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Hybrid fixed point theorem for abstract measure 
Integro-differential equation 

 
SS Bellale and GB Dapke 
 
Abstract 
In this paper, an existence theorem for an abstract measure integro-differential equation is proved via a 
nonlinear alternative of Leray-Schauder type. An existence result is also proved for extremal solutions 
for Caratheodory as well as discontinuous cases of the nonlinearities involved in the equations, an 
example is also proved to illustrate the hypothesis and abstract theory developed in this paper. 
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1. Introduction 
The study of abstract measure differential equations is iniated by Sharma [8, 9] and subsequently 
developed by Joshi [7], Shendge and Joshi [10], Similarly, the study of abstract measure Integro-
differential equation is studied by Bellale and Dhage [4] for various aspect of solutions. In such 
models of differential equations, the ordinary derivative is replaced by the derivative of the set 
functions which there by gives the generalization of the ordinary derivative and measure 
differential equations. The various aspects of the solution of the abstract measure differential 
equations have been studied in the literature using the fixed point techniques such as 
Schauder’s fixed point principle and Banach contraction mapping principle etc. In such 
situation one needs to show that the operator under consideration maps a certain set into itself. 
This is a serve restriction, which motivated us to persue the study of abstract measure Integro-
differential equations using the nonlinear alternative of Leray-Schauder. In the present chapter 
we shall prove the existence and uniqueness result for an abstract measure-Integro differential 
equation in question is also proved under certain monotonicity conditions of the nonlinearity 
involved in the equation. In the following section we give some preliminaries in the sequel. 
 
2. Definitions and Notations 
Let X be real Banach space with a norm . . Let Xyx ∈, . Then the line segment yx  in 
X is defined by  

( ){ }10,| ≤≤−+=∈= rxyrxzXzyx .         (2.1) 

Let Xx ∈0 be a fixed point and Xz ∈ . Then for any zxx 0∈ , we define the sets xS  and 

xS  in X  by  
{ }1: <<∞−= rxrS x                 (2.2) 

And { }1: ≤<−∞= rxrS x                (2.3) 
Thus we have  

xx SSyx −=  for all zxyx 0, ∈  be arbitrary. We say 21 xx <  if 21 SxSx ⊂  or 

equivalently 2010 xxxx ⊂ . In this case we also write 12 xx > . 
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Let M  denote the −σ  algebra of all subsets of X so that ( )MXca ,  becomes a measurable space. Let ( )MXca , be the space 

of all vector measures (signed measures) and define a norm . on ( )MXca , by  

( )XpP =                          (2.4) 

Where p  is a total variation measure of p  and is given by 

( ) ( ) XEEpXp i
i

i ⊂∀= ∑
∞

=

,sup
1σ

                   (2.5) 

Where supremum is taken over all partition { }NiEi ∈:  of X . It is known that ( )MXca , is a Banach space with respect to 

the norm . defined by (2.4). Let µ be a σ - finite measure on X and let ( )MXcap ,∈ . We say p is absolutely continuous 

with respect to the measure µ if ( ) 0=Eµ implies ( ) 0=Ep for some ME∈ . In this case we write µ<<p .  

For a fixed Xx ∈0 , Let 0M  denote the −σ algebra on 0xS . Let Xz∈  be such that 0xz >  and Let zM  denote the −σ  

algebra all sets containing 0M  and the sets of the form xS  for zxx 0∈ . Finaly, Let ( )IRSL z ,1
µ denote the space of all µ

integrable real valued function h  on zS  with the norm 1.
µL

defined by ( )∫=
zS

L
dxh µ

µ
1. . 

 
3. Statement of the problem: 
Let µ  be a real or σ - finite positive measure on X . Given a ( )MXcap ,∈ with µ<<p , consider the abstract measure 
differential equation (in short AMIDE) 

( ) ( )( ) ( ) ( )( ) [ ]

( ) ( ) 







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
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


+
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
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
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


= ∫∫

0

0

,

..,,,,,,

MEEqEp

zxoneadSptkSpxgdSptkSpxf
d
dp

t

S

x

S

tx

xx

µµµ
µ

      (3.1)  

Where q is a given known vector measure, 
µd

dp
 is a Radon-Nikodym derivative of p with respect to µ  and 

IRIRIRSgf z →××:, is such that  

( ) ( )( ) ( ) ( )( )













+













→ ∫∫

xS

tx

S

tx dSptkSpxgdSptkSpxfx µµ ,,,,,,

 is µ - integrable for each ( )zz MScap ,∈ . 
 
Definition 3.1: Given an initial real measure q  on 0M , a vector ( )zz MScap ,∈ ( )0xz >  is said to be a solution of 
AMIDE(3.1) if  
( )i ( ) ( ) 0, MEEqEp ∈=  

( ) zxonpii 0µ<<  

( )Piii satisfies (3.1) a.e. [ ] zxon 0µ  
 
Remark 3.1: The AMIDE (3.1) is equivalent to the abstract measure integral equation 

( ) ( ) ( )( ) ( ) ( )( )
( )
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






∈

⊂∈
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





+
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










= ∫ ∫∫ ∫
0

0

,

,,,,,,,,

MEEq

zxEMEddSpxkSpxgddSptkSpxfEp z
E E

xx

E S

tx

x

µµµµ

    (3.2) 

A solution p of AMIDE (3.1) on zx0 will be denoted by ( )qSp x ,0 . 

In the following section we shall prove the main existence theorem for AMIDE (3.1) under suitable conditions on f . We shall 
use the following form of the Leray-Schauder’s nonlinear alternative. See Dugundji and Granas [6]. 
 
Theorem 3.1: Let ( )rB ,0 and [ ]rB ,0  denote respectively the open and closed balls in a Banach space X centered at the 

origin 0 of radius r , for some 0>r . Let [ ] XrBT →,0:  be a completely continuous operator. Then either  
( )i  the operator equation xTx = has a solution in [ ],, roB or 

( )ii  there exists Xu∈ with ru = such that .10 <<= λλ someforTuu   
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4. Existence theorems: 
We need the following definition in the sequel. 
 
Definition 4.1: A function ++ →× IRIRSz:ψ  is called a D - function if it satisfies  
( )i  ψ is continuous, 
( )ii  ψ  is non decreasing, and 
( )iii  ψ is scalar submultiplicative, that is ( ) ( )rr ψλλψ ≤  for all 0>λ  and 

+∈IRr . 
The class of all D -function on +IR is denoted byψ . There do not exists D - function on IR. 

Indeed the function 
++ →× IRIRS z:ψ defined by ( ) rlr =ψ , 0>l satisfies the conditions ( ) ( )iiii −  

Mentioned above and hence a D - function on +IR . Note that ( ) .00 =∈ ψψψ then  
 

Definition 4.2: A function IRIRIRSf z →××: is said to satisfy condition of Caratheodory or simply Caratheodory if 
( )i  ( )21,, yyxfx →  is µ - measurable for each IRyy ∈21, . 
( )ii ( ) ( )2121 ,,, yyxfyy →  is a continuous for almost everywhere [ ]µ on zxx 0∈  
 Again, a Caratheodory function f on IRIRS z ××  is called 1

µL -Caratheodory, if 

( )iii  For each given real number 0>ρ there exists a function ( )IRSLh zp ,1
µ∈  such that 

( ) ( ) [ ] zxxeaxhyyxf p 021 ,..,, ∈≤ µ
, for all 

ρρ ≤≤∈ 2121, yandywithIRyy
 We consider the following set of 

assumptions. 
 
( )1A For any 0xz > the σ -algebra zM  is compact with respect to the topology generated by the  

 Pseudo-metric d defined by ( ) ( ) zMEEEEEEd ∈∆= 212121 ,,, µ . 

( )2A  { }( ) 00 =xµ  
( )3A q  is continuous on zM  with respect to the Pseudo-metric d defined in ( )1A  

( )4A  The function ( )21 ,, yyxf  is 1
µL - Caratheodory.  

 The function IRIRJJk →××: is continuous function and there exists a function ( )+∈ IRJLa ,1
µ , such that 

( ) ( ) IRyandJyyeayxyyxk ∈∀∈≤ 2121 ,..,, α  

( )5A  There exists a function ( )+∈ IRSL z ,1
µφ  such that ( ) 0>xφ [ ] zSxea ∈,.. µ  and a continuous and nondecreasing 

function [ ) ( )∞→∞ ,0,0:ψ , such that ( ) ( ) ( ) [ ] zxoneayyxyyxf 02121 ..,, µψφ +≤ . For all IRyy ∈21,  
 

Theorem 4.1: suppose that assumptions ( ) ( )51 AA −  hold. Further if there exists a real number  

 0>r  such that
[ ]( ) ( )rqr L ψαφ

µ
++> 11

                  (4.1) 

then AMIDE (3.1) has a solution on zM . 
 
Proof: Let ( )zz MScaX ,=  and consider an open ball ( )rB ,0  in ( )zz MSca , centered at the origin '0'  and radius ,r  

where the real number 0>r  satisfies (4.1). Define an operator T from [ ]rB ,0  into ( )zz MSca ,  by  
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We shall show that the operator T satisfies all the conditions of Theorem (3.1) on [ ]rB ,0 . 
 
Step I: First we show that T is a continuous on [ ]rB ,0 . 
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 Let { }np be a sequence of vector Measures in [ ]rB ,0  converging to a vector measure p . Then by dominated convergence 
theorem, 

( ) ( ) ( )( ) ( )( ) ( )( ) ,,,,,,,limlim µµµµ ddSptkSpxgddSptkSpxfETp
E S
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E S

xx

E S
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xx

,,,,,,, µµµµ

 ( )ETp=  
 

For all zxEME z 0, ⊂∈ . Similarly if 0ME∈ , then  
( ) ( )EqETpnn

=
∞→

lim
 ( )ETp=  

And, so T is a continuous operator on [ ]rB ,0 . 
 
Step II: Now we show that [ ]( )rBT ,0  is a uniformly bounded set in ( )zz MSca , . 

Let [ ]rBp ,0∈  be arbitrary. Then we have rp ≤ . Now by definition of the map T one has 

( ) ( ) ( )( ) ( ) ( )( )
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Therefore for any zxGMGandMFGFE z 00 ,, ⊂∈∈∪= , 

We have, 
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E
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For all zME∈ , By definition of the norm .  we have 

( ) ( )rqSTpTp LLznn ψαφ
µµ

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


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This shows that the set [ ]( )rBT ,0 is uniformly bounded in ( )zz MSca , . 
 
Step III: we show that [ ]( )rBT ,0 is an equi-continuous set in ( )zz MSca , . 

Now we show that [ ]( )rBT ,0 is an equi-continuous set in ( )zz MSca , . Let zMEE ∈21, . Then there are sets 

zMGGandMFF ∈∈ 21021 ,, with zxGG 021, ⊂ , and φ=∩ ii GF , for 2,1=i . 
We know the set-identities  
 

( ) ( )
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

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GGGGG
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Therefore, we have  
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Since ( )yxf ,  is 
1
µL - Caratheodory, we have that 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) µµµ ddSptkSpxgdSptkSpxfFqFqETpETp
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Assume that ( ) ( ) .0, 2121 →∆= EEEEd µ  

Then we have 21 EE →  and consequently 21 FF →  and ( ) 021 →∆GGµ . From the continuity of q  

on 0M  it follows that 
( ) ( ) ( ) ( ) ( ) 212121
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0 EEasdxhFqFqETpETp
GG

rnn →→+−≤− ∫
∆

µ

. 
This shows that [ ]( )rBT ,0  is an equi-continuous set in ( )zz MSca , . Now [ ]( )rBT ,0 is uniformly bounded and equi-

continuous set in ( )zz MSca , , so it is compact in the norm in the topology on ( )zz MSca , . Now an application of Arzela-Ascolli 

theorem yields that [ ]( )rBT ,0  is a compact subset of ( )zz MSca , . As a results T is a continuous and totally bounded operator 

on [ ]rB ,0 . Hence an application of theorem (3.1) yields that either xTx =  has a solution or the operator equation xTx =λ has a 

solution u with ru = for some 10 <<λ . We shall show that this later assertion is not possible. We assume the contrary. Then 

there is an Xu∈ with ru = satisfying Tuu λ=  for some λ , 10 <<λ . Now for any zME∈ , we have GFE ∪= , where 

0MF ∈  and 
zxG 0⊂

, satisfying φ=∩GF . 
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Therefore, 
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This further implies that 

( ) ( )EuSu z ≤=µ  
( )uq L ψφ

µ
1+≤

. 
 

Substituting ru = in the above inequality yields that 
( )rqr L ψφ

µ
1+≤

                         (4.3)  
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Which is a contradiction to the inequality (4.1). 
Hence the operator equation pTp = has a solution in v  with rv ≤ . Consequently the AMIDE(3.1) has a solution 

( )qSpp x ,0
=  in [ ]roB , . This completes the proof. 

 
Example 4.1: Given ( )zz MScap ,∈  with µ<<p , consider the AMIGDE(3.1)  

( )
( )

( ) ( )
( ) [ ] zxonea
Sp
Spx

Sp
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d
d

x

x

x

x
02 ..

11
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φ
µ +
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







+
                (4.4) 

 ( ) IRqSp x ∈=0  (4.5) where q  is a given known vector measure, ( ) ( )
( )( )x

x
x

Spxf
SpS

,
=λ  is a signed measure such that

µλ << . 

Define the functions IRIRSf z →×:  and IRIRSg z →×:  by  

 ( ) yyxf += 1,  and ( ) ( )
21

,
y

yxyxg
+

=
φ

 respectively. 

Below we shall show that the functions f  and g  satisfy all the conditions of theorem (4.1). 

Obviously f is continuous on the domain of its definition. Let IRyy ∈21, . Then we have 

( ) ( ) 2121 11,. yyyxfyxf −−+=−
 

21 yy −=
 

21 yy −≤
 

Which show that ( )yxf , satisfies the Lipschitz condition in y with the Lipschitz constant 1=α .  

Obviously the function ( )yxg ,  is Caratheodory on zx0 . To see this, note that the function 
( )

21 y
yxx

+
→

φ
 is obviously −µ

measurable for all IRy∈  and the function 
( )

21 y
yxy

+
→

φ
 is continuous for all zxx 0∈ . Again 

 
( ) ( ) ( ) ( ) ( ) ( )12

1

1
121 1

,,, yxx
y
yxyxgyyxg ψφφ

φ
=≤

+
==

, 

Where 
++ → IRIR:ψ  is defined by ( ) 1=rψ . 

Thus, if 
11 <+ Lq φ

, then all the assumptions ( ) ( )51 AA −  of theorem (4.1) are satisfied. Hence, the AMIGDE (4.4) has 

solution ( )zSp x ,0  defined on
zx0 . 
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