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Decoding of extended reed-solomon codes 

 
Baljodh Singh 

 
Introduction 

RS coding system is based on groups of bits, such as bytes, rather than individual 0s and 1s, 

taking it particularly good at dealing with bursts of errors: six consecutive but errors, for 

sample can affect at most two bytes. Thus, even a double-error-correction version of a Reed-

Solomon Code can provide a comfortable safety factor. Current implementations of Reed-

Solomon Codes in CD technology are able to cope with error bursts as long as 4000 

consecutive bits.  

In this sub-class of BCH codes, the symbol field GF (q) and the error locator field GF (qm) are 

the same, i.e., m = 1. Thus, in this case  

 

n = qm – 1 = q – 1  

 

The minimal polynomial on any element  in the same field GF (q) is  

 

f (x) = x -   

 

Since the symbol field (sub-field) and the error locator field (extension field) are the same, all 

the minimal polynomials are linear. The generator polynomial for a t error correcting code will 

be simply  

 

g (x) = LCM [f1(x) f2(x), …, f2t(x)] 

= (x - ) (x - 2) … (x - 2t-1) (x - 2t) 

   

Hence, the degree of the generator polynomial will always be 2t. Thus, the RS code satisfies  

n – k = 2t  

In general, the generator polynomial of an RS code can be written as  

 

g (x) = (x - i) (x - i+1) … (x - 2t+i-1) (x - 2t+i) 

   

A set of J parity check equations will be defined to be orthogonal on the sum of i information 

positions (1, 2, …, i) and s other positions (m1, m2, …, ms) if a) the coefficients in positions 

1, 2, …, i are in each equation, b) the coefficients in positions m1, m2, …, ms are arbitrary, 

and c) no other position has more than one nonzero coefficient in the J parity check equations. 

For example, (3) is a set of J = 4 equations orthogonal on the sum of 2 information positions 

(1, 3) and 3 other positions (2, 5, 7), where the i and the i are arbitrary. 

A generalized parity check equation on the sum of i information positions (1, 2, …, i) and s 

other positions (m1, m2, …, ms) is defined to be an equation which gives the sum of the noise 

digits in positions 1, 2, …, i if no errors have occurred in positions m1, m2, …, ms. It can be 

written as 
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Ci (1, 2, …, i; m1, m2, …, ms) = Ai 

 

The Reed-Solomon Codes  

The extended Reed – Solomon codes T. Kasami [1963] & J. 

L. Massey [1960] will be defined to the set of codes of length 

n = q, whose symbols are selected from GF (q) where q = pm. 

If  is a primitive element of GF (q), then an n-dimensional 

vector space is spanned by the set of n linearly independent 

vectors.  
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The vth order extended Reed-Solomon (ERS) code will be 

defined as the code whose generating matrix is the first (v + 

1) of vectors (5). Further, T. Kasami [1960]  
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then it follows that the vth order ERS code and the  = q – v – 

2 order ERS code are dual codes. It follows that the vth order 

code has minimum distance q – v and its dual code has 

minimum distance v + 2, because  
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and all sets of  + 1 different columns of the parity check 

matrix are linearly independent.  

We will define a code to be completely threshold decodable if 

there exists a decoding circuit consisting of threshold gates 

which is capable of correcting at least as many errors as the 

minimum distance guarantees the code will correct. If the 

ERS codes are completely threshold decodable by 

orthogonalizing them, then J = d – 1 = q – v – 1 for the vth 

order code. Since the dual code has minimum distance v + 2, 

Theorem 1 gives  
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as a necessary condition. For i = 1 (which means the code is 

completely orthogonalizable or one step orthogonalizable [1], 

inequality (6) is satisfied when v = 0 or v = q – 2 but not for 

any other values of v. For v = 0, the number of information 

position is k = 1; and it is true that any linear code with k = 1 

can be completely orthogonalized. In addition, v = q – 2 

means d = 2 and complete orthogonalization requires J = d – 1 

= 1 parity check equation. Since any linear code with d  2 

has at least one parity check equation involving each 

information position, these codes are all completely 

orthogonalizable. Thus, except for these trivial codes the ERS 

codes are not completely orthogonalizable.  

  For i > 1 the situation is not improved much. While 

the first term in the bracket of inequality (6) increases with i, 

the second term decreases, and since the smaller of the two is 

the one selected, we have  
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This inequality becomes an equality when v = 0 and v=q–3 if 

q is odd. Since relation (7) is a strict inequality, it follows that 

the allowable range of v is v > q – 3 or v  q – 2. This range 

of v is almost identical to the case i = 1, and it follows then 

that the ERS codes cannot be completely threshold decoded 

by L-step orthogonalization for any value of L.  

 

Theorem – 1  

A necessary condition for the existence of a set of J parity 

checks orthogonal on the sum of i information positions for a 

linear code of length n is that the dual code must have 

minimum distance less than or equal to the minimum of i + [n 

– i/J] and 2[n – 1/J] 

 

Theorem – 2  

A generalized parity check can be determined on 1, 2, …, 

i and m1, m2, …, ms from a set of J parity check equations 

orthogonal on the sum of the i positions 1, 2, …, i and the 

s other positions m1, m2, …, ms if [J/2] or fewer errors occur.  

   

Proof: The J parity check equations will be evaluated and Ai 

will be selected as that value which occurs in more than half 
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of the equations. Ai will be assigned the value “blank” if J is 

odd and no value occurs in more than half of the equations. Ai 

will be assigned the value 0 if J is even and zero (0) occurs in 

half of the equations, while if any other value appears in half 

of the equations, Ai will be assigned the value “blank”. The 

proof now follows immediately, since if no errors occurs in 

1, 2, …, i and m1, m2, …, ms then at most [J/2] equations 

will be in error and at least J – [J/2] will be correct (have a 

value 0). Thus, whether J is even or odd, 0 will be selected. If 

some of the errors occur in positions 1, 2, …, i but none in 

m1, m2, …, ms, then less than [J/2] of the equations will be in 

error and more than J – [J/2] equations will be correct. Since 

this latter number is more then half, the decision rule will 

select the correct value.  

 

Theorem - 3 

A generalized parity check equation on the sum of i 

information positions and s other positions (m1, m2, …, ms) 

can be constructed from a set of J generalized parity checks 

on the sum of the same i information positions and s + 1 other 

positions which include m1, m2, …, ms if [J/2] or fewer errors 

have occurred provided no two of the J generalized parity 

checks involve the same s + 1 other positions.  

   

Proof: The hypothesis of the theorem gives the following 

generalized parity checks.  
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where all of the 
)i(

1s
m

  are different. We must determine a value 

B such that  
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The value for B will be that value obtained by the majority of 

the Ai. If J is even and no value is obtained in a majority of 

the equations, but zero (0) is obtained in half of the equations, 

B will be assigned the value of 0. In all other cases B will be 

assigned the value “blank”. The proof now follows 

immediately, since if no errors occur in 1, 2, …, i and m1, 

m2, …, ms, then at most [J/2] Ai will be in error (if [J/2] of the 
)i(

1s
m

  are error locations) and at least J – [J/2] will be correct 

(have value 0). Thus, whether J is even or odd, 0 will be 

selected for B. If some of the errors occur in position 1, 2, 

…, i but none occur in m1, m2, …, ms, then less than [J/2] Ai 

will be correct. Since this latter number is more than half, the 

decision rule will select the correct value for B.  

 

Theorem – 4  

The sum of the noise digits in positions 1, 2, …, i and can 

be determined exactly if [J/2] or fewer errors occur and a set 

of J parity check equations orthogonal on the i information 

positions (1, 2, …, i) and (m1, m2, …, ms-1, ms) to be 

constructed from which a generalized parity check can be 

found (Theorem 2). Further m, may take on J – 1 other 

different values so that a set of J generalized checks can be 

constructed from which a generalized check on (1, 2, i) 

and (m1, m2, …, ms-1) can be found (Theorem 3). Repeated 

applications of Theorem 3 will finally result in a generalized 

check on 1, 2, …, i which is a statement of the theorem.  

 

Theorem 5 
The vth order ERS code can be completely threshold decoded 

by a threshold logic circuit of v + 1 levels.  

   

Proof: If i = 1, the theorem will be proved (by using Theorem 

4) if J = d – 1 equations orthogonal on 1 and s1 other 

positions can be found for an arbitrary selection of s out of s + 

d – 1 positions as 1 takes on values representing each of the 

information positions and where d = q – v.  

Since the set of coefficients in a parity check equation (b1, b2, 

…, bn), treated as an n – tuple, is in the null space of the code 

space, we have  

    

[b1, b2, …, b4] GT = 0         (8) 
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The determinant of any set of (v + 1) different columns of (9) 

is nonzero, and it follows that (8) can be solved for any set of 

(v + 1) of b, given the values of the remaining (q – v - 1) b. 

Thus, a set of parity check equations could be constructed, 

whose coefficients are given by (10), by assigning the value 

of 1 and 0 to the positions indicated [a total of (q – v – 1) such 

positions] and solving for the remaining  and . 
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In the parity check matrix (10) s + 1 = v + 1, s = v, and J = q - 

v – 1; so that n = 1 + s + J = q. This is a set of J = q–v–1 = d – 

1 equations orthogonal on i and s other positions. In 

addition, since the location of the s coefficients i1, i2,…, is 

can be chosen arbitrarily in the set of (s + 1) + (q – v – 2) = s 

+ d – 1 positions, the theorem is proved.  

As an example, for q = 4 and v = 1 we have 
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Where  is a primitive element of GF (4). To find the noise in 

the first position (1 = 1), we construct the two sets of J = d – 

1 = q – v – 1 = 2 parity check equations whose matrices of 

coefficients are given by (12) and (13)  
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The noise in the first position is determined by a majority test 

of the results of majority tests applied to (12) and (13).  

 

Conclusions  

A necessary condition for the existence of a set of orthogonal 

parity check equations is presented, and it is demonstrated 

that the extended Reed-Solomon codes do not satisfy this 

condition. a generalization of the concept of orthogonal parity 

checks is developed, and the existence of a threshold logic 

decoding circuit for these same codes is proved. Since Forney 

[1966] has shown that the code words in every BCH code are 

also code words in some Reed-Solomon code with the same 

guaranteed minimum distance, the decoding scheme 

presented here for the ERS codes will decode the BCH codes.  
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