is lifetime variable. In the special analysis
we consider some of the baseline distributions and frailty prior distributions

2. Bayesian Frailty estimation of Negative Binomial distribution with Beta as frailty
prior distribution

We consider the following theorem for the baseline distribution as Negative Binomial
distribution with prior frailty distribution as Beta distribution.

Theorem 2.1
Let y;,y,, ... y,0e n observations from negative binomial baseline distribution with parameters
m, 0; Neg(m, 8)with known mean m and variance 6 and the frailty prior
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distribution, (@) of 6 be 6~Be(a, B)where a, 8 be known. Then the Bayesian frailty estimate, §7(y) of 0 is

mn+a

6n(y)=mn+a+2yi+ﬁ

Proof: As y~Neg(m, 6), the p.d.f.of y | 8 is
(m +y; + 1)

i

fOil0) = 6™(1-6)*

and as 6~Be(a, B), the p.d.f. of 8 is

1
B(a,p)

ral'B
T'(a+B)

n(6;a,p) = 61 (1-6)’"", B(a, ) =

so that the joint p.d.f. of y,, y,, ... ¥, and 6, h(y; 0) = g(8) [T, f (v;/ 8) will be

) enm(l_g)zyljalx—l(l_a)ﬁ—l

h(Y1, Y2, o Vs 0) = (mEE S Bap)

_ <m+2yi+1) grmrat(1-g)rYitht

5, B(@p) 1)

and the marginal distribution of y, m(y) is

— (m+Zyi+1 1 1 gnm+a-171 _ pg\Zyi+B-1
m() ( XYi )B(a,ﬁ)fog 1-6) a6

_ (m+Yy;+1\ B(mm+a X y;i+ph)
_( i ) B(a,B) (2.2)

We get the posterior frailty distribution of 8 from (2.1) and (2.2) as conditional distribution of 6 given y, (6 | y)
9nm+a—1(1_9)2yi+[§—1
B(nm+a, Y y;i+B)

(0 | Y1, Y2 Yn) = ~Be(nm + a,%y; + )

Taking squared error loss function, the Bayesian frailty estimate, 5™ (y) of 8 will be

mn+«a
mn+a+Yy, +f

0" (y) =

Remark 2.1
Considering loss function  L(6,6) = (6 — %)2 the Bayesian frailty estimate, 67 (y) of% is then

T — (m+Zyi+1 1 11 pnmta-1¢1 _ p\Svi+B-1 _ _ nmia-1
o7 () ( Xvi )B((x,ﬁ)fo 69 1 —6)=% a0 mn+a+¥y;+p

3. Bayesian Frailty estimation of Poisson distribution with Gamma as frailty prior distribution.
The following theorem discusses the estimation of Poisson distribution with Gamma frailty distribution.

Theorem 3.1
Let Y have Poisson baseline distribution, P(8) with parameters 6. The frailty prior distribution, (6) of 8 be 8~G («, §) where a,
be known then the Bayesian frailty estimate, §™(y) of 6 is

y+a
§"(y) =
o) F+1
Proof: As, the p.d.f.of y | 6 is
-6
fiylo,) =2 y‘gy ,y > 0,0 >0andas 8~G(a, B), the p.d.f. of 8 is

n(6;a,pB) = %9“‘16‘39 ,0<y<o

so that joint probability distribution y, h(y; 8) given 6 will be

h(y,8) = %9y+a—1e—(ﬁ+1)9 (3.1)
and the marginal distribution of y, m(y) is

_ BY (% pyta-1,-(B+1)0 7 g — BY _TO+D)
m@) Tay! fo 0 € df = Tay! (B+1)Y+a (3.2)
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We get the posterior frailty distribution of 6 from (3.1) and (3.2) as conditional distribution of 8 given y, (6 | y)

9y+a—1e—(B+1)9(B+1)y+a

n(6]y)=

Taking squared error loss function, the Bayesian frailty estimate, 6™ (y) of 6 will be

T =G(y+apf+1)

y+a
6" =
62 Tl
Remark 3.1

Considering loss function
1
L(6,8) =(6— 5)2

The Bayesian frailty estimate, 67 (y) of% is then

Ty — BYDYHT c001 i _(Br1)0 5 4 _ _BF1
87 (y)_il"(yﬂz) Js 50 e d9—y+a_1

Remark 3.2
If y1, 2, .., ¥ @re n observations from Poisson baseline distribution, P (8) with parameter 8 , and if 8 has Gamma distribution

G (a, B) then the Bayesian frailty estimates of 8, §7(y) and the Bayesian frailty estimates of %, 6% (y) are

B+1 .
SE— respectively.

SF(y) = 25 and 67(y) =

4. Bayesian Frailty estimation of Gamma distribution with Gamma as frailty prior distribution.
Taking baseline distribution as Gamma distribution with prior frailty distribution as Gamma distribution, we obtain the Bayesian
frailty estimation of shape parameter in the following theorem 4.1.

Theorem 4.1
Let Y have Gamma baseline distribution with parameters, 8; G (v, 8), where the shape parameter v is known and the frailty prior
distribution, m(6) of 8 be 8~G(«, B) where «a, 8 be known then the Bayesian frailty estimate 6™ (y) of 0 is

a+v
y+p
Proof: As y~G(v,0),thep.d.f.of y | 0 is

0" (y) =

fO18,v) =Lyl 0<y <o

and as 6~G(a, ), the p.d.f. of 6 is

m(0;a,B) = %9‘1_16_39 0<y<o

so that joint probability distribution y, h(y; 8) given 6 will be

-1
h(y,8) = B:j’;ﬁ gatv-1,-(y+p)o (4.1)

and the marginal distribution of y, m(y) is

a,v—1
Yy

_B oo -1, -
m(y) _Trﬁfo Qa+v 16 (y+p)o do

_ B’ T(at+v)

TvIB  (y+B)*+Y (42)

We get the posterior frailty distribution of 8 from (4.1) and (4.2) as conditional distribution of 8 given y, ©(6 | y)

— B —1,-
7.[(9 |y) - W' gatv-1, +p)o

Taking squared error loss function, the Bayesian frailty estimate, 6™ (y) of 6 will be

a+v

5™(y) =
») 5ty

~201~



International Journal of Statistics and Applied Mathematics

Remark 4.1
Considering loss function

1
L(6,6) = (6 =)’
The Bayesian frailty estimate, 67 (y) of% is then

_ @B o1 -1,-
8T (y) = o fo 59¢x+v 1o=+B)0 4g

_ Bty

at+v-1

Remark 4.2

If ¥1,¥,, ..., ¥, are n observations from Gamma distribution, G (v, 8) and if 6 has Gamma distribution G (a, 8) then the Bayesian
frailty estimates of 8, 67 (y) and the Bayesian frailty estimates of %, 6% (y) are

a+v

57 () = S

and

5T(y) = iITZ_yli respectively.

5. Bayesian Frailty estimation of Univariate Normal distribution with Gamma as frailty prior distribution.

Considering Univariate Normal distribution, N (g, %) as Baseline distribution and prior distribution of variance, % is G(%,g), we

have obtained Bayes estimator (as frailty parameter) by taking squared error loss function in the following theorem 5.1 and also
discussed two important remarks.

Theorem 5.1
Let Y have Normal baseline distribution with parameters u,%as N(u, %), with known mean u and variance % and the frailty prior

distribution, 7 (6) of 6 be 9~G(g,§) where a, 8 be known then the Bayesian frailty estimate, 6™ (y) of 6 is
a+1

-w*+p

Proof: Asy~ N(u, %), the p.df.of y |0 is

o™ (y) =

_ V8 L-w?
f16)=7=e>

and as 9~G(%,§), the p.d.f. of 6 is

B\2
o py_ (5) 21 Eg
n(0i35) =TT e

so that the joint p.d.f. of y and 6, h(y; 8) will be

a

B\2
2] - a
h(y,6) = —\/5 e 0w’ —(2) 95_16_%9

a
var r(3)
67 a1, -2+
_F(%)—mez 2 e 2 (5.1)

and the marginal distribution of y, m(y) is
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GRIGD) 62

a1
rleeaaf

m(y) =

We get the posterior frailty distribution of 6 from (5.1) and (5.2) as conditional distribution of 6 given y, (0 | y)

[(y u)2+B] 2+

a 1 7] 02
0]y = @ gzt le 2l +Al g (”‘—+1 b +8 “*)
2

2’ 2
Taking squared error loss function, the Bayesian frailty estimate, 6™ (y) of 6 will be
a+1

N N

Remark 5.1

Considering loss function
1
L(6,6)=(6— 5)2

The Bayesian frailty estimate, 67 (y) of% is then

a+1

[w] " . .

5?()’) = WI HT_1 5[(3/—#) +B]
2

_ -w?*+B
- a—1

Remark 5.2
If y1,¥,, ..., ¥, are n observations from Normal distribution, N (y, %), and if & has Gamma distribution, G(%’E) then the Bayesian

frailty estimates of 8, 67 (y) and the Bayesian frailty estimates of %, 6F(y) are

67 (y) = m and 67 (y) = M respectively.

6. Bayesian Frailty estimation of Inverse Gaussian distribution with Uniform as frailty prior distribution.
We consider the following theorem for the baseline distribution as Inverse Gaussian distribution with prior frailty distribution as
Uniform distribution.

Theorem 6.1
Let Y have Inverse Gaussian baseline distribution, IG (y | 8) with p.d.f.

)%exp{ —g(yz o } y>00>0 (6.1)

fo16) = (m

2my3

and let frailty prior distribution, 7 (8) of 8 be proportional to %.

i.e.m(0) = 95, where k is a known constant.

Then Bayesian frailty estimate, 6™ (y) of 6 is
_y

(v —1)?

Proof: Since, Y~IG(y, 0), the p.d.f.of y | O is

" (y) =

fy16) = (2:y3)%exp{ 9(3;2_1)} y>0,0>0

and prior distribution of 6 is

() = g, where k is a known constant.

~203~



International Journal of Statistics and Applied Mathematics

So that the joint probability distribution of y and 8, h(y, 8) is

h,0) = k(e )lexp{—%} 6.2)

and the marginal distribution of y, m(y) is

p{ 90}23’1) }de

m(y) = Wf

oo 1_ —~1)2
921e-29dg , whereq = Z=2°

_kf
~ J2my3 o ! 2y

kK TG

= 1
J2my3 aZ

k7
V2my3(y-1)

ok
yy-1°

(6.3)

We get the posterior frailty distribution of 6 from (6.2) and (6.3) as conditional distribution of 6 given y, (0 | y)

(y-Dexp{-2%1- (yz_yl)z}

7T(9|Y):W

\f@z‘l -2l 9 >0

_132
which is proportional to Gamma distribution with shape parameter % and scale parameter %

Taking squared error loss function the Bayesian frailty estimate, §™(y) of 6 will be

Yy

5 ()’)=W

Remark 6.1

If y1,¥,, ..., y, are observations from Gaussian distribution defined in (6.1) then the posterior distribution of 6 given y;,v,, ..., ¥

will be proportional to Gamma distribution with shape parameter 2 and scale parameter @ yz‘

of O is

and hence Bayesian frailty estimate

i

Xyi
8T () = G2 Ty # 1

Remark 6.2

Considering n observations y,, ¥,, ..., y,, from the Gaussian distribution defined in (6.1), the Bayesian frailty estimate, 67 (y) of%
is

(2)’1 1)2

n
12 foolgg_l _a19
23y

570 = (@ 507 e where, a; =
2
— 12 F(En_ )
[(g) a15_1

- T yi-1)?
n-2%y;’

I3
B

n>2

7. Conclusion: In this article we have discussed some continuous models with prior distributions as frailty and using the conditional
distribution of the frailty parameter of the prior, we obtained frailty posterior mean which is the Bayesian frailty estimator when
loss function is squared error.
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