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Concircular curvature tensor in Kenmotsu manifold 

 
Showkat Ahmad Rather and Riyaz Ahmad Shah 

 
Abstract 

In this paper we study Concircular curvature tensor in Kenmotsu manifolds. We consider curvature 

tensor, scalar curvature in a Kenmotsu manifold admitting concircular curvature tensor and prove the 

condition for concircular curvature tensor to be shrinking, steady and expanding. 
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Introduction 

The Concircular curvature C̃ on Kenmostu manifolds of dimensional n is defined by 

 

C̃ (X, Y)Z = R(X, Y)Z - 
r

n(n−1)
 [g(Y, Z)X - g(X, Z)Y]         (1.1) 

 

for any vector fields X, Y, Z where R is the curvature tensor and r is the scalar curvature. 

 In an n- dimensional Kenmotsu manifold, we have  

 

𝜂(R(X, Y)Z) = g(X, Z) η(Y) − g(Y, Z) η(X),            (1.2) 

 

R(X, Y)ξ = η(X)Y − η(Y)X,               (1.3) 

  

R(ξ, X)Y = η(Y)X − g(X, Y)ξ,               (1.4) 

 

R(ξ, X)ξ = X − η(X)ξ,                 (1.5) 

 

where R is the Riemannian curvature tensor.  

 

Taking Z = 𝜉 in equation (1.1) and using equation (1.3), we get  

 

C̃ (X, Y)𝜉 = R(X, Y)𝜉 - 
r

n(n−1) 
 [g(Y, 𝜉)X - g(X, 𝜉)Y]  

 

⇒ C̃(X, Y)𝜉 = [1 +
r

n(n−1)
[η(X)Y −  η(Y)X].             (1.6) 

 

Taking inner product of equation (1.1) with 𝜉, we get  

 

η (C̃ (X, Y)Z) = η (R(X, Y)Z) - 
𝑟

𝑛(𝑛−1)
[g(Y, Z)η (X) - g(X, Z)η (Y)].      (1.7) 

 

Using equation (1.2) in above equation, we get 

 

η (C̃ (X, Y)Z) = [1 +  
r

n(n−1)
] [g(X, Z)η (Y) - g(Y, Z)η (X)         (1.8) 

 

2.2 Preliminaries 

An n- dimensional differential manifold M is said to be an almost contact metric manifold [3]. 

If it admits an almost contact metric structure (𝜙, 𝜉, 𝜂, 𝑔) consisting of a tensor field 𝜙 of type  
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(1, 1) a vector field 𝜉, a 1 - form 𝜂, and a Riemannian metric g compatible with (𝜙, 𝜉, 𝜂, 𝑔) satisfying. 

 

𝜙 2 = -I + ⨂𝜉, 𝜂 (𝜉) = 1,                          (2.1) 

 

𝜂 ∘  𝜙 = 0, 𝜙𝜉 = 0                           (2.2) 

 

g(𝜙𝑋, 𝜙𝑌) = g(X,Y)- 𝜂 (X) 𝜂 (y), g(X,𝜉 ) = 𝜂 (X),                   (2.3)  

 

for all vector fields X, Y on M. 

 

An almost contact metric manifold M (𝜙, 𝜉, 𝜂, 𝑔) is said to be Kenmotsu manifold if 

 

(∇X 𝜙 ) Y = g(𝜙𝑋, 𝑌) 𝜉- 𝜂 (Y) 𝜙𝑋.                      (2.4) 

 

From equation (2.4), we have  

 

∇X 𝜉 = X - 𝜂 (X),                          (2.5) 

 

where ∇ denotes the Riemannian connection of g.  

 

Let (g, V, 𝜆) be a Ricci soliton is an n- dimensional Kenmotsu manifold M. 

From equation (2.5), we have 

  

(ℒξ g)(X, Y) = 2[g(X, Y) − η(X)η(Y)],                     (2.6) 

 

From equations (2.1) and (2.6), we have 

 

𝑆(𝑋, 𝑌) = −(𝜆 + 1)𝑔(𝑋, 𝑌) + 𝜂(𝑋)𝜂(𝑌),                    (2.7) 

 

S(𝜙𝑋, 𝜙𝑌) = S( X, Y) + 𝜆 𝜂(𝑋)𝜂(𝑌)                      (2.8) 

 

From equation (2.8), we have  

  

QX = -(𝜆 + 1)𝑋 + 𝜂(𝑋)𝜉,                        (2.9) 

  

S(X, 𝜉) = - 𝜆𝜂(𝑋),                          (2.10) 

 

r = - 𝜆𝑛 − (𝑛 − 1),                          (2.11) 

 

where S is the Ricci tensor, Q is the Ricci operator and r is the scalar curvature on M. 

 

Theorem 3.1: A Concircular curvature tensor 𝐂̃ in Kenmostu manifold satisfying R(𝝃, 𝑿). 𝐂̃ = 𝟎 is expanding. 

 

Proof: Let us suppose (R(𝜉, 𝑋). C̃) (U, V)W = 0 

 

⇒ R(𝜉, 𝑋) C̃ (U, V)W - C̃(R(𝜉, 𝑋) U, V)W – C̃(U,R(𝜉, 𝑋)V)W - C̃(U,V) R(𝜉, 𝑋)W = 0.          (3.1) 

 

Using equation (2.2.8) in above equation, we get  

 

η(C̃(𝑈, 𝑉)W)X - g(X,C̃(U,V)W)𝜉 - C̃(η(U)X - g(X, U)𝜉, V)W- C̃ (U, η(V)X - g (X, V)𝜉)W  

- C̃ (U, V) {η (W)X - (X, W)𝜉 } = 0, 

⇒ η(C̃(U, V)W)X - g(X, C̃ (U, V)W)𝜉 - η(U) C̃ (X, V)W + g(X, U) C̃ (𝜉,V)W - η(V)C̃ (U, X)W  

+ g(X, V) C̃ (U,𝜉)W - 𝜂(W)C̃ (U, V)X + g(X, W) C̃ (U, V)𝜉 = 0.               (3.2) 

 

Now taking an inner product of above equation with 𝜉, we get  

 

⇒ η(C̃ (U,V)W) η (X) - g(X,C̃ (U, V)W - η(U) η(C̃(X, V)W) + g(X, U) η (C̃ (𝜉, V)W) - 𝜂(V)C̃ (U, V)W) +  

g(X, V) η (C̃(U, ξ)W) - η (w)η (C̃(U, V)X) + g (X, W) η (C̃(U, V) ξ) = 0.             (3.3) 

 

Using equation (1.6) and (1.7) in above equation, we get 

[1+ 
𝑟

𝑛(𝑛−1)
] [g(U, W) ]𝜂(V) - g(V, W) η(U)]η(X) − g(X, C̃(U, V)W) - η(U) [1 +

𝑟

𝑛(𝑛−1)
] [g(X, W)  

 η(V) − g(V, W)𝜂(X)] + g(X, U)[1 +
𝑟

𝑛(𝑛−1)
] [g(ξ, W) η(V) − g(V, W)𝜂(ξ)] - η(V)  [1 +

𝑟

𝑛(𝑛−1)
]  
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 [g(U, W) 𝜂(X) − g(X, W)η(U)] + g(X, V)[1 +
𝑟

𝑛(𝑛−1)
] [g(U, W) η(ξ) − g(ξ, W)η(U)] - 𝜂(W) [1 +  

𝑟

𝑛(𝑛−1)
] [g(U, X) η(V) −

g(V, X)η(U)] + g(X, W)[1 +
𝑟

𝑛(𝑛−1)
] [g(U, 𝜉) η(V) − g(V, ξ)η(U)] = 0, 

⇒ [1 +
𝑟

𝑛(𝑛−1)
] [g(U, W) 𝜂(X)η(V) − g(V, W)η(U)η(X) - g(X, W) η(V)η(U) + g(V, W)η(X)η(U) + g( X,  

 U) η(W)η(V) - g(X, U) g(V, W) - g(U, W) η(V)η(X) + g(X, W) η(V)η(U) +g(X, V) g(U, W) - g(X, V)  

 η(W)η(U) + g(U, X) η(W)η(V) + g(V, X) η(W)η(U) + g(X, W) η(U)η(V) - g(X, W) η(U)η(V)] –  

 g(X, C̃(U, V)W) = 0, 

⇒ [1+ 
𝑟

𝑛(𝑛−1)
] [g(X, V) g(U,W) - g(X, U) g(V, W)] - g (X, C̃ (U,V)W) = 0. 

 

The above equation can be written as  

 

-g (X, C̃(U,V)W) + [1+ 
𝑟

𝑛(𝑛−1)
] [g (X, V) g (U, W) - g (X, U) g (V, W)] = 0.             (3.4) 

 

In view of equation (1.1), above equation takes the form  

 

- g (X, R(U, V)W) - 
r

n(n−1)
 [g (V, W)U - g (U, W)V] + [1 + 

r

n(n−1)
] [g (X, V) g (U, W)  

- g (X, U) g (V, W)] = 0 

⇒ - g(X, R(U, V)W) - 
r

n(n−1)
 [g(X, V) g (U, W) - g (X, U) g (V, W)] + [1 + 

r

 n(n−1)
] [g (X, V) g (U, W) 

- g (X, U) g (V, W)] = 0 

⇒ - g(X, R(U, V)W) + [g(X, V) g (U, W) - g (X, U) g (V, W)] = 0               (3.5) 

 

Taking X = U= e i in above equation and summing over i, 1 ≤ i ≤ n, we get  

 

- 'R (ei, V, W, ei) + [g (ei, v) g (ei, W) - g (ei, ei ) g (V, W)] = 0 

⇒ - S (V,W) + [g (V,W) - ng (V, W)] = 0.                     (3.6) 

 

Taking V= W = 𝜉 in above equation, we get  

 

- S (𝜉, 𝜉) + [g (𝜉, 𝜉) – ng (𝜉, 𝜉)] = 0 

⇒  λ + (1 − n) = 0 

⇒ λ = n − 1. 

 

This shows that 𝜆 is positive, it means that the concircular curvative tensor C̃ in Kenmostu manifold satisfying R(𝜉, X).C̃ = 0 is 

expanding. This completes the proof. 

 

References 

1. Blair DE. On the geometric meaning of the Bochner tensor. Geometriae Dedicata. 1975; 4:1. 

2. Kenmotsu K. A class of almost contact Riemannian manifolds. The Tohoku Mathematical Journal. 1972, 24. 

3. Blair DE. Contact Manifolds in Riemannian Geometry, vol. 509 of Lecture Notes in Mathematics, Springer, Berlin, 

Germany, 1976. 

4. Sharma R. On the curvature of contact metric manifolds, J Geom. 1995, 53. 

5. Bernardini A. Riemannian manifolds with concircular curvature tensor, Atti, sem. Mat. Fis. Univ. Modena, 1981, 30. 

6. Sharma SR. On almost contact manifold, Indian J. Pure and Applied Math, 1974, 5. 

7. Perelman G. The entropy formula for the Ricci flow and its geometric applications, Math, 1972, 29. 

8. Ively T. Ricci solitons on compact 3- manifolds, Different. Geom. Appl. 1993, 3. 

9. Hamilton RS. Almost contact structures and curvature tensors, Kodai Math. J. 1992; 4:1-27. 

10. Sasaki S. On differentiable manifolds with certain structures which are closely related to almost contact structure, Tohoku 

Math. J. 1960; 2:459-476.  

11. Tanno S. Ricci curvatures of contact Riemannian manifolds, Tohoku Math. J. 1988; 40:441-448.  


