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Abstract

The aim of this paper is introducing pairwise fuzzy topology on fuzzy bitopological spaces in Lowen's
sense. We define the concept of fuzzy local function in pairwise fuzzy topological spaces and study some
of its properties. Finally we find a new pairwise fuzzy topology from old one through fuzzy ideals.
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Introduction

Zadeh Pl introduced the concept of fuzzy sets and operations on fuzzy sets. Zadeh defined as
follows: let Y be a non-empty set. A fuzzy set on Y is a function with domain Y and values in
I =0, 1]. Lowen ! defined the notion of fuzzy topology. Mahomoud B! introduced and studies
about the notions of fuzzy ideal and fuzzy local functions. Nouh [ started the study of fuzzy
bitopological spaces. A fuzzy bitopological space 2! (shortly fbts) is a triple (X, 7, 7,) where X
is a non-empty set, t,and 7, are any two fuzzy topologies on X. In this paper we follow the
definition of fuzzy topology in Lowen’s [l sense.

2. Preliminaries
Before entering into our work we need the following definitions and examples.

2.1. Definition B If A is a fuzzy set of X, then the support of A is defined as S(4) =
{x € X /A(x) > 0}. Let X be a non-empty set. A fuzzy set B is said to be finite fuzzy set of X if
and only if S(B)is a finite set.

2.2. Definition B A non-empty collection 7 of fuzzy sets of X is said to be a fuzzy ideal on X,if
ABe J=>AVBeJandA€e]l,B<A=>Be€e ].

2.3. Definition ! Let A4 and B are two fuzzy sets of X. Then A ’intersection’ B is defined as
(AN B)(x) = max{0,A(x) + B(x) — 1} for all x € X.

2.4. Definition [8] Let (X, 7) be a fuzzy topological space. The cl(A), the closure of a fuzzy set A
is a fuzzy set defined by -cl(A)(xX) = V{x/B € 1,B(x) >1—x=>ANnB = 0} forall x € X.

2.5. Definition ¥ Let (X,7) be a fuzzy topological space. The interior A° of a fuzzy set A of X is
defined as A° = V{B:B < A,B € 1}.
Now we write the example 2.3.3 in [ with small modification as follows:

2.6. Example Let X =1 =[0, 1]. To each a; a, € | with 0 <oty <o, < 1,
(i) let £, «,a function defined by

o if 0 <x <y
focl,ocz(x) =q{ xif Sx <

o if ,<x< 1
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Then 7y = {fu «, / 0 <ot <o, < 1} is a fuzzy topology on X.
Similarly

(i) let 7, ={fz, 5,/ 0 <Py <P, < 1} defined by

‘82 lf 0<x< ,81
fp,,8,(0) =1 (B + B2) —xif By < x < fB, is also a fuzzy topology on X.
Briif B <x< 1

2.7. Definition [ Let (X,t) be a fuzzy topological space with fuzzy ideal 7 on X. Let A be a fuzzy set on X. The fuzzy local function
A is defined by A"(x) = V{» — € 7,B(x) > 1-x=> An B ¢ T} forall x € X.

2.8. Definition [ Let ( X, ) be a fuzzy topological space with fuzzy ideal 7 on X. We define a fuzzy topology =* (7) induced by ©
andJ as t*(7)= {U € I*: (1 — U) = 1 — U} where ¢ (4) = AVA*:y(A)is denoted by cl* (A).

2.9. Remark ™M Let (X, 7,,7,) be a fuzzy bitopological space and u be a fuzzy set on X. t;-cl(u),z;-int(u),i€{1, 2} denote closure
and interior of p. In this paper we refer z;-cl(u) by cl(x); and z;-int(u) by y?.

2.10. Lemma B If A, B and C are fuzzy sets on X then Cn (AVB) = (C n A)V(C n B).
3. Pairwise fuzzy topological space

3.1. Definition A fuzzy subset g of a fuzzy bitopological space (X, t,,7,) is called a pairwise fuzzy open set if g = f;Vf, where
f1 € 1, and £, € 7, .The complement of a pairwise fuzzy open set is called as pairwise fuzzy closed set.

In this paper the collection of all pairwise fuzzy open sets on X is denoted by 7, ,. We refer the collection 7, , as pairwise fuzzy
topology on X and the pair (X, 7, ,) is called as pairwise fuzzy topological space (shortly pfts).

The following example asserts that 7, , need not be a fuzzy topology on X.

3.2. Example Let X = I = [0, 1]. Consider the fuzzy bitopological space (X, t,,T,) where 7, and 7, are the two fuzzy topologies
given in example 2.6.
Let f; € 7; and f, € 7,.Then consider g (x) = (f;Vf2) (X).

a VB, <a VB if 0 <x

Then g (x) = xV[(ﬁ1 +,82)—x] < a,VB, if VP, < x
a,VB, <1if a,VB, <x

% T, =73 U 7, U {all functions of the form g(x)}. Now we show that , , is not a fuzzy topology on X. For this let f; = f17
4’8
and f; = fzs
8’4

Leth(x) = (fiVf2) (X) .

2if0<x <2
Then h(x) = xV(Z— x) if %stg
Tiff<x<1
Take g € 1,, and the above h(x).
Zif0<x <2
) S xifi<x <
5 5.,1 5
NOW(EVh)(X)Z gleSXSE
xlestg
7 .07
§ lfr g <x<1

Note that (g V h)(x) is not of the form g(x). - (g V h) € 1,,. Hence t,, is not a fuzzy topology on X.
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3.3. Remark

1. Ifry €1, thenty, =7, Similarly if T, € 7, thent,, =17, .
2. Foreacha €[0,1],@ € 7y ,.

3. Foragiven pfts (X, 7, ,) there must be a fbts (X, 7,, 7,).

3.4. Definitions Let (X, 14, 7,) be a fbts with fuzzy ideal 7 on X. Then for each i € {1,2}
Lcl(A)i(x) = V{A/B €1;B(x) >1—-1=>ANnB +0}forall x € X.

2.cl(A)1,(x) =V{A/B €1,,B(x) >1—-1=>ANnB #0}forall x € X.
34i(x)=V{A/B €r;B(x)>1—-A=>AnB¢gJ}forallx € X.
4.4;,(x)=V{A/B €1,,B(x) >1—-1=>AnB gJ}forallx € X.

3.5. Example Let (X, 74, 7,) be a fbts with fuzzy ideal 7 on X, where 7; = indiscrete fuzzy topology ={@ /0 <a <1landt, =
discrete fuzzy topology ={ f/f : X — [0,1]}. Then forall « € (0,1], @ ] ;=& .

Ti,(0)=V{A/ B €t WithB(X)>1—-21=a(x)+B (x) -1> 0}

=V{A/ B €T withf(X)>1-1=2F(X)>1—a (x)}

=V{A/ A < a}

=a(x)

3.6. Theorem Let (X, 74, 7,) be a fbts with fuzzy ideal 7 on X.
Let A4, B € I*, then for all x € X we have

() A1z (x) <A1 (x) V 45 (x).

(i)if A< B then Ai,(x) <Bj(x) V B;(x).

(iii) A1, (x) < cl(A)12(x) < (cl(A); Vcl(A);)(x).

(iv) (A12)" < Al (%).

Proof

() Let (A1;)*(X) =p. Then forall CE 7, WithC(x)>1— u=>CnNA ¢ J.C € 1y, = there exists C; € 7, and C, € 1, with C=
C,VC,. Thatis (C,VC)X)>1— u=(C;VC)NA¢&3J. Note that (C;VC,)NA=(C;nA) V(C, nA) ¢7.1f both (C; N
A) €eJand (C, n A) € Ithen (C; N A) V(C, NnA) € J.Which is a contradiction.

- either (C; N A) € Jor (C, n A) ¢ J. Assume that (C; N A) & J. Then (C; N A) # 0, there exists y € X such that C; (y)+ A(y) -
1>0.1fC;(x) >1— pwith (C;nA) ¢7,then u < A7 (X). - either u < A7 (X) or u < A5 (x). Thatis A7, (x) < A7 (X)V 43 (X).

(ii) let A< B.If C;(x)>1— p with (C;nA) ¢ Jthen(C; N B) ¢ J,(SinceC; N A )< C; N B). Therefore u < B{(x) or u <
B; (x).HenceA] , (x) < B (X)V B3 (x).

(iii) Let = A}, (x). Then for all C € 7,, with C(x)>1— p with (CNnA) €7 implies that Cn A= 0. That is u <
cl(A)1,(x). Therefore A7 , (x) < cl(A)1,(x).

Let v = cl(A)1,(X). If C = C,VC, then(C,VC,) N A # 0, there exists y € X with (C,VC,) (y) +A(y)-1> 0. So C,(y) +A(y)-1> 0
or C,(y) +A(y)-1> 0. ThatisC;NnA#00orC, NA+#0.1fC;NA#0

then v < cl(4),(x) . Therefore either v < cl(A),(X)orv < cl(4),(X). Thus A7, (x) < cl(A)1,(X) £ (cl(A)1Vcl(4);)(X).

(iv) Let u = (A3 ,)*(X). Then for B € 71, with B(X) > 1 — u,we have B n A}, ¢ 7. This implies that BN A}, # 0. Let y €
X such that B(y) +A3, (y) > 1. Let 1 =A7, (y). Then A7, (y) # 0and B(y) >1— 4. So BN A & J. Thus if (A7, )"(x) = u then
Ber,withB(X)>1— u=AnB &7J. Therefore u < A7, (X). Hence (41, )"(X) < 41 (X).

3.7. Example Let N be the set of all Natural numbers. Consider the fbts (N,7,,7,) with indiscrete fuzzy topology t, =
{d /0 <a<1},7,={f:N-[01]/foreachne N, f(2n) = 0 iff f(2n-1) = 0}, then for all « € [0,1], (@, ,)" < @.

We know that by above theorem

(@:2)" < (@)"V(@,)" where @, € 7, and @, € ,. If (N,7,) be a fuzzy topological space, then (&,)*(X)= V{1 / B € T, with
B(X)>1-—2 = a(X)+ S (X)-1> 0}

=V{A/ B eErwithB(X)>1-1 =X >1—- a;,(x)}

=V{1/1 <a;}

=, (x).

Thatis (@)* = (@)........... (i)

Consider the fuzzy topology 7, onN and the fuzzy ideal 7, of finite fuzzy sets inN, then we show that for any «, €
N, (@,)*(9;) = 0. Let x€ N. If (@,)*(X) # 0, then (@,)*(x) = u for some 0 < u < 1. By definition of (a,)*, If B € 7, with
B(x)>1— pthena, N B & J;. That is S (@, N B) is not a finite subset of N.

Hence { y € N / &,(y) + B(y) > 1} is not a finite subset of N. But this is not possible, because x € {2n-1,2n} for exactly one n €
N. Let e be the other element of {2n-1,2n}. Define a fuzzy set h such that h (x) =h(e) =1 and h(y) =0 for all y # X, e. Clearly h €
7, and { y € N / a@,(y) + B(y) > 1} is a finite subset of N. Hence (&,)*(x) = 0 for allxe N.Therefore (&, ,)* < (&;,)"V(@,)" =
aV0=aThatis (a;,) < a.
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4. Induced pairwise fuzzy topological space
4.1. Definition Let (Y, 74, T,) be a fbts with fuzzy ideal g on Y. We define a pairwise fuzzy topology 73 , (¢) induced by 7, , and
gasti,(g)=Wel" :p(1—-W)=1—-W}Wherep(4) = AVA;, : P(A4) is denoted by cl*(4),,.

4.2 Theorem The pairwise fuzzy topology 1 , (¢) is finer than the pairwise fuzzy topology 7 ,.

Proof. Let (Y, T, T,) be a fbts and g be a fuzzy ideal . We claim that 7, , S 77, (¢). Let A be a pairwise fuzzy closed set in 7, ,.
Then A7, < cl(A),, = A (by theorem 3.6). Therfore A7, < Aand A = AV Aj,. Therefore A is pairwise fuzzy closed in
71, (¢). Thus every 7, , - closed set A is 77 , - closed set. Hence 7, , S 77, (¢).

4.3. Example Let N be the set of all natural numbers. Let (N, 7;,7,) be a fuzzy bitopolgical space with t; = {& /0 < a < 1} and
7, = {f : N - [0,1] / for each n€ N, f(2n) = 0 iff f(2n-1) = 0}. Consider the fuzzy ideal 7, = { A € IN / S (A) is a finite subset of
N}. Note that i, (7)) = { (1 —f) € IN/f = cl*(f)12} Now i, < f=forallneN, fi7, (n) <f(n). If f= 1, fixn, €N,
such that f(ny) # 1. Then fi', (ny) < f(ny) < 1. Take Asuch that f(ny) <1 < 1. As 1 > f7', (n), there exists B € t,, with
B(mg)>1— A2andBNTfE . AsB € 1y, B =y where B (ny) =y and B (n,) = B; (ny)V B, (ny) with B; € 7, and B, € .
= uVn where p, n € [0,1].

=0 (say).

NowBnNnfeJ, =S (Bnf)isfinite. ThatisS(BNnf)={neN/B(n)+f(n)>1}

={neN /f(n) > 1- B (ny)} is a finite subset of N. As 1 >1- B (n,), the set {n € N / f(x) > A} is a finite set . Therefore 77, =
{(1-f) e IN /=1 (or) to each A such that f (n,) < A < 1 for some n, € N, the set {n € N / f(n) > A} is a finite set}.

4. Conclusion
In this paper we have investigated some properties of fuzzy bitopological spaces in Lowen’s sense. We have also obtained new
pairwise fuzzy topology from a given one via fuzzy ideals.
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