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Abstract 

This paper focuses on modeling an undergraduate students flow at university of Tabuk-faculty of Science 

(KSA) with stochastic process model depending on Markov Chain. The proposed model built by a 

reducible discrete Markov chain with eight transient and three absorbing states. The probabilities of 

absorption (graduating, withdrawal and apologized) were obtained. Furthermore, the expected time 

student will spend when he is enrolled in a particular stage of the study program is estimated, the 

expected time student enrolled in the first semester can expect to spend before graduating is obtained and 

the probabilities of students' progression between successive semesters of the study program for each 

academic year is calculated. The model also enables the prediction of future probability of student repeat 

specific semester, withdraw, apologize or graduate. 
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1. Introduction 

A Markov chain is an important class of stochastic processes in which a future state of an 

experiment depends only on the present one, not on proceeding states (see Bharucha, 2012) [8]. 

There are various statistical techniques used for prediction such as time series models, cohort, 

regression, ratio, Markov chain and simulation. Among these techniques, Markov chain seems 

to be the most suitable model for this study, because it is a method that not only can estimate 

promotion and repetition rates, but it can also estimate the number of dropouts, graduates and 

death rates in the matrix (Johnstone, 1974; Borden & Dalphin, 1998; Armacost & Wilson 

2004) [16, 9, 7]. Markov chain method can also measure detailed information on the students' 

progress such as the average time student spend in an education system whereby other 

techniques like regression and ratio are unable to measure this (Kinard & Krech, 1977; Healey 

& Brown, 1978; Grip & Young, 1999; Guo, 2002) [17, 14, 12, 13].  

The use of Markov chain to model and analyze the students flow in the higher education is not 

new. Reynolds & Porath (2008) [19] studied absorbing Markov chain with four transient and 

one absorbing states to model the academic progress of students attending the University of 

Wisconsin-Eau Claire over a specific length of time. Al-Awadhi & Konsowa (2007) [5] and Al-

Awadhi & Konsowa (2010) [6] have modelled student flow in a high educational institution at 

Kuwait University by a finite Markov chain with eight states and with five transient and two 

absorbing states. Brezavšček & Baggia (2015) [10] and Brezavšček & Baggia (2017) [11] have 

built a model of student flow at Slovenian universities by a reducible discrete Markov chain 

with five transient and two absorbing states. Shah and Burke (1999) [20] used Markov chain to 

model the movement of undergraduates through the higher education system in Australia with 

51 transient and two absorbing states. Rahel et al. (2013) [18] have developed an enrolment 

projection model based on the Markov chain for postgraduate students at University Utara 

Malaysia classified students by age, field of study, students' status whether they have 

graduated, dropped out, or deferred from their programs. Hlavatý & Dömeová (2014) [15] have 

used Markov chain to create a model of students' progress throughout the whole courses at the 

Czech university of life sciences (CULS) in Prague with four transient and four absorbing 

states. Very interesting and useful are the studies, which modelled the students’ progression 

and their performance during higher education study using an absorbing Markov chain (see 

e.g., Adam, 2015; 
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Adeleke et al., 2014; Al- Awadhi & Ahmed, 2002; Auwalu et 

al., 2013; Wailand & Authella, 1980) [2, 3, 4, 1, 21].  

This paper provides a model, which can be used for analyzing 

the undergraduate students flow at University of Tabuk-

faculty of Science (KSA). The proposed model is built by a 

reducible discrete Markov chain with eight transient and three 

absorbing states. The eight transient states represent the eight 

stages (semesters) student should move around until graduate, 

while the three absorbing states are graduation, withdrawal 

from specific semester and apologized for the study program.  

The rest of the paper is outlined as follows. In Section 2, we 

describe states of the Markov chain. Mathematical model is 

demonstrated in Section 3. Numerical example is given in 

Section 4. Section 5 pertains to the results and section 6 

provides the conclusions of the study.  

 

2. Definition of states of the Markov Chain 

The duration of bachelors' degree within University of Tabuk 

is four years divided into eight semesters. Therefore, to model 

the student academic progress we define the following states:  

  
To develop the model, the following assumptions are 

considered: 

 Student who is currently enrolled into the first, second, 

third, fourth, fifth, sixth or seventh semester of the study 

program can next semester either progress to a higher 

level or repeat a semester (remaining at the same level).  

 Student who is currently enrolled into the eighth semester 

of the study program can be either remain into the current 

semester, or can graduate and finish the study program.  

 Student who has withdrawn from specific semester will 

never join this semester unless takes the acceptance of the 

academic manager. 

 Student who has apologized will leave this study 

program. 

 

3. Mathematical model 

The general form of the Markov chain model is given by 

 

 
 

Where 𝑛(𝑡) is the column vector whose 𝑖th element represents 

the number of students in state 𝑖 at time 𝑡. 𝑍 (𝑡) is the square 

matrix whose 𝑖𝑗th element represents the number of students 

moving from state 𝑖 at time 𝑡 to state 𝑗 at time 𝑡 + 1, 𝐼 is the 

column vector of ones, and 𝐻(𝑡) is the number of students 

moving from transient state 𝑖 at time 𝑡 to absorbing state 𝑗 at 

time 𝑡 + 1. 

Eq. (1) refers that the number of students at the beginning of 

semesters consists of those who will survive to the next 

semester and those who will leave the program in that 

semester. 

The general form of the probability transition matrix of an 

absorbing Markov chain with r absorbing and 𝑡 transient 

states is 

 

 
 

Where 

𝑄 is a square matrix expressing transitions between the 

transient states.  

𝑅 is a matrix expressing transitions from the transient states to 

the absorbing states.  

0 is a zero matrix  

𝐼 is an identity matrix  

Base on the formulation in Shah & Burke (1999) [20] and 

Rahel et al. (2013) [18], the transition matrix (𝑄) and the 

absorbing matrix (𝑅) are used to calculate the estimated 

average time student spend in the system and estimate the 

probability a student completing a course as follows, 

The matrix of transition probabilities given as 

 

 
 

where 𝑄(𝑡) is square matrix whose 𝑖𝑗th element represents the 

probability of student moving from state 𝑖 at time 𝑡 to state 𝑗 

at time 𝑡 + 1 and 𝑛̂(𝑡) is a diagonal matrix whose elements 

are the elements of 𝑛(𝑡). 

The matrix of absorption probabilities is given by: 

 

 
 

Where 𝑅(𝑡) is matrix whose 𝑖𝑗th element represents the 

probability of a student in state 𝑖 at time 𝑡 departing into an 

absorbing state 𝑗 at time 𝑡 +  1. 

The fundamental matrix 𝑁 of an absorbing Markov chain 

plays an important role in the assessment of the student 

completion attributes, and it defined as 

 

 
 

Where 𝑁 is a square matrix whose 𝑖𝑗th element represents the 

average time (in 6 month (semester)) that a student who 

commenced in state 𝑖, remains in state 𝑗 before departing the 

program and 𝐼 is the identity matrix. 

The sum of the entries in the diagonal of 𝑁 represents the 

expected time student enrolled in the first semester can expect 

to spend before graduating. That is, 

  

 
 

The average time a student spends in the program is 

calculated by, 

 

 
 

Where 𝜇 is the mean time a student remains in the study 

program given that he commenced in state 𝑖. 
The probability of a student moving into an absorbing state 𝑗, 

given that he commenced in transient state 𝑖, is given by the 

𝑖𝑗th element of the matrix 
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Formula below can be used to predict the future enrolment of 

the student 
 

 
 

Where, 𝑝(0) represents the initial probability distribution, 𝑃𝑛 

is the transition matrix 𝑃 after 𝑛 academic years and 𝑝(𝑛) is 

the probability distribution after 𝑛 academic years. 

The state transition diagram for the students' progression is 

illustrated in Figure 1. 

 

 
 

Fig 1: The state transition diagram for the students' progression 

 

The probability transition matrix describing the progression of students from the first semester towards graduation is: 

 

 
 

The Markov chain (10) is reducible. It consists of three closed 

sets of absorbing states 𝐶1 = {𝐺}, 𝐶2 = {𝑊} and 𝐶3 = {𝐴} and 

of eight transient states 𝑇 = {𝑆1, 𝑆2, 𝑆3, 𝑆4, 𝑆5, 𝑆6, 𝑆7, 𝑆8}. The 

matrices Q, and R can be obtained from (10) as follows: 

 

 
 

4. Numerical example 

To apply the model, data were obtained from the students' 

intake records at University of Tabuk-Faculty of Science 

(KSA). In our analysis, only the full time bachelor degree 

students were included. The frequency data during five 

consecutive academic years from 1428/29 to 1432/33 Hijri 

calender are presented in Table 1. 
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Table 1: Students' progression through academic years from 1428/29 to 1432/33 Hijri calendar 
 

Year 1428/1429 

 𝑆1 𝑆2 𝑆3 𝑆4 𝑆5 𝑆6 𝑆7 𝑆8 G W A Total 

𝑆1 2 234 0 0 0 0 0 0 0 0 1 237 

𝑆2 0 1 231 0 0 0 0 0 0 0 3 235 

𝑆3 0 0 0 228 0 0 0 0 0 1 3 232 

𝑆4 0 0 0 20 195 0 0 0 0 5 8 228 

𝑆5 0 0 0 0 18 165 0 0 0 7 5 195 

𝑆6 0 0 0 0 0 9 144 0 0 3 9 165 

𝑆7 0 0 0 0 0 0 10 130 0 1 3 144 

𝑆8 0 0 0 0 0 0 0 5 123 0 3 131 

Year 1429/1430 

𝑆1 1 393 0 0 0 0 0 0 0 12 2 408 

𝑆2 0 0 356 0 0 0 0 0 0 34 3 393 

𝑆3 0 0 0 321 0 0 0 0 0 31 4 356 

𝑆4 0 0 0 55 233 0 0 0 0 32 2 322 

𝑆5 0 0 0 0 28 192 0 0 0 12 1 233 

𝑆6 0 0 0 0 0 12 173 0 0 6 1 192 

𝑆7 0 0 0 0 0 0 9 161 0 3 3 176 

𝑆8 0 0 0 0 0 0 0 1 159 0 1 161 

Year 1430/1431 

𝑆1 0 381 0 0 0 0 0 0 0 34 7 422 

𝑆2 0 1 317 0 0 0 0 0 0 59 4 381 

𝑆3 0 0 24 247 0 0 0 0 0 40 6 317 

𝑆4 0 0 0 22 184 0 0 0 0 37 4 247 

𝑆5 0 0 0 0 22 149 0 0 0 10 3 184 

𝑆6 0 0 0 0 0 4 137 0 0 6 2 149 

𝑆7 0 0 0 0 0 0 2 132 0 2 1 137 

𝑆8 0 0 0 0 0 0 0 5 126 3 1 135 

Year 1431/1432 

𝑆1 1 296 0 0 0 0 0 0 0 2 1 300 

𝑆2 0 1 292 0 0 0 0 0 0 2 1 296 

𝑆3 0 0 8 255 0 0 0 0 0 26 3 292 

𝑆4 0 0 0 5 226 0 0 0 0 20 4 255 

𝑆5 0 0 0 0 11 211 0 0 0 2 2 226 

𝑆6 0 0 0 0 0 14 186 0 0 7 4 211 

𝑆7 0 0 0 0 0 0 3 177 0 5 1 186 

𝑆8 0 0 0 0 0 0 0 4 168 5 0 177 

Year 1432/1433 

𝑆1 1 349 0 0 0 0 0 0 0 9 1 360 

𝑆2 0 3 331 0 0 0 0 0 0 12 3 349 

𝑆3 0 0 9 299 0 0 0 0 0 21 2 331 

𝑆4 0 0 0 29 250 0 0 0 0 17 3 299 

𝑆5 0 0 0 0 13 223 0 0 0 12 2 250 

𝑆6 0 0 0 0 0 6 209 0 0 5 3 223 

𝑆7 0 0 0 0 0 0 14 181 0 13 1 209 

𝑆8 0 0 0 0 0 0 0 5 173 3 0 181 

 

In Table 1 the last column labeled 'Total' shows the total 

number of students enrolled in each semester who either 

remain in the same semester, move to the next semester (or 

graduate), withdraw that semester or apologize of study 

program. For example, for the academic year 1428/29 the first 

raw had total of 237 students of which 234 continue to the 

second semester 2 students remained and 1 student 

apologized. 

 

Probability transition matrix 

Data in Table 1 have used to estimate the transition 

probabilities for transition matrix for each academic year, that 

is, 𝑃1, 𝑃2, 𝑃3, 𝑃4 and 𝑃5. where 𝑃1 denotes the transition 

probability matrix corresponds the first academic year 

1428/29, while the other matrices 𝑃2, 𝑃3, 𝑃4 and 𝑃5 

characterizes the second, third, fourth and fifth academic 

years respectively. The result in each entry of the transition 

matrix is obtained by dividing each value in each row to the 

corresponding row total. For example, for academic year 

1428/29 the corresponding transition matrix is 𝑃1 the first 

element in the first row 0.0084 is obtained by dividing 2 with 

the total value 237, other values in 𝑃1 and transition matrices 

𝑃2, 𝑃3, 𝑃4 and 𝑃5 follow the same definition. Moreover, the 

shaded rectangle area in each transition matrix represents the 

corresponding matrix 𝑄 while the dots rectangle explains 

matrix 𝑅.  
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Using 𝑄1, 𝑄2, 𝑄3, 𝑄4 and 𝑄5 the corresponding fundamental matrices 𝑁1, 𝑁2, 𝑁3, 𝑁4 and 𝑁5 of Eq. (5) are calculated: 
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The elements of each fundamental matrix 𝑁𝑖 represent the 

expected number of semesters student will spend when he is 

enrolled in a particular stage of the study program. For 

example, let we assume student is enrolled in the first 

semester of academic year 1428/29, it is expected that he will 

spend 1.0085 semesters (6 months and 1 day) for the first 

level, 1 semester (6 months) for the second level, 0.9830 

semesters (5 months and 27 days) for the third level, 1.0589 

semesters (6 months and 10 days) for the fourth level, 0.9978 

semesters (5 months and 29 days) for the fifth level, 0.8930 

semesters (5 months and 10 days) for the sixth level, 0.8375 

semesters (5 months) for the seventh level, and 0.7861 

semesters (4 months and 21 days) for the eight level.  

The mean time 𝜇i until absorption of Eq. (7) and the 

probability of absorption 𝐵i of Eq.(8) for each academic year 

are respectively given as: 
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5. Results  

Moving between different semesters estimation 

Table 2 gives the probabilities of students' progression 

between successive semesters of the study program for each 

academic year, which can be directly obtained from the 

probability transition matrices 𝑃𝑖 𝑖 = 1,2, … ,5. 

 
Table 2: Probabilities of the students successfully moving between semesters until graduate for each academic year. 

 

Academic 

year 

Moving from 1st 

to 2nd. 

Moving from 

2nd to 3rd. 

Moving from 

3rd to 4th 

Moving from 

4th to 5th. 

Moving from 

5th to 6th. 

Moving from 

6th to 7th. 

Moving from 

7th to 8th. 
Graduate 

1428/29 0.9873 0.9830 0.9828 0.8553 0.8462 0.8727 0.9028 0.9389 

1429/30 0.9632 0.9059 0.9017 0.7236 0.8240 0.9010 0.9148 0.9876 

1430/31 0.9028 0.8320 0.7792 0.7449 0.8098 0.9195 0.9635 0.9333 

1431/32 0.9867 0.9865 0.8733 0.8863 0.9336 0.8815 0.9516 0.9492 

1432/33 0.9694 0.9484 0.9033 0.8361 0.8920 0.9372 0.8660 0.9558 

Average 0.96188 0.93116 0.88806 0.80924 0.86112 0.90238 0.91974 0.95296 

 

Row 1 in Table 2 concerning academic year 1428/29, 

indicates that, 98.73% of students moved successfully form 

first to second semester, 98.30% moved successfully form 

second to third, 98.28% moved from third to fourth, 85.53% 

moved from fourth to fifth, 84.62% from fifth to sixth, 

87.27% from sixth to seventh, 84.62% from seventh to eighth 

and 93.89% of students graduated. The last row represents the 

probabilities averages of the students moved successfully 

between semesters until graduate for the five academic years. 

Figure 1 shows probabilities of the students moved 

successfully between semesters until graduate for academic 

year 1428/29 and the averages of overall five academic years. 

 

 
 

Fig 2: Probabilities moving between semesters until graduate for 1428/29 and the average of overall 5 academic years. 

 

Expected time spend before graduation  

Table 3 represents the expected time (semesters) student 

enrolled in the first semester can expect to spend before 

graduating for each academic year, which has been calculated 

according to Eq.(6) 

 
Table 3: The expected time student enrolled in the first semester can 

expect to spend before graduating 
 

Academic year Expected time 𝑬𝑮 

1428/29 8.3826 

1429/30 8.4718 

1430/31 8.3990 

1431/32 8.2166 

1432/33 8.3295 

Expected time in last 5 academic years 8.3599 

 

From Table 3 we note that, regarding the academic year 

1429/30, the expected time student spend until graduate is 

8.4718 semesters (4 years, 2 months and 24 days) greater than 

other academic years, while student of the academic year 

1431/32 spend 8.2166 semesters (4 years, 1 month and 8 

days) less than student of the rest academic years. Moreover, 

student of the two last academic years 1431/32 and 1432/33 

spend time less than the average time of overall five academic 

years (see Figure 2). 

  

 
 

Fig 2: The expected time student enrolled in the first semester can 

expect to spend before graduating and average of overall 5 academic 

years 

 

Probabilities of withdrawal and apology  

Table 4 shows the probabilities of student withdraw from a 

particular semester and apologize of study program for each 

academic year. Note that the last two column give the 

averages of the five academic years. 
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Table 4: Probabilities of withdrawal and apology from a particular study stage 
 

Year 1428/29 1429/30 1430/31 1431/32 1432/33 Average 

State W A W A W A W A W A W A 

1st 0.085 0.177 0.357 0.050 0.497 0.076 0.249 0.058 0.291 0.047 0.296 0.082 

2nd 0.086 0.173 0.339 0.047 0.461 0.066 0.245 0.056 0.274 0.046 0.281 0.078 

3rd 0.087 0.162 0.278 0.043 0.366 0.066 0.241 0.053 0.250 0.039 0.244 0.073 

4th 0.084 0.152 0.212 0.035 0.273 0.054 0.166 0.047 0.199 0.035 0.187 0.065 

5th 0.064 0.121 0.106 0.032 0.132 0.044 0.095 0.034 0.147 0.026 0.109 0.051 

6th 0.026 0.100 0.051 0.029 0.077 0.028 0.088 0.025 0.102 0.019 0.069 0.040 

7th 0.007 0.045 0.018 0.024 0.037 0.015 0.055 0.005 0.082 0.005 0.040 0.019 

8th 0.000 0.024 0.000 0.006 0.023 0.008 0.029 0.000 0.017 0.000 0.014 0.008 

 

 
 

Fig 3: Probabilities averages of withdrawal and apology from a 

particular study stage 

 

From Table 4 it can be seen that the probability of withdrawal 

and apology decrease as the students' progress to higher 

levels. This may be the result of the fact that they understand 

the system better as they pass from one level to another (see 

also Figure 3). 

 

Predicting the future enrolment of students 

To predict the future probability of student repeat specific 

semester, withdraw, apologize or graduate, let us assume that 

the initial state is in the last academic year 1432/33. So, form 

in Table 1 the total number of students who repeated each 

semester, graduated, withdrawn or apologized from study 

program of academic year 1432/33 are (1, 3, 9, 29, 13, 6, 14, 

5, 173, 92, 15) which used to estimate the initial vector 𝑃(0),

 
 

Using Eq.(9) we can predict the future enrolment of the 

students in next 4 academic years 1434/35, 1435/36, 1436/37  

and 1437/38. The results are given in Table 5. 

 
Table 5: Prediction of the future enrolment in the study program 

 

 1434/35 1435/36 1436/37 1437/38 

 # of students % # of students % # of students % # of students % 

Repeats 𝑆1 0 0.00% 0 0.00% 0 0.00% 0 0.00% 

Repeats 𝑆2 1 0.28% 0 0.00% 0 0.00% 0 0.00% 

Repeats 𝑆3 3 0.86% 1 0.29% 0 0.01% 0 0.00% 

Repeats 𝑆4 11 3.04% 4 1.07% 1 0.36% 0 0.04% 

Repeats 𝑆5 25 6.92% 10 2.90% 4 1.05% 1 0.36% 

Repeats 𝑆6 12 3.27% 23 6.26% 10 2.76% 4 1.01% 

Repeats 𝑆7 7 1.82% 11 3.18% 22 6.08% 11 2.99% 

Repeats 𝑆8 12 3.41% 6 1.67% 10 2.80% 19 5.35% 

Graduate 178 49.38% 189 52.64% 195 54.24% 205 56.92% 

Withdrawal 96 26.68% 99 27.50% 101 28.08% 103 28.64% 

apologize 16 4.34% 16 4.49% 17 4.62% 17 4.70% 

Total 360 100% 360 100% 360 100% 360 100% 

 

From Table 5 we find out that 

 49.4%, 52.6%, 54.2% and 56.9% of students who join 

study program in the academic years 1434/35, 1435/36, 

1436/37 and 1436/37 respectively will graduate, implies 

that the graduation is gradually increase (see Figure 4). 

 19.6%, 15.4%, 13.1% and 9.8% of students who join 

study program in the academic years 1434/35, 1435/36, 

1436/37 and 1437/38 respectively will repeat one or more 

semesters before graduate. Indicates that the probability 

of repeating semesters before graduation is gradually 

decrease (see Figure 5).  

 26.68%, 27.5%, 28.08% and 28.64% of students who join 

study program in the academic years 1434/35, 1435/36, 

1436/37 and 1436/37 respectively will withdraw from 

one or more semesters before graduate, implies that the 

withdrawal is gradually increase. 
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Fig 4: Prediction of graduation in 4 next academic years Fig 5: Prediction of Repeating in 4 next academic years 

 

6. Conclusion 

This study focuses on modeling an undergraduate students 

flow at university of Tabuk-faculty of Science (KSA) with 

stochastic process model depending on Markov Chain. The 

proposed model built by a reducible discrete Markov chain 

with eight transient and three absorbing states. The eight 

transient states represent an eight semesters student should 

move around until graduate, while the three absorbing states 

are graduation, withdrawal from specific semester and 

apologized for the study program. The probabilities of 

absorption (Graduating, withdrawal and apologized) were 

obtained. Furthermore, the model also provides estimates for 

the expected time student will spend when he is enrolled in a 

particular stage of the study program, the expected time 

student enrolled in the first semester can expect to spend 

before graduating and the probabilities of students' 

progression between successive semesters of the study 

program for each academic year. The model enables the 

prediction of future probability of student repeat specific 

semester, withdraw, apologize or graduate.  
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