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Abstract

In this paper, an existence theorem for an abstract measure integro-differential equation is proved via a
nonlinear alternative of Leray-Schauder type. An existence result is also proved for extremal solutions
for Caratheodory as well as discontinuous cases of the nonlinearities involved in the equations, an
example is also proved to illustrate the hypothesis and abstract theory developed in this paper.

Keywords: Abstract measure integro-differential equation, Existence theorem

1. Introduction

The study of abstract measure differential equations is iniated by Sharma [® % and subsequently
developed by Joshi /1, Shendge and Joshi 2%, Similarly, the study of abstract measure Integro-
differential equation is studied by Bellale and Dhage [ for various aspect of solutions. In such
models of differential equations, the ordinary derivative is replaced by the derivative of the set
functions which there by gives the generalization of the ordinary derivative and measure
differential equations. The various aspects of the solution of the abstract measure differential
equations have been studied in the literature using the fixed point techniques such as
Schauder’s fixed point principle and Banach contraction mapping principle etc. In such
situation one needs to show that the operator under consideration maps a certain set into itself.
This is a serve restriction, which motivated us to persue the study of abstract measure Integro-
differential equations using the nonlinear alternative of Leray-Schauder. In the present chapter
we shall prove the existence and uniqueness result for an abstract measure-Integro differential
equation in question is also proved under certain monotonicity conditions of the nonlinearity
involved in the equation. In the following section we give some preliminaries in the sequel.

2. Definitions and Notations

Let X be real Banach space with a norm || . || Let X,y e X . Then the line segment X_y in
X is defined by
xy={zeX|z=x+r(y-x),0 <r <1}. 2.1)

Let X, € X be a fixed pointand Z € X . Then for any X€ X, Z, we define the sets Sx and

S, in X by

X

S, ={rx:i—w<r<i} (22)

Ang Sx ={rx:—o<r<i} 23)

Thus we have
Xy=Sx-S

for all X,yeX,Z be arbitrary. We say X, <X, if SX, < SX, or

X

equivalently X, X; < X, X, . Inthis case we also write X, > X;.
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ca(X,M)

Let M denote the o — algebra of all subsets of X so that ca(X M ) becomes a measurable space. Let be the space

of all vector measures (signed measures) and define a norm | . | on ca(X M )by
[P]=]p|(x) 2.4)
Where | p| is a total variation measure of P and is given by

p|(X)=sup[p(E,)|, VE, < X (25)
o =l

Where supremum is taken over all partition {Ei ‘ieN } of X . Itis known that ca(X M )is a Banach space with respect to
the norm || . || defined by (2.4). Let # be a @ - finite measure on X and let p e Ca(X M ) We say Pis absolutely continuous

with respect to the measure g if u(E) = Qimplies p (E) = Ofor some E €M . In this case we write P <<#

SXO. Let zeX be such that 2~ X0 and Let M, denote the 0 —

For a fixed X,€ X, Let M, denote the @ ~algebra on
algebra all sets containing M, and the sets of the form S, for Xe m Finaly, Let L* (Sz , IR)denote the space of all #

, defined by | | ﬂ ) |du-

3. Statement of the problem:
Let # be a real or O - finite positive measure on X . Given a peca( X,M )with P <<, consider the abstract measure
differential equation (in short AMIDE)

e el 1 5] oo ]| eluln 5

Sx Sx
p(E)= a(E), EeM, 3.1)

d
Where 9is a given known vector measure, d_p is a Radon-Nikodym derivative of P with respect to # and
)7

918, x IR IR = IR o oo that

Hf[ jk du]+g[x pls jk tp (51 o J

Definition 3.1: Given an initial real measure  on M, a vector p € ca(SZ , M, )(Z > X, ) is said to be a solution of
AMIDE(3.1) if
(i) p(E) ZQ(E), EeM,

(ii)p <<uonx,z
(iiii )P satisfies (3.1) a.e. [ 2 Jon x, 2

is # - integrable for each peca(S;,M z),

Remark 3.1: The AMIDE (3.1) is equivalent to the abstract measure integral equation

jf{xp jk (5 dﬂJdquJ'g(x p (S} [kl p Bx))du | du, Eem, B2

E

q(E), EeM, (3.2)

A solution p of AMIDE (3.1) on mwill be denoted by p (§x0 .q )

In the following section we shall prove the main existence theorem for AMIDE (3.1) under suitable conditions on f . We shall
use the following form of the Leray-Schauder’s nonlinear alternative. See Dugundji and Granas [©1.

Theorem 3.1: Let B(O, r)and B[O, r] denote respectively the open and closed balls in a Banach space X centered at the

origin 0 of radius T, for some " ~ 0. Let T :B[O‘ r]—> X be a completely continuous operator. Then either

(i) the operator equation T = X has a solution in B[O, I’], or

() there exists U< X with 141 =" sych that 14]= 4Tu forsome 0<2<1.
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4. Existence theorems:
We need the following definition in the sequel.

Definition 4.1: A function i :S, X IR" — IR iscalled a D - function if it satisfies

(i) s continuous,

(ii) Y isnon decreasing, and

(iii) Y is scalar submultiplicative, that is '/’(’“) < A(V/ r) forall #> 0 ang '€ |R+.

The class of all D -function on IR is denoted by‘/’ . There do not exists D - function on IR.

Indeed the function ¥ -5z X1R" = IR" gefineq by w(r)=Ir . 1> Ogatisfies the conditions (i)~ (iii)
Mentioned above and hence a D - function on IR™ . Note that ¥ < ¥ then V/(O) =0.

Definition 4.2: A function f:5;xIRxIR—>IR is said to satisfy condition of Caratheodory or simply Caratheodory if

(i) x> f(xy1y,) is 4 _ measurable for each Y1' Y2 € IR

(ii) (yl’ YZ) - f(x, T yZ) is a continuous for almost everywhere [“ ]on XEXo 2

Again, a Caratheodory function f on S, x IR x IR is called Lil -Caratheodory, if
(iii) For each given real number p>Othere exists a function hp el L(SZ, IR) such  that

[0y o)l < hp(0) ae ful xexgz (o viya IR with [y <pand [y,|<p

assumptions.

We consider the following set of

(Al)For any Z > X, the o -algebra M, is compact with respect to the topology generated by the

Pseudo-metric d defined by d(E,, Ez):| Y2 |(E1 AE,), E,E,eM,.

(Ao) 4 (fxo})=0

(Ag) g is continuous on M, with respect to the Pseudo-metric d defined in (Al)

(A4) The function f(X, Yi. Y, ) is Lil- Caratheodory.

The function K :JxJxIR — IRis continuous function and there exists a function ae Li (J, IR*), such that
k(% y,)|<a(X)|y] aevy,y,el and VyelR

1 +
(AS) There exists a function #<" ”(SZ IR ) such that #(x) >0 a.e [u] xes, and a continuous and nondecreasing

function v:[0,0) > (0,%0) suchthat| X i ¥o)| = 6 (x) (|yl|+|y2|) e fu] on x5z _Forall YvY2€IR

Theorem 4.1: suppose that assumptions ( ) ( ) hold. Further if there exists a real number

[
oo Ll ol (Do) o

then AMIDE (3.1) has a solution on M

z

Proof: Let X :Ca(SZ,MZ) and consider an open ball B(O,r) in Ca(SZ,MZ)centered at the origin'0" and radius I,
where the real number r > O satisfies (4.1). Define an operator T from B[O, r ] into ca(SZ M Z) b

Sx
q(E), if EcM,

We shall show that the operator T satisfies all the conditions of Theorem (3.1) on B [0, r ]

If{x ps I (t.p(s:) ]dwjg{x p(s). [xl. p(gt))JdﬂvEEMz,ECm

Step I: First we show that T is a continuous on B [O, r ]
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Let { P, }be a sequence of vector Measures in B[O, I’] converging to a vector measure P . Then by dominated convergence
theorem,

i)t 0 pnst»du}dw;g(xpn( e o

n—oo
E

jf[x p(s j p(St)d dyJ+J- Jk dy]dy )

Sx

Forall EeM,, EC@.SimiIarIyifEeMo,then
g!g;rpn(E): q(E) :;rp(E)

And, so T is a continuous operator on B[O’ r ]

Step 11: Now we show that T( B[O, r ) is a uniformly bounded set in ca(S, , M, ).
Let pe B[O, r] be arbitrary. Then we have || p ||£r. Now by definition of the map Tone has

o, (E ff[”’ f (St))dqumjg

(E) EeM,
Therefore forany E =F UG, F e M,and GeM,, G cx,z,

|l
fomptnn) s

x, pls Jk p(St))du |du, EcM,, Ecxoz

| Tp, (E)| <
We have,

]

<Jal, €

<+ loly [+ el ||

Forall E€M, , By definition of the norm || . || we have

[180 11180 65)< al+16 1 [1+1 I, ]} 0

This shows that the set T(B [O’ r] ) is uniformly bounded in Ca(

Sx

S, M)
Step I11: we show that T (B [O, r ])is an equi-continuous set in Ca(SZ , M, )
Now we show that T(B[O r ]) is an eqw -continuous  set inca(SZ,M
We know the set-identities

G, :(G1_G2)U(G2 mGl) }

E, E,eM

Z). Let z, Then there are sets

Zwith , and

and
Gz = (Gz _Gl)U(GZ mGl)

Therefore, we have

(4.2)

Tp, (E1)-Tp, (E 2) = a(F)-a(F,)+ _[ {f{x p(S Jk St dﬂ}f@][x p(S J St dﬂ}]

A

Gy-G; Sx
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Since (X y) ﬂ Caratheodory, we have that

| TPn (E1)-Tp, (E2)| <|a(Fy)-a(F,)[+ I {

GAG,

§X gx

(s b6 6 b i

2

<|a(R)-a(F)[+ [h, (x)du

GAG,
d(E;,E;)=| u|(E1AE, ) > 0.
&

Assume that

Fo>Fy g |#](G14G,) -0

Then we have =1 E, and consequently

on Mo

. From the continuity of g
it follows that

| Ton (B1) = Tpy, (E2)| < |a(F)-a(F,)|+ jh X)du — 0 as E; - E,
G,AG,

This shows that T(B]0, r]) is an equi-continuous set in ca(S,,M,). 'Now T(B[0,r])is uniformly bounded and equi-

continuous set in Ca(SZ M Z), S0 it is compact in the norm in the topology on Ca(SZ M Z)
Ca(SZ M Z). As a results T is a continuous and totally bounded operator

. Now an application of Arzela-Ascolli

theorem vyields that T( B [O’ r ]) is a compact subset of

on B[O’ r ] Hence an application of theorem (3.1) yields that either TX'=X has a solution or the operator equation ATX= X has a

solution Y with " u ||:rfor some 0<}“<1. We shall show that this later assertion is not possible. We assume the contrary. Then
there is an ueX thh ||u||= ' satisfying u=4Tu for some 4, 0<ﬂ“<1. Now for any EGMZ, we have E=F UG where
FeMg gpg C=X%o2 , satisfying F "C=4

Now, u(E)=4Tu(E)

2q(F), if F eM,

UQ)Q%%N@QWU(WJW&MQiN @%@FMGemawed;
()| 106 +4[[ »iwﬁ@m@w@m@gum@mw]w

<mw!@@u@gwu@»w}g}waguw@»wﬂw

<l | s (| u (5 )\X)dﬂ |

<||q||+j¢ (Juf )d

=[all+ ||¢||L; V/(IIUII)

This further implies that

][ =l u(s.)<[u(E)]
<lal+l#l:v (lul)

Substituting " u ”: "in the above inequality yields that

< lal 1ol v () -
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Which is a contradiction to the inequality (4.1).
Hence the operator equation Tp = phas a solution in V with ||V||SI’. Consequently the AMIDE(3.1) has a solution

p= p(SXOY q) in B[O, I’] . This completes the proof.

Example 4.1: Given peca(SZ M )Wlth p << u, consider the AMIGDE(3.1)

d | pfsi) Jplss) . . —
— & X [1] on x,z

dul1+[p(sy) | 1+p (sx) ’ "
p (§x0 )= g €IR (4.5) where 4isa given known vector measure, A (§x )= p1S L is a signed measure such that

f\x, p Sx
/1<<,u'

f:S, xIR=>IR and 9:S:xIR—=>IR
#(x)y
1+y

Define the functions

FOGy)=1+]y|and g(x, y)=

y

>~ respectively.

Below we shall show that the functions f and 9 satisfy all the conditions of theorem (4.1).
Obviously f is continuous on the domain of its definition. Let Y1+ Y2 € IR . Then we have

| F0ey) = F00y2)|= [24] va| 1] v |

:| |y1|‘|y2||

S‘ Y1—Y2 ‘

Which show that f (X’ y) satisfies the Lipschitz condition in Y with the Lipschitz constant a=1.

Obviously the function g (X, y) is Caratheodory on @ To see this, note that the function X — ff_lez is obviously H

P )Y o w

is continuous for all Xe X, Z. Again
1+y

<| g (x)|=¢ <)y v1 ])

measurable for all ye IR and the function y —

$(x)ys

g (6 Y1, ¥2)=9 (% 1 )=[——=3
1+y;

. + + _
where ¥ *1R" 2 1R™ s defined by w(r)—l_

laf+#].. <1

Thus, if , then all the assumptions (Al)_(AS) of theorem (4.1) are satisfied. Hence, the AMIGDE (4.4) has

solution P (S x0, 2 ) defined on " *
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