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Abstract

In this paper we determine all the subgroups of the symmetric group Ss explicitly by applying Lagrange’s
theorem, Sylow’s theorem. We give the diagram of the lattice of subgroups of Ss. We also study some
lattice theoretic properties of the lattice of subgroups of Sy, when n<5.
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1. Introduction

In mathematics, the notion of permutation relates to act of arranging all the members of a set
into some sequence or order or the set is already ordered or rearranging its elements a process
called permuting.

For any non-empty set S, define A(S) be the set of all bijections (permutations) on S. A(S)
together with the binary operation of composition of functions is a group. If the set S contain n
elements, then the set A(S) is denoted by S,. The group S, has n! Elements and is called the
symmetric group of degree n. Lattice of subgroups of S,, Sz and S4 have been studied already
eg. Refer to [, B, Bl and 21, |n this paper we determine all the subgroups of Ss, and then draw
the diagram of the lattice subgroups of Ss, also study some lattice theoretic properties. For the
preliminaries and the basic definitions we refer to [, Bl 141 [l and (8],

2. Preliminary
We recall some definitions and results that will be used later.

Definition 2.1

The symmetric group Ss is defined to be the group of all permutations on a set of five
elements, ie, the symmetric group of degree five. In particular, it is a symmetric group of
prime degree and it is denoted by Ss.

Definition 2.2
A group generated by a single element is called cyclic and we know that cyclic groups are
abelian.

Definition 2.3
A subgroup of G is said to be a normal subgroup of G if for every geG and neN, gngeN.

Definition 2.4

A partial order on a non-empty set P is a binary relation denoted by < on P that is reflexive,
anti- symmetric and transitive. If < is a partial order on P, the pair (P, <) is called a partially
ordered set or poset. A Poset (P, <) is called totally ordered or a chain. If any two elements x,
y € P are comparable, that is either x <y or y < x. A non-empty subset S of P is a chain in P,
if S is totally ordered by <.
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Definition 2.5

Let (P, <) be a poset and let SSP. An upper bound for S is an element x € P for which s<x for all s € S. The least upper bound of
S is called the supremum or join of S. A lower bound for S is an element x € P for which x < s for all s€ S. The greatest lower
bound of S is called the infimum or meet of S. Poset (P, <) is called the lattice if every pair x, y elements of P has a Supremum
and an Infimum, and denoted by xvy and XAy respectively.

Definition 2.6
The set of all subgroups of a given group G is a partially ordered set under ‘S’ inclusion relation. It is also a lattice denoted by L

(G).
Definition 2.7
In the poset (P,<), a covers b or b is covered by a (in notation, a>b or b<a) if and only if b <aand, fornox e P,b < x < a.

Definition 2.8
Let G be a finite group and let |G| = p"m where n>1, and p is a prime number such that (p, m) = 1. The subgroup of G of order p"
is called a p-sylow subgroup of G.

Definition 2.9
An element ‘a’ is an atom, if a>0 and a dual atom, if a<1.

Definition 2.10
A lattice L is said to be modular lattice, ifav (b Ac)=(avb)Acforeverya, b,cinLanda<c.

Definition 2.11
A Lattice L is said to be semi-modular if whenever a covers a A b, thenaV b covers b, forall a, b € L.

Definition 2.12
An element of a lattice L is called join irreducible if xVy=a=x=aory=a.

Definition 2.13
A Lattice L is said to be consistent if whenever j is a join-irreducible element in L, then for every x in L, X V j is join irreducible in
the upper interval [x, 1].

Theorem 3.1
If G is a finite group and H is a subgroup of G, then the order of H is a divisor of the order of G.

Theorem 3.2
If G is a finite group and a € G, then order of a is a divisor of order of G.

Theorem 3.3
Let G be a finite group and let p be any prime number that divides the order of G. Then G contains an element of order p.

Theorem 3.4
If P is a prime number and p% \o (G), p®*! fo (G), then G has a subgroup of orderp®.

Theorem 3.5
If G is a finite group, p is a prime number and p™ \ 0 (G), but p™** }o (G), then any two subgroups of G of order p" are conjugate.

Theorem 3.6
The number of p-sylow subgroups in G, for a given prime p, is of the form 1+kp.

Theorem 3.7
If a group G has a unique sylow p-subgroup, then it is normal.

Theorem 3.8
Let G be a group of order pg, where p and q are distinct primes and p<q. Then G has only one subgroup of order q and this
subgroup of order g is normal in G.

Theorem 3.9
If N is a normal subgroup of G and H is any subgroup of G, then NH is a subgroup of G.

Theorem 3.10
If M and N are two normal subgroups of G, then NM is also normal subgroup of G.
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Theorem 3.11
Sn has a normal subgroup of index 2 the alternating group An, consisting of all even permutation.

Notation
If G is a group, then we denote the lattice of all subgroups of G by the notation L (G).

Result
A non-empty subset H of the group G is a subgroup of G iff a, b € H=>abeH and a eH = a€H.
We produce below the structure of the lattice of subgroups of the symmetric groups S, Ss and S,.
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Fig 1: Lattice Structure of L (S2)
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Fig 2: Lattice Structure of L (S3)
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Fig 3: Lattice Structure of L (S4)
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4. Main Result
The symmetric group Ss is the group of all permutations of the set S = {1, 2, 3, 4, 5}, we know that the order of Ss is 120. We
name the elements according to their orders.

Let Ss={i, a1, @z,eee wory A1, Tpy Ogpen one 020y T1y Topernnnn Ly T30y Vir Vaeeren JYis: Bis Bzsen... , B2ay 01, 02,...... , 020}, where ‘i’ is

The identity permutation.
The cycles of length 2 are,

al:(4 5)1 aZ:(3 5)! a3:(3 4)! a4:(2 5)1 a5:(2 3)1 a6:(2 4)! a7:(1 5)1 a8:(1 4)! Ag= (1 3)! d10= (1 2)

The cycles of length 3 are,
0-1:(1 2 3)! 0-2:(1 3 2)1 0-3:(1 2 4)1 04:(1 4 2)1 0-5:(1 2 5)1 0-6=(1 5 2)! 0-7:(1 3 4)1 0-8:(1 4 3)! 0-9:(1 4 5)! 0-10:(1 5 4)!

011=(135),01,=(153), 0413=(23 4),01,=(243),015=(235),016=(25 3),01,= (245), 015= (25 4), 019= (345), 0=
(354).

The cycles of length 4 are,

7,=(2345),7,=(2543),7,=(2354),7,=(2453), 15=(2435), 7,=(253 4), 7,=(1 23 4), 14=(1 4 3 2), 75=(1 2 3 5),
7;0=(1532), 7,,=(1243), 1,,=(1342), 1,5=(1245), 7,=(1 54 2), 7;s=(1 25 3), 7;4=(1 35 2), 7,,=(1 2 5 4),
7,6=(1452), 7,0=(1345), 750=(1 54 3), 75,=(1354), 7,,=(1 4 5 3), 755=(13 2 4), 7,,=(1 4 2 3), 7,5=(13 2 5),

T,6=(1523), 157=(14 3 5), T,5=(1 5 3 4), 109=(1 4 2 5), T39=(1 5 2 4).

The elements which are products of two transpositions are,

¥1=(24)(35),72=(25)(B 4), ¥3=(23)(4 5), ¥4=(13)(2 4), ys=(13)(2 5), y6=(1 4)(2 3), ¥,=(1 4) (2 5), y5=(1 5)(2 3),
Yo=(15)(24), y10=(1 (3 5), y11= (1 5)(34), ¥12=(1 2)(34), ¥13=(1 2)(3 5), y14=(1 3) (4 5), y15=(1 2) (4 5).

The cycles of length 5 are,

B1=(12345),B,=(13524),B:=(14253), 3,=(15432), B=(12354), B=(13425), f,=(15243), Be=(14532),
Bo=(12453),B,0=(14325),5;,=(15234),p,,=(13542),53=(12435), B1,=(14523),p5=(13254),
B16=(15342),$,,=(12543), f15=(15324),B,0=(14235), B20=(13452),$,,=(12534),,,=(15423),
Brs=(13245), Bpa=(14352).

The elements which are the products of a 3 cycle and a transposition are,

8,=(123)(45), 5,=(132)(45), 5:=(124)(35), 5,=(1 4 2)(3 5), 6:=(1 2 5)(3 4), 6,=(1 5 2)(3 4), 5,=(1 3 4)(2 5),
65=(143)(25),80=(145)(23),610=(154)(23),8;;=(135)(24),8:,=(153)(24),5:3=(234)(15),51,=(243)(15),
8:15=(235)(14),6,6=(253)(14),8,7,=(245)(13),5,5=(254)(13), 5,0=(345)(12),5,,=(354)(12).

In the following table we list the elements according to their order,

Table 1
Order Elements

1 i

2 A1, Ayeee ooy X105 V15 V2o V1s
3 01, 02, e, Qg

4 T1,T2,......, T3

5 :811,32:~-----7B24

6 61, 02,......, Ogg
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5. Subgroups of Ss
According to Lagrange’s theorem, the order of any non-trivial subgroups of Ss divides the order of Ss. So we must have the
subgroups of Ss of orders 1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 20, 24, 30, 40, 60 and 120.

Subgroup of order 1
Obviously, the only subgroup of Ssof order 1 is the trivial subgroup G; = {i}.

Subgroups of order 2

Let H be an arbitrary subgroup of Ss of order 2, since 2 is a prime number, H is cyclic, Hence H is generated by an element of
order 2. Thus all the subgroups of Ss of order 2 are,

Ho={i,;}=<a; > Hs={i, ax.}=< ay, >, Ha={i, as}=< az; > Hs={i, ay} =< a, > He={i, as} =< ag >, H/={i, a} =
< aﬁ >, HB: {i, a7} = < a7 >, H9= {l, ag} = < 0(8 >, H10= {l, ag}:< ag >, H]_1= {l, alo}: < alo >, H12: {i, y1}=< yl >,
His={i, v2}=<v2 > Hu={i, v3}=<y3 > His={i, v.}=<y4 > His={i, ys}=< ys > Hur={i, y}=<ys > His={i, y7}=<
Y7 >, Hio={i, vg}=<yg >, Hao={i, ¥o}=<yo >, Ha={i, y10}=< v10 >, H22 = {i, y11}=< y11 > Has={i, y12}=< 12 >Hzu=
{i, v13}=<y13 > Has={i, v1a}=< ¥14 >, Has = {i, y15}=< y15 >.

Subgroups of order 3

Let K be an arbitrary subgroup of order 3, since 3 is a prime number, K is cyclic and generated by an element of order 3.

Since 3\0(G), 3% t0(G), G has a 3- sylow subgroup of order 3. The number of 3-sylow subgroups is of the form 1+3k and
1+3k\0(G), that is, 1+3k\23x3x 5. Therefore 1+3k\23x5, the possible values for k = 0, 1, 3. Therefore the maximum number of
3-sylow subgroups of order 3 is 10 when k = 3. Thus all the subgroups of Ss of order 3 are,

K27 = {l, 0_1, 02}:< 0_1 >=< 02 >, K28 = {l, 03, 0_4}:< 03 >=< 0—4 >,

Kz ={i, g5, 0c}=< 05 >=< g4 >, Kso = {i, 07, 03}=< 0, >=< 03 >,

K31 = {i, 0-9, 0-10}:< 0-9 >:< 0’10 >, K32 = {l, 011, 012}:< 011 >:< 0-12 >,

Kss = {li, 013, 014}=< 013 >=< 014 >, Kas = {li, 035, 016}=< 015 >=< 036 >,

K35 = {l, 0_17, 018}:< 0—17 >= 0_18 >, K36 = {l, 0_19, 0—20}:< 0_19 >=< 020 >.

Subgroups of order 4

Let L be the arbitrary subgroup of Ss of order 4, then the elements of L must have order 1, 2 or 4. If L contains an element of
order 4, then L is generated by an element of order 4. Therefore the subgroups generated by an element of order 4 are,

La7={i, 74, T2, V1 }=< Ty >=< 1T, >, Lag ={i, T3, T4, V2 }=< T3 >=< 7, >,

Lag = {i, T, Tg, V3 }=< Ts >=< T >, Lao = {i, T7, Tg, V4 }=< T; >=< 14 >,

Lo = {i, 7o, T10, ¥5 }=< Tg >=< T30 >, Laz ={ii, T11, T12, Y6 }=< 711 >=< 745 >,

Loz = {i, T3, Ty, ¥7 }7< T13 >=< Ty >, Laa = {li, Tys, Ta6, Ve }7< Tys >=< Ty >,

Las = {i, 717, T1gs Vo }=< T17 >=< T1g >, Las = {l, T19, T20, Y10 }=< T19 >=< 750 >,

Loz =A{li, T21, T2z, Y11 }7< T21 >=< 723 >, Lag = {i, T23, Tou V12 }7< T3 >=< Ty >,

Las = {li, T25, T26, V13 }=< Ta5 >=< g6 >, Leo = {l, T27, T2g, V14 }7< T27 >=< T35 >,

Lsr = {1,720, T30, V15 }=< T29 >=< T3¢ >.

If L contains an element of order 2, then L does not contain an element of order 4. Therefore, the order of all the elements of L is

2, except the identity element.
The table below shows the multiplications of all the combinations of elements of order 2.
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Table 2

X | @ | Q3 | Ay | A5 | A | A7 | Ag | Ao | Xqol Vg | Vo | V3 | Va | Vs | Ve | V7 | Vs | Vo | Viol Vaa| Via| Viz| Vial Vs
a | |1 020] O19| 018 V3 | 17| 10 Jo | Vial V15| Ts | Te | @5 817| 81g| 8o | Ta9| 610 T30| Ta7| Tag| 10| Ga0] X9 | @1
ay | Jy9| | O20| 916 915 V1 | 12| Viol T1af V13| %6 | Ta | Tq 811| To5| 65| O16| To6| O12| @g | Tao| 20| X10| T1o| Tyo
a3 | 09| 019 | Y2 | 13| O14| V11| O | O7 | V12| Ts | @4 | T3 | To3 87 | To4| Og | 613 84| Tap| @7 | @yg| 80| To1| 20
A4 | O17| O15| V2 ! O16| O18] 06 | V7 | ¥s | Os | T3 | X3 | Ty 818| @o | O16| g | T1o| Tya| 15| 86 | 05 | To | 61| T3
Qs | V3 | O16| O14| Oys5| | 013/ Vg | Y6 | 02 | O3 | T | Ts | & | Typ| T1e| Qg 815| az | 83| 61| 614] T1a| Tis| 65 | &y
Qg | O18| V1 | 013 O17| O14] | Yo | O4 | Vs | O3 | @p | Ty | Ty | @9 | O17| Tg | Tyg| O1a| @7 | 84 | 693| T7 | O3 | &1 Ty
a7 | O9 | 034| ¥11| 05 | Vg | Vo | | 010| 12| G6 | 811] 85 | 8o | O15| Tys| G1o| T17| A5 | A6 | Toq| @3 | O | T16| Toa| T1g
@g | Oi0| V10| 07 | V7 | V6 | O3 | T | | | 0g | 04 | 83 | 87| 81| Tyq| Bg | @5 | s | 8 | Tys| @y | Tyo| Typ| 84 | Tog| Tia
@ | V14| 012| O | Vs | 01 | Va | 04| 07 | i Oy | 812 85 | &) |ag | ag| Ty | 87 | To | O1q| Tog| Tay| Tg | T10| & | 6>
®10| V15| V13| V12| F6 | 02 | 04 | O5 | O3 | 01 i 84 | 86 | 85 | Toa| Tos| To3| Tao| Tos| Tao| 03 | 85 | @z | @3 | Y14 &
Y1 | Te | @6 | T3 | Ty | Ts | @5 | O15| 84 | 644] 05 i | ¥3 | Y2 | 011| Bas| Boa| Bs | B7 | 012| 04 | Bop| Bs | 05 | B | Boy
Yo | Ts | Ty | @y | @3 | T | Ty |86 | O |87 |85 | Va | 0 | ¥y | Bis| 07 | B3| 05| Big| Ba | Bral 06 | 05 | By | Bo | Bis
Y3 | @s | Tp | Ty | T3 | @y | Ty [ 810|882 |6 | Vo | Vs I | Baol 912| 99 | Bro| 010| B11| Bio| Bis| Bo | Bi7| 02 | 09
Vs | 818] O12| Toa| O17| Tyq| @o | 814| Taa| @6 | Toa| O1a| Bra| Biz| 1 | 017| V12| Boo| Biz| 011| Bie| Bio| Y6 | Bis| 01s| Bis
Ys | 817] To6| 8 | @o | Tys| 81| T16| 67 | @4 | Tas| Boa| 05 | Bo | Oy | [J?21 07 | Y1z| Biz| Bi1| Boa| Bio| Ys | 17| Baz
Yo | 10| 816| Toz| 15| @g | T7 | 8o | @5 | Tg | Taa| Bo1| Bo | O10| V12| Boal | O315{ Jo By | 016| Baz| Va | B3 | Ba | B2z
Y7 | Tag| 815| 67 | ag | 81| T17| Tg| @4 | Og | Tpo| Bs | 07 | Big| Bi7| 05 | O1g| | ,3_8 Y1s| 15| Baol| Be | Bro| B7 | Vo
Ys | 89 | Tas| G1a| To | @7 | 813| a5 | 89| T1q| Ta6| Be | P13| 9o | Bie| Viz| 10| Bs | | 013 Bis| 14| B7 | ¥s | Bs | Bia
Yo | Tao| 811| O13| Ti3| O1a| @7 | Qg | Tyal| 613| T30| O3] By | Bio| F12| Bo | Ba | Vis| 094 | 5_12 013| Baa| B2 | Bs | V7
V10| Tag| g | Ta1| 816| O15| O3 | Top| @ | Toy| 84 | 03 | Bis| Br1| Biz| Bio| 15| F16| Bial Bo | | Vi Biz2| 04 | V11| P11
V11| To7| Tio| @7 | 85 | 813| 84| @3 | Tog| Tag| 86 | Bo3| 05 | Pro| Pig| Bo1| Baz| Bi7| 013| 014 V14| | O B20| ¥10| Bos
V12| 20| O10| @10 86 | T12| Tg | 85 | T4 | Ty | @3 | By | 06 | Pro| Ve | Bra| Va | B7 | Be | Bro| Bo | 05 ! O19 Bs | 029
V13| 010| @10] 20| Tyo| T16| Oa | T15| O3 | To | @5 | 04 | Pa | Poo| Bro| Vs | B2 | Big| Vs | B3 | 03 | Bi7| Oa0l | .1?1 019
Yia| @9 | Tog| Top| 815 &) | 817] To1| Tio| @y | 85 | B7 [ B3 | 0y | 047 Oyg| By | Be | Bs | B2 | V11| Y10| Bs | Ba ! %}

V15| @0l G20l 10| Tyal 8 | Tyg| T17]| Tya| 61 | @1 | Bosl Biel 02 | Bral Boa| Basl Yo | Bisl ¥7 | Bial Bail G10| 20| 01 i

We observe row by row of table-2. From the second row we conclude that

{a1, a2} {ay, as} {aq, as} {ar, agh {ay, a7}, {as, as} {ar, va} {a1, v2} {as, va} {as, vs} {ar, ve} {aa, v7} {as, vl
{a1, vo} {ar, v1o} {ar, vi1} {a1, v12} {@1, 713}

Are not subsets of L. Using similar argument to the other rows, we obtain the subgroups of order 4 as,

Lsz = {i, a2, a6, v1}, Lss = {i, a3, au, v2}, Lsa = {i, @y, as, y3}, Lss = {i, a6, @9, ¥4}, Lse = {i, a4, @q, vs}, Lsr = {i, as, ag, v6}
Lss = {i, a4, ag, v7}, Lss ={i, as, a7, g}, Leo = {i, a6, a7, Yo}, Ler = {i, a2, ag, Y10}, Lez = {i, a3, @7, y11}, Les ={i, a3, a1,
Y1z} Lea = {i, @z, @10, Y13} Les = {i, @1, &g, ¥14}, Les = {i, @1, 10, Y15} Ler = {i, ¥4, Ve, Y12} Les = {i, ¥1, v2, ¥3}, Les = {i,

¥s: Vs Yist Lo ={i, 7, Yo, Yis} Lon = {i, Y10, V11, V1a}-

Subgroups of order 5

Let M be an arbitrary subgroup of Ss, since 5 is a prime number, the subgroup M is cyclic and is generated by an element of order
g.ince |G| = 23x3x5 and 5\0 (G), 5% to (G), therefore G has 5- sylow subgroup of order 5. The number of 5-sylow subgroups of G
of order 5 is of the form 1+5k and 1+5k\0(G), that is, 1+5k\23x3x 5. Therefore 1+5k\23%3, the possible values for k = 0 and 1.

Therefore, the maximum number of 5-sylow subgroup of order 5 is 6 when k = 1.
Thus all the subgroups of Ss of order 5 are,

Moo ={i, B1, B2 B3 Bu}= < P1 > =< B >=< B3 >=< B >

Mz ={i, s, Be. b7, Ls}=<Bs >=< P >=< P, >=< fg >

Mzs = {i, Bo, Bro, Br1, Bra}= < Bo > =< Pro > =< P11 > =< fy >
Mzs = {i, B3, 14 Bis: Bie}= < P13 > =< P1a > =< P15 > =< P16 >
Mzs = {i, B17, Bigs Bros B20}= < B17 > =< P1g > =< Pr1g > =< fyo >

M7z ={i, Ba1, Bazs B23: Boa}= < Po1 > =< Po > =< fo3 > =< foy >.
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The subgroups of order 6
Let N be any arbitrary subgroup of Ss of order 6, since |[N| = 2x3, according to the third sylow’s theorem, N has exactly one
subgroup of order 3 and this group is normal in N.
Now we generate the elements of Ss of order 6, If N contains an element of order 6 then it generates N, there are 10 subgroups of
order 6 contain the elements of order 2, order 3 and order 6 and is isomorphic to the cyclic group Zs, they are,
N7g = {i, 01, 03, 61, 82, a1}, N7o = {i, 03, 04, 03, 64, a2}, Nao = {i, 75, 04, 5, 86, a3}, Na1 = {i, 75, 0g, 87, O, a4}, Ne2 = {i,
09, 019, O, 810, @5}, Nez = {li, 011, 012, 811, 812, 6}, Naa = {i, 013, 014, 813, 614, @7}, Nes = {i, 035, 016, 615, 816, g}, Nas = {l,

017, 018, 017, 818, Ao}, Na7 = {l, 019, 020, 819, 820, A10}-

If N does not contain an element of order 6, we get the other 10 subgroups of Ss of the elements order 2 and the elements of order
3. Therefore the subgroups are as follows,

Ngs = {i, 01, 03, @5, &g, A1}, Nag = {i, 03, 04, @, g, X190}, Noo = {i, g5, 06, a4, a7, @10}, No1 = {i, 07, g5, @3, ag, g}, Noz = {i,
09, 019, A1, A7, g}, Noz = {i, 011, 012, @3, a7, Ao}, Noa = {i, 013, 014, a3, @5, a6}, Nos = {i, 015, 016, @3, a4, a5}, Nog = {l,
017, O18, @1, Ay, A}, Noz = {i, 019, 09, @1, @z, A3}

Also the other subgroups of order 6 of Ss by taking the product of the elements of Ss of order 2 and the elements of order 3.
Therefore such subgroups are,

Ngg = {l, 01,02, V31 V14 Y15}l Ngg = {l, 03, 04, Y1: V10> Y13}l N1go = {I! Os, 06, Y21 V11, YIZ}v N1 = {l, 07,08, Y2, Vs, y7}1 Nao2 = {I,
09, 010, ¥3, Ve Yeb Nws = {i, 011, 012, ¥1, Va, Yo} Naoa = {i, 013, 014, Vs, Vo, Y11} Naos = {i, 015, 016, V6, ¥7, Y10}, N1os = {i,

017, 018, Ya» Vss Y14}, Nz = {li, 019, 020, Y12, V13, Y15}

Subgroups of order 7

Let Q be an arbitrary subgroup of Ss, Since |G| = 23x3x5 and 2%\0(G), 2* to(G), therefore the number of 2-sylow subgroups of G
of order 8 is of the form 1+2k and 1+2k\0o(G), that is, 1+2k\23x3x 5. Therefore 1+2k\5x3, the possible values for k = 0, 1, 2
and 7. Therefore the maximum number of 2-sylow subgroup of order 8 is 15 when k = 7.

Since there is no element of order 8, so every element of Q must have order 1, 2 and 4, such subgroups are got by the product of
the elements of Ss of order 2 and the elements of order 4 and they are,

Quos = {1, T4, T2, Y1, Y21 V3 A2, @6}, Quoo = {1, T3, Ty V1, V21 V3, A3, s},

Quo = {1, T5, T6, Y1, Y2, V3, @1, s}, Quu = {1, 77, Tg, Va, Ve Y120 X6, Ao},

Quz = {1, Tg, T10, Vs, Vs, Y13, Aas Ao}, Qus = {1, 711, T12, Va, Ve, V12, @, Al

Qua ={i, T13, T14, ¥7, Yo, V15, 4, @}, Qus = {1, Ty5, T1g, V5, Vo Y13, A5, A7},

Que = {1, T17, T18, ¥7, Y9, V15, @6, @7}, Quz = {1, Ty9, T20, Y10, V11) Y14) X2, Al

Quis = {1, T21, T22, Y10) Y11) Y14r 3, @7}, Quo = {1, T2, Toas Vas Ve Va2) 3, @10}

Qu20 = {1, T35, T26, V5, Vs, Y13, X2y t10}, Quz1 = {1, T27, T2, V10, V11) V140 @1, Ao}y

Qu22 = {1, T29, T30, V7, Yo, V15, &1, A0}

Subgroups of order 8

Let P be any arbitrary subgroup of Ss of order 10, since |P| = 2x5, according sylow’s theorem, P has exactly one subgroup of

order 5, there is no element of order 10 in Ss. Therefore P is not cyclic and P contains only elements of order 2 and order 5, by
taking the product of subgroups of order 2 and order 5, we get the following subgroups of order 10 and they are,

I3123 = {I! .81! .82! .83! .84-1 Y2:Yer Vo V13 Y14-}l
Pi2a = {i, Bs, Bs: B7, Bs: Y1, Y7+ Var Y121 Y14 1
Pi2s = {l, By, B1os P11, B12: Y31 ¥ss Yor Y10s Y12}

P126 = {i, P13, P14: Bis: P16 V21 Yar Vs V1o Vist
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P27 = {i, B17, P1s: B19: B20: Y31 Yar Y7, Y11, Vasth
Pi2g= {I, ﬁZl! .822! .8231 ﬁ24l Y1, Vs YVer Vi1s Y15}'

Subgroups of order 9

Let R be any arbitrary subgroup of Ss of order 12, since |R| = 22x3, the elements of R must be of order 2, 3 or 6 as there is no
element of order 12 in Ss. We obtain 10 subgroups of Ss of order 12 is the combination of the elements of order 2, order 3 and
order 6 are,

Rizo = {i, 01, 02, 81, 62, V3, Y14) V15, 1, As, Ao, 10},
Ruso = {li, 03, 04, 83, 84, Y1, V10, V13, X2, X6, g, A10}
Ris1={i, 05, 06, 85, 86, V2, Y11, Y12, A3, Aa, &7, A0},
Riz2 = {i, 07, 0g, 87, 8g, V2. V5, V7, A3, Ay, Ag, Ao},
Riss = {l, 09, 010, 89, 810, V3, VY6 Ve, X1, As, A7, Ag},
Russ = {i, 011, 012, 611, 612, V1, Ya, Vo, X2, A, A7, Ao},
Riss= {l, 013, 014, 613, 614, Vs, Yo, V11, @3, A5, U6, A7},
Rise= {l, 015, 016, 615, G16: Ve Y7, Y10+ X2, A, s, Al
Ris7 = {i, 017, 018, 817, O18, Va» Vss V14 @1, Ay, Ag, Ao},

Russ = {i, 019, 020, 819, 620, V12, V13: V15 1, A2, A3, A10},

Also we obtain the other 5 subgroups of Ss of order 12 of the combination of the elements of order 2 and order 3. Therefore the 5
subgroups of order 12 are,

Ruse ={i, 0y, 03,03, 04, 07, g, 013, 014, Vas Yer Y12}

Rui40 = {i, 01, 03, 05, 0O¢, 011, 012, 015, 016, V61 V7 Y10}v

Rua = {i, 03, 04, G5, 0, 09, 010, 017, O1g, Var Vs Y1ats

R ={i, 07, 03, 09, 010, 011, 012, 19, G20, Y12, V131 Y15}

Ris = {l, 013, 014, 015, 016, 017, 018, 019, 020, V8, Yo, Y11}'

Subgroups of order 10

Subgroups of order 15 do not exist, since 15 = 3x5 and as 5#1(mod3), a group of order 15 is cyclic, therefore it must be
generated by an element of order 15, hence a subgroup of G of order 15 does not exist.

Subgroups of order 11

Let T be any arbitrary subgroup of Ss of order 20, since |T| = 22x 5, the number of 2-sylow subgroups of order 4 in T is 1+2k and
1+2Kk\ 5, the possible values of k are 0 and 2. Hence the number of subgroups of T of order 4 is either 1 or 5, thus the maximum
number of subgroups of order 4 is 5, similarly the number of 5-sylow subgroups of T of order 5 is 1+5k and 1+5k\4, the possible
values of k is 0 only. Hence the number of subgroups of order 5 is 1. Therefore the number of subgroups of T of order 4 is 5 and

the number of subgroups of order 5 is 1. Therefore each subgroup of order 20 contains a unique subgroup of order 5 and each
contains a subgroup of order 10. Hence there are 6 subgroups of Ssof order 20 are,

Tua=A{i, B1, B2y B3s Bar Y2, Ve Yor Y13 Y141 T3s Tas Ta1s Ti2y T17s Tagr T2ss T260 T270 T2gh
Tus = {I! .85! .86! .87! .88! Y1, Y7, V8r V121 V14, T1y T2, T13s T14, T1sy T16r T235 T24y T27, TZB}I
Taas = {i, Bo, B1os P11+ B12: Y31 V55 Yor Y105 Y125 Tss Tes Toy T10s T175 T18s T1os T20s T23s T24ds
Tw7 ={i, B13, Bras Bis: Bies Y21 Yar Vs Y10 Viss T3s Tas T75 Tgs Tass T16r T19s T205 T295 T30
Tus =A{i, B17, Brs: B1os B20s V3, Yar Y7, Y11, V13» Tss Ter T75 Tgs T13y T1as T21, T22s T25s T26)
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Taso= {i, B21: B22: B23: B2ar Y1, ¥s: Ver Y111 Viss T1s T2) Tos T10s T11s T12) T21) T22) T20s T30}

Subgroups of order 12

Let V be any arbitrary subgroup of Ss of order 24, since |V| = 23x 3, the number of 2-sylow subgroups of order 8 in V is 1+2k and
1+2k\3, the possible values of k are 0 and 1. Hence the number of subgroups of V of order 8 is either 1 or 3, thus the maximum
number of subgroups of order 8 is 3, similarly the number of 3-sylow subgroups of order 3 in V is 1+3k and 1+3k\8, the possible
values of k are 0 and 1. Hence the number of subgroups of order 3 in V is either 1 or 4, thus the maximum number of subgroups
of order 3 is 4, Therefore by multiplying a subgroups of order 8 with subgroups of order 3, we determine 5 subgroups of Ss of
order 24 are,

Viso = {i, a3, as, g, Ag, A9, A19, 01, 02,03, 04, 07, Og, O13, O14, Var Ver Y12+ T75 Tgs T11, T12s T23, Toads

Vis1 ={i, ay, az, a3, a4, As, A6, 013, 014,015, 016, 017, O18: 019, 020, V1, V2, ¥3: T1» T25 T3 Tas Tsy T b

Vis2 ={i, ay, az, a3, a7, ag, as, 07, 05,09, 010, 011, O12, O19, 020, V10, Y11+ Y14 T19s T20, T215 T22, T27, T2gh
Viss ={i, ay, a4, a6, @7, Ag, 19, O3, 04,05, 6, Tg, 019, 017, O18: Y7, Yos Y15 T13» T14» T175 T1gs T20: T30
Visa ={i, a3, a4, as, a7, g, A19, 01, 02,05, 06, 011, O12, 015, O16, Vs» Va1 Y13+ Tos T10s T15) T16r T251 T26}

Subgroup of order 13

The subgroup of order 30 cannot exist since 30 = 2x3x5, by multiplying a subgroup of order 3 and subgroup of order 10 or
multiplying a subgroup of order 5 and subgroup of order 6, ie) by finding KiPj or MiNj for all i and j we get in each case an
element of order 4 which cannot exist in a subgroup of order 30.

Subgroup of order 14

The subgroup of order 40 also cannot exist, since 40 = 23x5 = 4 x 10 by multiplying a subgroup of order 5 and subgroup of order
8 that is by finding MiQj for all i and j we get elements of order 3 or elements of order 6 which cannot exist in a subgroup of order
40.

Also multiplying a subgroup of order 4 and a subgroup of order 10, that is by finding LiPj for all i and j, we get elements of order
3 or 6 which cannot exist in a subgroup of order 40.

Subgroup of order 15
The only subgroup of Ss of order 60 is the alternating group As consisting of all even permutations in Ss. Therefore the only one
subgroup of order 60 is,

A5:{i,0—1,0—2,0_3, ...... 1y X0, V11 V21 V35 cvnens » V15 Bl,ﬁz,ﬁg,, ...... ,B24}.

Subgroup of order 16
Every group is a subgroup of itself; hence the whole group Ss is a subgroup of Ss of order 120.
According these results, we have the diagram of lattice subgroups of Ss is shown below,

RowlI

Row IT

Row III

Row IV
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Row I: (Left to right): R129 t0 R13g, V150 10 V154, R139 10 R1a3 and T144 t0 T149

Row II: (Left to right): N7g t0 Ng7, Ngg t0 N1o7, Ngs t0 No7, Q108 10 Q122 and P123 to Piog
Row IlI: (LEft to right): K,z to K36, Ls7 to L51, Ls, to Lee, Lez to L7 and M7, to M7z
Row 1V: (Left to right): H, to Hi; and Hiz to Has.

6. Lattice Identities in the Subgroup Lattices of the Symmetric Group Sn

6.1 Consistency in Lattices of Subgroups of the Symmetric Group Sn

Lemma: 6.1

L (Sn) is consistent if n =2 and n = 3 and L (Sy) is not consistent if n =4 and n = 5.

Proof:

From the Fig.1 and Fig.2, it is easily seen that whenever j is a join-irreducible element in L(S,), then x Vv j is join-irreducible in the
upper interval [x,1] for every XeL(S,) when n < 3. So, L (Sy) is consistent, when n < 3.

When n = 4,

We choose the join irreducible element K, € L (S4), and now K,V Ks= Ss= M21VN24 in the upper interval [Ks, S4]. So L (Sa4) is not
consistent.

Sy
»

Fig 5
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When n =5,

Now we choose join irreducible element L2z € L (Ss), and K27VPg7 = Ss = T13gVV1s: in the upper interval [Pg7, Ss]. So L (Ss) is not
consistent.

55

HIBE

6.2 Modularity in Lattices of Subgroups of Symmetric Group Sn

Lemma: 6.2

L (Sn) ismodular ifn=2and n =3 and L (Sy) is not modular ifn=4 and n = 5.

Proof:

Since L (Sy) is isomorphic to By, the 2-element chain, it is modular. So that L (S;) is modular.

Now L (Ss) is isomorphic to Mg, it is modular, so that L (S3) is modular.

But L (S4) is not modular, since we know that Ns is not modular and it contains the sublattice {{e}, K4, M1s, L11, As} which is
isomorphic to the pentagon Ns. Hence L (S4) is not modular.

Also, L (Ss) is not modular, since we know that Ns is not modular and it contains the sublattice {{e}, K27, Has, Le7, R13o} Which is
isomorphic to the pentagon Ns. Hence L (Ss) is not modular.
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6.3 Semi-Modularity in Lattices of Subgroups of Symmetric Group Sn
Lemma: 6.3
L (Sn) is semi-modular if n =2 and n =3 and L (S,) is not semi-modular ifn=4andn=5

Proof:
We know that L (S2) and L (Ss) are modular, so they are also semi- modular.
Whenn =4,

In L (S4), there are two elements Ksand L such that Ks ALy = {€} which is covered by Ks while Ks v L1; = S4 which does not
cover Li;. Therefore, L (S4) is not semi-modular.
Whenn =5,

In L (Ss), there are two elements Ky7 and M7 such that Koz A M7z = {e} which is covered by K7 while Ky7 vV M7z = S which does
not cover M7, Therefore, L (Ss) is not semi-modular.

7. Conclusion
Consistency of L (Sy), Modularity of L (Sy), Semi-Modularity of L (S,) for n <5 were investigated in this section. But to decide
the properties for n > 5 seems to be difficult.
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