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Abstract 
This manuscript deals with a new class of the stochastic model of a two-unit cold stand by system is 
analyzed. There is a single repair facility to repair the failed unit. A unit is repaired in two phases and 
each phase the repair is performed in two parts. Therefore, the repair time distribution in each phase is 
assumed to be two-stage Erlangian with parameters (2, λ) and (2, μ) in phase I and in phase II 
respectively. The repair facility repairs both the phases of repair and can repair one unit at a time. After 
phase II repair a units works as good as new. Using suitably chosen regeneration points the system model 
is analyzed probabilistically to obtain various useful reliability measures as in earlier chapters. 
we consider a two-unit standby system with preventive maintenance of the operative unit. There is a 
transfer switch to connect online the standby unit. The transfer switch operates instantaneously at the 
time of need with some fixed probability. There is also a repair facility, which repairs the failed unit. The 
repair facility is also takes some random time in arriving at the system. Considering failure and 
appearance time of repair facility as exponential and all other distributions time dependent, the system 
model is analysed to obtain the various performance measures. 
 
Keywords: Transition Probabilities, Reliability, Repair Facilities, Maintenance Facilities and Expected 
life time. 
 
Introduction 
Two-unit redundant system with preventive maintenance have been studied extensively. Osaki 
and Asakura (1970) have analysed a system model with preventive maintenance. Lau (1983) 
has explained the following three types of actions in preventive maintenance 
(i) Regular care of the system such as lubrication, refuelling, cleaning, adjustments and 

depending on other requirements of the components. 
(ii) Checking and repairing of failed components. It is a function of probabilities. 
(iii) Replacing or overhauling near wearout components. It depends on wearout 

characteristics of the components. Gupta and Pandya (1998) have analysed a system 
model having a transfer switch which takes some random time for switch over. Gupta 
and Sammerawar (2000) have considered a system having a transfer switch working 
instantaneously, which connects a protection device to main unit.  

In the present paper we consider a two-unit standby system with preventive maintenance of the 
operative unit. There is a transfer switch to connect online the standby unit. The transfer 
switch operates instantaneously at the time of need with some fixed probability. There is also a 
repair facility, which repairs the failed unit. The repair facility is also takes some random time 
in arriving at the system. Considering failure and appearance time of repair facility as 
exponential and all other distributions time dependent, the system model is analysed to obtain 
the various performance measures such as : transition probabilities and mean sojourn times, 
reliability and expected life time of the system, expect uptime of the system during (0,t), 
Expected busy period of the repair and maintenance facilities particular case with all 
exponential distributions is considered. 
 
System Description and Assumptions 
A two-unit cold standby system is considered. During operation a unit requires its preventive 
maintenance to prolong its life time and improve the efficiency. There is a maintenance facility 
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which performs the preventive maintenance at random epochs of time. The unit operates during its maintenance and may fail in 
that duration. As soon as the unit under preventive maintenance fails, its preventive maintenance is stopped immediately and the 
repair facility is called for the repair of the unit. The repair facility takes some random time before starting the repair of the failed 
unit. During the presence of repair facility the preventive maintenance of the other operative unit is not required. The repair 
facility repairs the units one by one. The first come first served rule is followed for repair. The preventive maintenance and repairs 
are perfect. The failure time distribution of the unit is exponential while the repair time distribution are time dependent. Inter-
arrival time of maintenance facility and maintenance time distributions are also considered as arbitrary functions of time. The 
arrival of repair facility follows the exponential distribution. 
 
Notations and States of the System 
(a) We define the following symbols for the states of the system: 
Mode symbols of the units 
O : One good unit in operating mode. 
S : One good unit is kept as cold standby. 
F : Unit in failed mode or a failed unit. 
P : Operative unit under preventive maintenance. 
 
Suffix symbols  
r  : unit under repair 
w : waiting for repair 
 
Using the above symbols and inview of system description and assumptions of section 3.2, we define the following possible states 
of the system. 
ܵ଴ ≡ ሺܱ, ܵሻ : One unit operative and the other is standby. 
ଵܵ ≡ ሺܨ௪, ܱሻ : One failed unit waiting for repair and the other unit operating. 
ܵଶ ≡ ሺܨ௥, ܱሻ : One failed unit under repair and the other unit operating. 
ܵଷ ≡ ሺܲ, ܵሻ : One operating unit under preventive maintenance and the other unit as standby. 
ܵସ ≡ ሺܲ,  .௪ሻ: One operating unit under preventive maintenance and the other unit waiting for repairܨ
ܵହ ≡ ሺܨ௪,  .௪ሻ: Both the failed units waiting for repairܨ
ܵ଺ ≡ ሺܨ௥,  .௪ሻ: One unit under repair and the other failed unit waiting for repairܨ
 
Therefore, the states may be classified as follows : 
Up States   : S0, S1, S2, S3, S4 
Failed States : S5, S6  
 
(b) Other Notations  
E : Set of regenerative states. 
  { S0, S1, …, S6 } . 
 .ത : Set of non-regenerative stateܧ
  { S6 } . 
α : Constant failure rate of an operative unit. 
 : Constant arrival rate of the repair facility. 
f(1),F(1) : pdf and cdf of repair time. 
g(1),G(1) : pdf and cdf of maintenance time of an operative unit.  
h(1),H(1) : pdf and cdf of inter-arrival time of maintenance facility. 
n1,n2,n3  : mean repair time, mean maintenance time and mean inter-arrival time of maintenance facility. 
 
Transition Diagram 
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The other notations not given here may be seen from the Glossary of general notations given at the starting of the thesis. 
The transition diagram of the system model along with transition rates or transition time cdfs is shown in Fig.3.1. It may be 
observed that the epoch of transition S2 to S6 is non-regenerative, while entry from S5 to S6 is a regeneration point. Therefore, S6 is 
non-regenerative as well as the regenerative state.  
 
Transition Probabilities and Expected Sojourn Times 
(a) As defined earlier ܳ௜௝ሺݐሻ is the cdf of transition time from regenerative state Si to Sj. As the states defined in E are 
regenerative, by simple probabilistic arguments, the non-zero elements of the matrix Q= ሺܳ௜௝ሺݐሻሻ are as follows : 
ܳ଴ଵሺݐሻ = Probability that the system transits from state S0 to S1 during time  t 

׬ = ܲ
௧
଴

 [System transits from S0 to S1 durin (u,u+du) while it is not transited to S3 up to time u ] 

׬ =   ߙ
௧
଴

 ݁ିఈ௨݀ݑ.  ሻ      (1)ݑഥሺܪ
Similarly, we have 

ܳ଴ଷሺݐሻ = ׬ ݁ିఈ௨
௧
଴

 ሻݑሺܪ݀ 

ܳଵଶሺݐሻ = ׬ ሺఏାఈሻ௨ି݁ߠ
௧
଴

 ݑሻ݀ݑഥሺܪ 

ܳଵସሺݐሻ = ׬ ݁ିሺఈାఏሻ௨
௧
଴

 ሻݑሺܪ݀ 

ܳଵହሺݐሻ = ׬ ሺఏାఈሻ௨ି݁ߙ
௧
଴

 ݑሻ݀ݑഥሺܪ 

ܳଶ଴ሺݐሻ = ׬ ݁ିఈ௨
௧
଴

 ሻݑሺܨ݀ 

ܳଷ଴ሺݐሻ = ׬ ݁ିఈ௨
௧
଴  ሻݑሺܩ݀ 

ܳଷଵሺݐሻ	= ׬ ߙ
௧
଴

 ݁ିఈ௨̅ܩሺݑሻ݀ݑ 

ܳସଵሺݐሻ = ׬ ݁ିሺఏାఈሻ௨
௧
଴

 ሻݑሺܩ݀ 

ܳସଶሺݐሻ = ׬ ሺఏାఈሻ௨ି݁ߠ
௧
଴

 ݑሻ݀ݑሺܩ̅ 

ܳସହሺݐሻ = ׬ ሺఏାఈሻ௨ି݁ߙ
௧
଴  ݑሻ݀ݑሺܩ̅ 

ܳହ଺ሺݐሻ = ׬ ఏ௨ି݁ߠ
௧
଴

1 = ݑ݀  െ ݁ିఏ௧  

ܳ଺ଶሺݐሻ = ׬ ሺܨ݀
௧
଴

 ሻ = F(t)       (2-13)ݑ
 

To write the expression for ܳଶଶ
ሺ଺ሻሺݐሻ , suppose that the system transits from state S2 to S6 during (u,u+du), ut ; the probability of 

this event is ି݁ߙఈ௨݀ݑ. ݒሻ. Further, suppose that the system passes from S6 to S2 during the interval ሺݑതሺܨ ൅ ݒ ൅  ሻ in (u,t) withݒ݀
probability 
 

	
ሻݒሺܨ݀
ሻݑതሺܨ

 

 
Therefore, 
  

ܳଶଶ
ሺ଺ሻሺݐሻ = ׬ ߙ

௧
଴

 ݁ିఈ௨	ܨതሺݑሻ݀׬ ݑ
ௗிሺ௩ሻ

ிതሺ௨ሻ

௧
௨

 

 
Changing the limits of integration, we have 
 

ܳଶଶ
ሺ଺ሻሺݐሻ = ߙ ׬ ݀

௧
଴ ׬ ሻݒሺܨ  ݁ିఈ௨

௩
଴  ݑ݀	

׬ =   ሺ1 െ ݁ିఈ௩ሻ
௧
଴

 ሻݒሺܨ݀ 

  = ሺ1 െ ݁ିఈ௧ሻF(t) െ	ߙ ׬ ݁ఈ௩
௧
଴

 (14)  ݒ݀	ሻݒሺܨ
 
The unconditional probability that the system will transit from state Si to any state ߳	ܧ on or before time t is 

ܳ௜ሺݐሻ = ∑ ሾܳ௜௝ሺݐሻ௝  ∑ ܳ௜௝
ሺ௞ሻሺݐሻሿ௞  

Thus,  
ܳ଴ሺݐሻ = 1 െ ݁ିఈ௧	ܪഥሺݐሻ 
ܳଵሺݐሻ = 1 െ ݁ିሺఏାఈሻ௧	ܪഥሺݐሻ 
ܳଶሺݐሻ = ܨሺݐሻ 
ܳଷሺݐሻ = 1 െ ݁ିఈ௧	̅ܩሺݐሻ 
ܳସሺݐሻ = 1 െ ݁ିሺఏାఈሻ௧	̅ܩሺݐሻ 
ܳହሺݐሻ = 1 െ ݁ିఏ௧ 
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ܳ଺ሺݐሻ = ܨሺݐሻ 
 
(b) The steady-state transition probabilities are given by 
௜௝݌ ൌ lim

௧→ஶ
ܳ௜௝ሺݐሻ 

and  

௜௝݌
ሺ௞ሻ ൌ lim

௧→ஶ
ܳ௜௝
ሺ௞ሻሺݐሻ 

Therefore,  
଴ଵ݌ ൌ 1 െ ଴ଷ݌ ,     ሻߙ෩ሺܪ ൌ   ሻߙ෩ሺܪ
ଵଶ݌ ൌ ሾ1ߠ െ ߙ෩ሺܪ ൅ ሻሿߠ ሺߠ ൅ ⁄ሻߙ ଵସ݌ ,   ൌ ߠ෩ሺܪ ൅   ሻߙ
ଵହ݌ ൌ ሾ1ߙ െ ߙ෩ሺܪ ൅ ሻሿߠ ሺߠ ൅ ⁄ሻߙ ଶ଴݌ ,  ൌ   ሻߙ෨ሺܨ
ଶଶ݌
ሺ଺ሻ ൌ 1 െ ଷ଴݌ ,     ሻߙ෨ሺܨ ൌ   ሻߙ෨ሺܩ
ଷଵ݌ ൌ 1 െ ସଵ݌ ,     ሻߙ෨ሺܩ ൌ ߠ෨ሺܩ ൅   ሻߙ
ସଶ݌ ൌ ሾ1ߠ െ ߠ෨ሺܩ ൅ ሻሿߙ ሺߠ ൅ ⁄ሻߙ  ,  
ସହ݌  ൌ ሾ1ߙ െ ߠ෨ሺܩ ൅ ሻሿߙ ሺߠ ൅ ⁄ሻߙ  
ହ଺݌ ൌ ଺ଶ݌ ൌ 1 
 
We observe the following relationships  
଴ଵ݌ ൅ ଴ଷ݌ ൌ ଵଶ݌ ,    1 ൅ ଵସ݌ ൅ ଵହ݌ ൌ 1 

ଶ଴݌ ൅ ଶଶ݌
ሺ଺ሻ ൌ ଷ଴݌ ,     1 ൅ ଷଵ݌ ൌ 1 

ସଵ݌ ൅ ସଶ݌ ൅ ସହ݌ ൌ ହ଺݌ ,   1 ൌ ଺ଶ݌ ൌ 1     (15-20) 
(a) Mean sojourn time ߤ௜ in state Si is defined as the expected time for which the system stays in Si. In particular 
଴ߤ ൌ ׬ ܲሾ ଴ܶ ൐ ݐሿ݀ݐ ൌ ׬ ݁ିఈ௧. ݐሻ݀ݐഥሺܪ

ஶ
଴

ஶ
଴

  

 = ሾ1 െ ሻሿߙ෩ሺܪ ⁄ߙ  
ଵߤ ൌ ׬ ݁ିሺఏାఈሻ௧. ݐሻ݀ݐഥሺܪ

ஶ
଴

 . 

 = ሾ1 െ ߠ෩ሺܪ ൅ ሻሿߙ ሺߠ ൅ ⁄ሻߙ  
ଶߤ ൌ ׬ ݁ିఈ௧. ݐሻ݀ݐതሺܨ

ஶ
଴

 . 

 = ሾ1 െ ሻሿߙ෨ሺܨ ⁄ߙ  
ଷߤ ൌ ׬ ݁ିఈ௧. ݐሻ݀ݐሺܩ̅

ஶ
଴

 . 

 = ሾ1 െ ሻሿߙ෨ሺܩ ⁄ߙ  
ସߤ ൌ ׬ ݁ିሺఏାఈሻ௧. ݐሻ݀ݐሺܩ̅

ஶ
଴

 . 

 = ሾ1 െ ߠ෨ሺܩ ൅ ሻሿߙ ሺߠ ൅ ⁄ሻߙ  
ହߤ ൌ ׬ ݁ିఏ௧݀ݐ

ஶ
଴

 . 
 = 1 ⁄ߠ  
଺ߤ ൌ ׬ ݐሻ݀ݐതሺܨ

ஶ
଴

 =݊ଵ .       (21-27) 
 
To obtain ݉௜௝ , we have 

݉௜௝=׬ .ݐ ݀ܳ௜௝ሺݐሻ ൌ ׬	 .ݐ ݐሻ݀ݐ௜௝ሺݍ
ஶ
଴

ஶ
଴

 . 
Here, we have 
݉଴ଵ=ߙ ׬ .ݐ ݁ିఈ௧ܪഥሺݐሻ݀ݐ

ஶ
଴

 

݉଴ଷ=׬ .ݐ ݁ିఈ௧݀ܪሺݐሻ
ஶ
଴

 

݉ଵଶ=ߠ ׬ .ݐ ݁ିሺఏାఈሻ௧ܪഥሺݐሻ݀ݐ
ஶ
଴

 . 

݉ଵସ=׬ .ݐ ݁ିሺఏାఈሻ௧݀ܪሺݐሻ
ஶ
଴

 . 

݉ଵହ=ߙ ׬ .ݐ ݁ିሺఏାఈሻ௧ܪഥሺݐሻ݀ݐ
ஶ
଴

 . 

݉ଶ଴=׬ .ݐ ݁ିఈ௧݀ܨሺݐሻ
ஶ
଴

. 

݉ଷ଴=׬ .ݐ ݁ିఈ௧݀ܩሺݐሻ
ஶ
଴  . 

݉ଷଵ=ߙ ׬ .ݐ ݁ିఈ௧̅ܩሺݐሻ݀ݐ
ஶ
଴

 . 

݉ସଵ=׬ .ݐ ݁ିሺఏାఈሻ௧݀ܩሺݐሻ
ஶ
଴

 . 

݉ସଶ=ߠ ׬ .ݐ ݁ିሺఏାఈሻ௧̅ܩሺݐሻ݀ݐ
ஶ
଴

 . 

݉ସହ=ߙ ׬ .ݐ ݁ିሺఏାఈሻ௧̅ܩሺݐሻ݀ݐ
ஶ
଴

 . 
݉ହ଺ ൌ 1 ⁄ߠ  
݉଺ଶ ൌ ݊ଵ 
݉ଶଶ
ሺ଺ሻ=׬ .ݐ ሺ1 െ ݁ିఈ௧ሻ݀ܨሺݐሻ

ஶ
଴

 . 
 
Obviously the following relations may be observed. 
݉଴ଵ ൅݉଴ଷ ൌ ሾ1 െ ሻሿߙ෩ሺܪ ⁄ߙ  ଴ߤ= 
݉ଵଶ ൅ ݉ଵସ ൅݉ଵହ ൌ ሾ1 െ ߠ෩ሺܪ ൅ ሻሿߙ ሺߠ ൅ ⁄ሻߙ  ଵߤ= 
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݉ଶ଴ ൅݉ଶଶ
ሺ଺ሻ ൌ ݊ଵ 

݉ଷ଴ ൅݉ଷଵ ൌ ሾ1 െ ሻሿߙ෨ሺܩ ⁄ߙ  ଷߤ= 
݉ସ଴ ൅݉ସଵ ൅݉ସହ ൌ ሾ1 െ ߠ෨ሺܩ ൅ ሻሿߙ ሺߠ ൅ ⁄ሻߙ  ସߤ= 

݉ହ଺ ൌ
1
ߠ
ൌ  ହߤ

݉଺ଶ ൌ ݊ଵ ൌ  ଺ .       (28-34)ߤ
 
Analysis of Reliability and MTSF 
Assuming the failed states S5 and S6 as absorbing states and employing the arguments used in the theory of regenerative process, 
the following relations among ܴ௜ሺݐሻ may be obtained: 
ܴ଴ሺݐሻ ൌ ܼ଴ሺݐሻ ൅ ሻݐሻ  ܴଵሺݐ଴ଵሺݍ ൅  ሻݐሻ  ܴଷሺݐ଴ଷሺݍ
ܴଵሺݐሻ ൌ ܼଵሺݐሻ ൅ ሻݐሻ  ܴଶሺݐଵଶሺݍ ൅   ሻݐሻ  ܴସሺݐଵସሺݍ
ܴଶሺݐሻ ൌ ܼଶሺݐሻ ൅  ሻݐሻ  ܴ଴ሺݐଶ଴ሺݍ
ܴଷሺݐሻ ൌ ܼଷሺݐሻ ൅ ሻݐሻ  ܴ଴ሺݐଷ଴ሺݍ ൅   ሻݐሻ  ܴଵሺݐଷଵሺݍ
ܴସሺݐሻ ൌ ܼସሺݐሻ ൅ ሻݐሻ  ܴଵሺݐସଵሺݍ ൅  ሻ   (1-5)ݐሻ  ܴଶሺݐସଶሺݍ
 
where 
ܼ଴ሺݐሻ ൌ ݁ିఈ௧ܪഥሺݐሻ  , ܼଵሺݐሻ ൌ ݁ିሺఏାఈሻ௧ܪഥሺݐሻ  , 
ܼଶሺݐሻ ൌ ݁ିఈ௧ܨതሺݐሻ  , ܼଷሺݐሻ ൌ ݁ିఈ௧̅ܩሺݐሻ  , 
ܼସሺݐሻ ൌ ݁ିሺఏାఈሻ௧̅ܩሺݐሻ . 
 
For an illustration, the equation for ܴ଴ሺݐሻis the sum of the following mutually exclusive contingencies: 
(i) System sojourns in state S0 upto time. The probability of this contingency is 
݁ିఈ௧ܪഥሺݐሻ ൌ ܼ଴ሺݐሻ , say 
(ii) The system transits from state S0 to S1, during (u,u+du), u  t, and then starting from state S1, it survives for the remaining 
time duration (t-u). The probability of this event is  

׬ ݐሺܴ	ݑሻ݀ݑ଴ଵሺݍ െ ሻݑ
௧
଴

 ሻݐሻ  ܴଵሺݐ଴ଵሺݍ =
(iii) The system transits from state S0 to S3 during (u,u+du), u  t, and then starting from state S3, it survives for the remaining 
time duration (t-u). The probability of this event is  

׬ ݐଷሺܴ	ݑሻ݀ݑ଴ଷሺݍ െ ሻݑ
௧
଴

 ሻݐሻ  ܴଷሺݐ଴ଷሺݍ =
Taking Laplace transform of the relations (1-5) of algebraic equations in matrix  
The argument‘s’ has been omitted from ܴ௜

∗ሺݏሻ , ݍ௜௝
∗ ሺݏሻ and ݖ௜

∗ሺݏሻ for brevity. Computing the above matrix equation for ܴ଴∗ሺݏሻ, we 
get 

ܴ଴∗ሺݏሻ ൌ
ଵܰሺݏሻ
ሻݏଵሺܦ

	 , ሺ7ሻ 

 
where  

  
 
ൌ ∗଴ଵݍ଴∗+ሺݖ ൅ ∗଴ଷݍ ∗ଷଵݍ ሻሾݖଵ∗ ൅ ሺݍଵଶ∗ ൅ ∗ଵସݍ ∗ସଶݍ ሻݖଶ∗ ൅ ∗ଵସݍ ସ∗ሿݖ ൅ ∗଴ଷݍ  ∗ଷݖ
and 

 
 
	ൌ ሾ1 െ ∗଴ଷݍ ∗ଷ଴ݍ െ ሺݍ଴ଵ∗ ൅ ∗଴ଷݍ ∗ଷଵݍ ሻሺݍଵଶ∗ ൅ ∗ଵସݍ ∗ସଶݍ ሻݍଶ଴∗ ሿ 
 
Taking the inverse Laplace transform of expression (T), we may get the reliability of the system when system initially starts from 
state S0. To obtain the MTSF, we use the following formula 
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ሾܧ ଴ܶሿ ൌ ׬ ܴ଴ሺݐሻ݀ݐ
ஶ
଴

ൌ 	lim
௦→଴

ܴ଴∗ሺݏሻ  

Using ݍ௜௝
∗ ሺ0ሻ ൌ ௜ݖ and	௜௝݌

∗ሺ0ሻ ൌ  ௜ , we getߤ
 

ሾܶሿܧ ൌ 	 ఓబା
ሺ௣బభା௣బయ௣యభሻఓభାሺଵି௣బయ௣యబሻሾሺ௣భమା௣భర௣రమሻఓమା௣భరఓరሿା௣బయఓయ

ሺ௣భమା௣భర௣రమሻ௣మబ
    (8) 

 
Expected Up Time Of The System During (0,t) 
In order to find the expected up time of the system due to the operation of a unit, we define, Ai(t) as the probability that the system 
is up (operative) at epoch t when initially the time starts from state ௜ܵ ∈  Using the similar probabilistic arguments as in section .ܧ
2.6 of paper-II, pointwise availability Ai(t) are seen to satisfy the following relations. 
 
ሻݐ଴ሺܣ ൌ ሻݐ଴ሺݖ ൅ ሻݐଵሺܣ		ሻݐ଴ଵሺݍ ൅  ሻݐଷሺܣ		ሻݐ଴ଷሺݍ
ሻݐଵሺܣ ൌ ሻݐଵሺݖ ൅ ሻݐଶሺܣ		ሻݐଵଶሺݍ ൅   ሻݐହሺܣ		ሻݐଵହሺݍ+ሻݐସሺܣ		ሻݐଵସሺݍ
ሻݐଶሺܣ ൌ ሻݐଶሺݖ ൅ ሻݐ଴ሺܣ		ሻݐଶ଴ሺݍ ൅ ଶଶݍ

ሺ଺ሻሺݐሻ		ܣଶሺݐሻ  
ሻݐଷሺܣ ൌ ሻݐଷሺݖ ൅ ሻݐ଴ሺܣ		ሻݐଷ଴ሺݍ ൅  ሻݐଵሺܣ		ሻݐଷଵሺݍ
ሻݐସሺܣ ൌ ሻݐସሺݖ ൅ ሻݐଵሺܣ		ሻݐସଵሺݍ ൅   ሻݐହሺܣ		ሻݐସହሺݍ+ሻݐଶሺܣ		ሻݐସଶሺݍ
ሻݐହሺܣ ൌ  ሻݐ଺ሺܣ		ሻݐହ଺ሺݍ
ሻݐ଺ሺܣ ൌ  ሻ               (1-7)ݐଶሺܣ		ሻݐ଺ଶሺݍ
 
Taking Laplace transform of the set of relations (1-7), the solution for ܣ௜

∗ሺݏሻ can be written in the matrix form as follows : 
ሺܣ଴

∗ , ∗ଵܣ , ଶܣ
∗ , ଷܣ

∗ , ∗ସܣ , ହܣ
∗ , ଺ܣ

∗ሻ ൌ ሺݍ௜௝
∗ ሻ ൌ ሺݖ଴

∗, ,∗ଵݖ ଶݖ
∗, ଷݖ

∗, ,∗ସݖ 0,0ሻ , (8) 
 

 
 
For brevity, the argument ‘s’ is omitted from െݍ௜௝

∗ ሺݏሻ, ܣ௜
∗ሺݏሻ and ݖ௜

∗ሺݏሻ. Solving the matrix equation (8) for ܣ଴∗ሺݏሻ , we get 
ሻݏ଴∗ሺܣ ൌ ଶܰሺݏሻ ⁄ሻݏଶሺܦ 	,         (9) 
ሾሺݍଵଶ

∗ ൅ ଵହݍ
∗ ൅ ∗ଵସݍ ସହݍ

∗ ሻݍହ଺
∗ ଺ଶݍ

∗ ൅ ∗ଵସݍ ସଶݍ
∗ ሿ       (10) 

and  
ሻݏଶሺܦ ൌ 	 ሺݍ௜௝

∗ ሻ               (11) 

= ൫1 െ ଶଶݍ
ሺ଺ሻ∗൯ሺ1 െ ∗଴ଷݍ ∗ଷ଴ݍ ሻሺ1 െ ∗ଵସݍ ∗ସଵݍ ሻ െ ሺݍ଴ଵ∗ ൅ ∗଴ଷݍ ∗ଷଵݍ ሻݍଶ଴∗  

∗ଵଶݍ} ൅ ሺݍଵହ
∗ ൅ ∗ଵସݍ ସହݍ

∗ ሻݍହ଺
∗ ∗଺ଶݍ ൅ ∗ଵସݍ ∗ସଶݍ ሽ         (12) 

 
Now to obtain the steady-state probabilities that the system will be operative, we proceed as follows: 
௜ݖ
∗ሺ0ሻ ൌ ׬ ݐሻ݀ݐ௜ሺݖ

ஶ
଴

݅ , ௜ߤ=	 ൌ 0,1,2,3,4. 
 
and using the result ݍ௜௝

∗  ௜௝ , we have݌=(0)

 
 
Adding all the columns of the above determinant into first column and using the relations (15-20) of section 3.4, we observe that 
all the elements of first column of D2(0) become zero. Therefore, 
 ଶሺ0ሻ =0                    (13)ܦ
Now the steady state probabilities that the system will be operative due to operation of a unit is given as follows: 
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଴ܣ ൌ lim
௦→଴

.ݏ ሻݏ଴∗ሺܣ ൌ lim
௦→଴

.ݏ ଶܰሺݏሻ
ሻݏଶሺܦ

 

 

ൌ ଶܰሺ0ሻ

ଶܦ
 ሺ0ሻ

, ሺ14ሻ 

 
where 
ଶܰሺ0ሻ ൌ ଶ଴ሺ1݌ െ ଴ߤସଵሻሺ݌ଵସ݌ ൅ ଷሻߤ଴ଷ݌ ൅ ଴ଵ݌ଶ଴ሺ݌ ൅  ଷଵሻ݌଴ଷ݌

    ሺߤଵ ൅ ସሻߤଵସ݌ ൅ ሺ݌଴ଵ ൅ ଷଵሻሺ1݌଴ଷ݌ െ  ଶ       (15)ߤସଵሻ݌ଵସ݌
   
To find ܦଶ ሺ0ሻ , we collect the coefficients of ݉௜௝ ൌ െݍ௜௝

∗ሺ0ሻ for various values of i and j in ܦଶ ሺݏሻs=0 as follows: 
Coefficient of m01 

 

 
 
Adding all the columns into first column, we get  
 

 
 
(ii) coefficient of ݉଴ଷ 
 
ଶ଴ሺ1݌ = െ  ସଵሻ݌ଵସ݌
 
Similarly, we have 
(iii) coefficient of ݉ଵଶ ൌ ଴ଵ݌ଶ଴ሺ݌ ൅ ଷଵሻ݌଴ଷ݌ ൌ ଶ଴ሺ1݌ െ  ଷ଴ሻ݌଴ଷ݌
(iv) coefficient of ݉ଵସ ൌ ଶ଴ሺ1݌ െ  ଷ଴ሻ݌଴ଷ݌
(v) coefficient of ݉ଵହ ൌ ଴ଵ݌ଶ଴ሺ݌ ൅ ଷଵሻ݌଴ଷ݌ ൌ ଶ଴ሺ1݌ െ  ଷ଴ሻ݌଴ଷ݌
(vi) coefficient of ݉ଶ଴ ൌ ሺ݌଴ଵ ൅ ଵଶ݌ଷଵሻሼ݌଴ଷ݌ ൅ ሺ݌ଵହ ൅ ଺ଶ݌ହ଺݌ସହሻ݌ଵସ݌ ൅  ସଶሽ݌ଵସ݌
    = ሺ݌଴ଵ ൅ ଷଵሻሼ1݌଴ଷ݌ െ ଵସ݌ ൅ ସହ݌ଵସ݌ ൅  ସଶ݌ଵସ݌
    = ሺ1 െ ଷ଴ሻሺ1݌଴ଷ݌ െ  ସଵሻ݌ଵସ݌
(vii) coefficient of ݉ଶଶ

ሺ଺ሻ ൌ ሺ1 െ ଷ଴ሻሺ1݌଴ଷ݌ െ  ଷସሻ݌ଵସ݌
(viii) coefficient of ݉ଷ଴ ൌ ଶ଴ሺ1݌଴ଷ݌ െ  ଷସሻ݌ଵସ݌
(ix) coefficient of ݉ଷଵ ൌ ଵଶ݌଴ଷሼ݌ଶ଴݌ ൅ ሺ݌ଵହ ൅   ସଶሽ݌ଵସ݌଺ଶ ൅݌ହ଺݌ସହሻ݌ଵସ݌
    ൌ ଶ଴ሺ1݌଴ଷ݌ െ  ସଵሻ݌ଵସ݌
(x) coefficient of ݉ସଵ ൌ ଶ଴ሺ1݌ െ  	ଵସ݌ଷ଴ሻ݌଴ଷ݌
(xi) coefficient of ݉ସଶ ൌ ሺ݌଴ଵ ൅   ଵସ݌ଶ଴݌ଷଵሻ݌଴ଷ݌
    ൌ ଵସሺ1݌ଶ଴݌ െ  ଷ଴ሻ݌଴ଷ݌
(xii) coefficient of ݉ସହ ൌ ଴ଵ݌ଶ଴ሺ݌ ൅  ଵସ݌ଷଵሻ݌଴ଷ݌
    ൌ ଵସሺ1݌ଶ଴݌ െ  ଷ଴ሻ݌଴ଷ݌
(xiii) coefficient of ݉ହ଺ ൌ ଴ଵ݌ଶ଴ሺ݌ ൅ ଵହ݌ଷଵሻሺ݌଴ଷ݌ ൅  ଺ଶ݌ସହሻ݌ଵସ݌
    ൌ ଶ଴ሺ1݌ െ ଵହ݌ଷ଴ሻሺ݌଴ଷ݌ ൅  ସହሻ݌ଵସ݌
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(xiv) coefficient of ݉଺ଶ ൌ ଴ଵ݌ଶ଴ሺ݌ ൅ ଵହ݌ଷଵሻሺ݌଴ଷ݌ ൅  ହ଺݌ସହሻ݌ଵସ݌
    ൌ ଶ଴ሺ1݌ െ ଵହ݌ଷ଴ሻሺ݌଴ଷ݌ ൅  ସହሻ݌ଵସ݌
Therefore, we have 
ଶܦ ሺ0ሻ ൌ ଶ଴ሺ1݌ െ ସଵሻሺ݉଴ଵ݌ଵସ݌ ൅݉଴ଷሻ ൅ ଶ଴ሺ1݌ െ  ଷ଴ሻ݌଴ଷ݌
  ሺ݉ଵଶ ൅ ݉ଵସ݉ଵହሻ ൅ ሺ1 െ ଷ଴ሻሺ1݌଴ଷ݌ െ ସଵሻሺ݉ଶ଴݌ଵସ݌ ൅ ݉ଶଶ

ሺ଺ሻሻ+ 
଴ଷሺ1݌ଶ଴݌   െ ସଵሻሺ݉ଷ଴݌ଵସ݌ ൅ ݉ଷଵሻ ൅ ଵସሺ1݌ଶ଴݌ െ   ଷ଴ሻ݌଴ଷ݌
  ሺ݉ସଵ ൅݉ସଶ ൅ ݉ସହሻ ൅ ଶ଴ሺ1݌ െ ଵହ݌ଷ଴ሻሺ݌଴ଷ݌ ൅  +ସହሻ݉ହ଺݌ଵସ݌
ଶ଴ሺ1݌   െ ଵହ݌ଷ଴ሻሺ݌଴ଷ݌ ൅  ସହሻ݉଺ଶ݌ଵସ݌
 ൌ ଶ଴ሺ1݌ െ ଴ߤସଵሻሺ݌ଵସ݌ ൅ ଷሻߤ଴ଷ݌ ൅ ଶ଴ሺ1݌ െ ଵߤଷ଴ሻሺ݌଴ଷ݌ ൅  ସሻߤଵସ݌
ଶ଴ሺ1݌   െ ଵହ݌ଷ଴ሻሺ݌଴ଷ݌ ൅ ହߤସହሻሺ݌ଵସ݌ ൅ ଺ሻߤ 	൅ ଶ଴ሺ1݌ െ   ଷ଴ሻ݌଴ଷ݌
  ሺ1 െ  ଺                   (16)ߤସଵሻ݌ଵସ݌
 
The expected uptime of the system due to the operations of a unit during (0,t) is 

ሻݐ௨௣ሺߤ ൌ ׬ ݑሻ݀ݑ଴ሺܣ
௧
଴

                  (17) 
so that 
∗௨௣ߤ  ሺݏሻ ൌ ܣ଴∗ሺݏሻ ⁄ݏ                    (18) 
 
Expected Busy Period Of The Repair And Maintenance Facilities During (0,t) 
Let ܤ௜

ଵሺݐሻ and ܤ௜
ଶሺݐሻ be the probabilities that the maintenance and repair facilities are busy respectively in maintenance and repair 

of operative/failed unit at time t when the system initially starts from regenerative state Si. Using the similar probabilistic 
arguments as in section 2.7, in respect to the above definition of ܤ௜

ଵሺݐሻ , we have the following recursive relations: 
଴ܤ
ଵሺݐሻ ൌ ሻݐଵଵሺܤ ሻ ݐ଴ଵሺݍ ൅ ଷܤ ሻ ݐ଴ଷሺݍ

ଵሺݐሻ  
ሻݐଵଵሺܤ ൌ ଶܤ ሻ ݐଵଶሺݍ

ଵሺݐሻ ൅ ହܤ ሻ ݐଵହሺݍሻ ൅ݐସଵሺܤ ሻ ݐଵସሺݍ
ଵሺݐሻ 

ሻݐଶଵሺܤ ൌ ሻݐ଴ଵሺܤ ሻ ݐଶ଴ሺݍ ൅ ଶଶݍ
ሺ଺ሻሺݐሻ  ܤଶଵሺݐሻ 

ሻݐଷଵሺܤ ൌ ሻݐଷሺݖ ൅ ሻݐ଴ଵሺܤ ሻ ݐଷ଴ሺݍ ൅  ሻݐଵଵሺܤ ሻ ݐଷଵሺݍ
ሻݐସଵሺܤ ൌ ሻݐସሺݖ ൅ ሻݐଵଵሺܤ ሻ ݐସଵሺݍ ൅ ሻݐଶଵሺܤ ሻ ݐସଶሺݍ ൅ ହܤ ሻ ݐସହሺݍ

ଵሺݐሻ 
ହܤ
ଵሺݐሻ ൌ  ሻݐ଺ଵሺܤ ሻ ݐହ଺ሺݍ

଺ܤ
ଵሺݐሻ ൌ ଶܤ ሻ ݐ଺ଶሺݍ

ଵሺݐሻ             (1-7) 
 
For an illustrationܤଷ

ଵሺݐሻ is the sum of the following mutually exclusive contingencies: 
(i) The maintenance facility remains busy in state S3 upto time t in the maintenance of a unit. The probability of this event is 

݁ିఈ௧̅ܩሺݐሻ ൌ  ሻݐଷሺݖ
(ii) The system transits from state S3 to S0 during (u,u+du), ut and then the maintenance facility remains busy in maintenance at 

epoch t starting from state S0 at epoch u. The probability of this contingency is  

׬ ݐ଴ଵሺܤ	ݑሻ݀ݑଷ଴ሺݍ െ ሻݑ
௧
଴

 ሻݐ଴ଵሺܤ ሻ ݐଷ଴ሺݍ =
(iii) System transits from state S3 to S1 during (u,u+du), ut and then starting from state S1 at epoch u, the maintenance facility 

may be observed to be busy in maintenance at epoch t. The probability of this contingency is  

׬ ݐଵଵሺܤ	ݑሻ݀ݑଷଵሺݍ െ ሻݑ
௧
଴

 ሻݐଵଵሺܤ ሻ ݐଷଵሺݍ =
 
Taking Laplace transforms of relations (1-7) and solving the resulting set of algebraic equations for ܤ଴ଵ∗ሺݏሻ , we get 

ሻݏ଴ଵ∗ሺܤ ൌ
ଷܰሺݏሻ

ሻݏଶሺܦ
	, 

 
where  

 
 
 = ൫1 െ ଶଶݍ

ሺ଺ሻ∗൯ሾݍ଴ଷ∗ ∗ଷݖ ൅ ሺݍ଴ଵ∗ ൅ ∗଴ଷݍ ∗ଷଵݍ ሻݍଵସ∗  ସ∗ሿ      (9)ݖ
and ܦଶሺݏሻ is the same as (12) of section 3.6 
 
Similarly, the recursive relations in ܤ௜

ଶሺݐሻ may be developed as follows:      
ሻݐ଴ଶሺܤ ൌ ሻݐଵଶሺܤ ሻ ݐ଴ଵሺݍ ൅   ሻݐଷଶሺܤ ሻ ݐ଴ଷሺݍ
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ሻݐଵଶሺܤ ൌ ሻݐଶଶሺܤ ሻ ݐଵଶሺݍ ൅ ହܤ ሻ ݐଵହሺݍሻ ൅ݐସଶሺܤ ሻ ݐଵସሺݍ
ଶሺݐሻ 

ሻݐଶଶሺܤ ൌ ሻݐଶሺݖ ൅ ሻݐ଴ଶሺܤ ሻ ݐଶ଴ሺݍ ൅ ଶଶݍ
ሺ଺ሻሺݐሻ  ܤଶሺݐሻ 

ଷܤ
ଶሺݐሻ ൌ ଴ܤ ሻ ݐଷ଴ሺݍ

ଶሺݐሻ ൅  ሻݐଵଶሺܤ ሻ ݐଷଵሺݍ
ሻݐସଶሺܤ ൌ ሻݐଵଶሺܤ ሻ ݐସଵሺݍ ൅ ଶܤ ሻ ݐସଶሺݍ

ଶሺݐሻ ൅ ହܤ ሻ ݐସହሺݍ
ଶሺݐሻ 

ହܤ
ଶሺݐሻ ൌ  ሻݐ଺ଶሺܤ ሻ ݐହ଺ሺݍ

ሻݐ଺ଶሺܤ ൌ ሻݐതሺܨ ൅  ሻ            (10-16)ݐଶଶሺܤ ሻ ݐ଺ଶሺݍ
 
Taking Laplace transforms of (10-16) and solving for ܤ଴ଶ∗ሺݏሻ , one gets 

଴ܤ
ଶ∗ሺݏሻ ൌ ேరሺ௦ሻ

஽రሺ௦ሻ
	, where  

 = ሺݍ଴ଵ
∗ ൅ ଴ଷݍ

∗ ଷଵݍ
∗ ሻሾሼሺݍଵଶ

∗ ൅ ∗ଵସݍ ସଶݍ
∗ ൅ ሺݍଵହ

∗ ൅ ∗ଵସݍ ସହݍ
∗ ሻݍହ଺

∗ ଺ଶݍ
∗ ሽݖଶ

∗	൅ܨത∗	ሺݍଵହ
∗ ൅ ∗ଵସݍ ସହݍ

∗ ሻ	ݍହ଺
∗        (18) 

and ܦଶሺݏሻ is the same as (12) of section 3.6 
 
Now to obtain the steady-state probabilities ܤ଴ଵሺݐሻ and ܤ଴ଶሺݐሻ the maintenance and repair facilities are busy in the long run, 
respectively, we use the results. 
௜௝ݍ
∗ ሺ0ሻ ൌ ௜ݖ	, ௜௝݌

∗ሺ0ሻ ൌ   ௜ߤ
and 

ത∗ሺ0ሻܨ ൌ
1 െ ሻݏ෨ሺܨ

ݏ
	 ∥௦ୀ଴ൌ

1 െ ݂∗ሺݏሻ
ݏ

∥௦ୀ଴	ൌ න ሻݐሺܨ݀ݐ ൌ ݊ଵ ൌ ଺ߤ

௧

଴

 

So that 

଴ଵܤ ൌ
ଷܰሺ0ሻ

ଶܦ
 ሺ0ሻ

 

and  

଴ଶܤ ൌ
ସܰሺ0ሻ

ଶܦ
 ሺ0ሻ

 

(19-20) 
 
where ܦଶ ሺ0ሻ is given by (16) of section 3.6,  
ଷܰሺ0ሻ= ݌ଶ଴ሾ݌଴ଷߤଷ ൅ ሺ݌଴ଵ ൅  [ସߤଵସ݌ଷଵሻ݌଴ଷ݌

and 
 ସܰሺ0ሻ= ሺ1 െ ଷ଴ሻሺ1݌଴ଷ݌ െ ଶߤସଵሻ݌ଵସ݌ ൅ ሺ݌ଵହ ൅  ସହሻ݊ଵ݌ଵସ݌
 
Profit Function Analysis  
We are now in a position to obtain the profit function by considering mean up time of the system during (0,t) and expected busy 
periods of maintenance and repair facilities during (0,t) 
Let us suppose 
K0= Revenue earned per unit uptime due to the operation of the system 
K1= payment to maintenance facility per unit time when it is busy in preventive maintenance 
K2= payment to repair facility when it is busy in repair of a unit. 
The net expected total profit per unit time in steady-state is  

ܲ ൌ lim
௧→ஶ

ܲሺݐሻ
ݐ

ൌ lim
௦→଴

 ሻݏଶܲ∗ሺݏ

଴ܣ଴ܭ	= െ ଴ଵܤଵܭ െ  , ଴ଶܤଶܭ
 
is given by (16) of section 3.6 and 
 
where ܣ଴ ,	ܤ଴ଵ and ܤ଴ଶ are given by expressions (19-20) of section 3.7 respectively. 
 
Particular Case  
When repair time, maintenance time and inter-arrival time of maintenance facility are also exponential with parameters ߚ,  ߜ and ߛ
respectively, then  
ሻݐሺܨ ൌ 1 െ ݁ିఉ௧  , ܩሺݐሻ ൌ 1 െ ݁ିఊ௧ and ܪሺݐሻ ൌ 1 െ ݁ିఋ௧ 
݊ଵ ൌ 1 ⁄ߚ    , ݊ଶ ൌ 1 ⁄ߛ    and ݊ଷ ൌ 1 ⁄ߜ  
 
The results of sec. 3.4b will change and new values will be as follows: 

଴ଵ݌	 ൌ
ߙ

ߙ ൅ ߜ
	, ଴ଷ݌ ൌ

ߜ
ߙ ൅ ߜ

 

ଵଶ݌	 ൌ ߠ ሺߙ ൅ ߠ ൅ ⁄ሻߜ 	, ଵସ݌ ൌ
ߜ

ߙ ൅ ߠ ൅ ߜ
 

ଵହ݌ ൌ ߙ ሺߙ ൅ ߠ ൅ ⁄ሻߜ 	, ଶ଴݌	 ൌ
ߚ

ሺߙ ൅ ሻߚ
 

ଶଶ݌
ሺ଺ሻ ൌ ߙ ሺߙ ൅ ⁄ሻߚ 	, ଷ଴݌ ൌ ߛ ሺߙ ൅ ⁄ሻߛ  
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ଷଵ݌ ൌ ߙሺ	ߙ ൅ ,	ሻߛ ସଵ݌ ൌ ߛ ሺߙ ൅ ⁄ሻߠ  
ସଶ݌ ൌ ߠ ሺߙ ൅ ߠ ൅ ⁄ሻߛ 	, ସହ݌ ൌ ߙ ሺߙ ൅ ߠ ൅ ⁄ሻߛ 	 
 
Similarly the results of section 3.4 c will be as follows: 
଴ߤ ൌ 1 ሺߙ ൅ ⁄ሻߜ 	, ଵߤ ൌ 1 ሺߙ ൅ ߠ ൅ ⁄ሻߜ 	 
ଶߤ ൌ 1 ሺߙ ൅ ⁄ሻߚ 	, ଷߤ ൌ 1 ሺߙ ൅ ⁄,ሻߛ ସߤ	 ൌ 1 ሺߙ ൅ ߠ ൅ ⁄ሻߛ  
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