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Note on laguerre polynomial of two variable £n (X, y)
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Abstract

In this paper we obtain properties, expansion of polynomials involving the generalized associated
Laguerre Polynomials which are closely related to generalized Lagguerre polynomials of Dattoli et al.
These results provide useful extensions of the well-known results of Lagguerre Polynomials Ln(x).
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1. Introduction

Two variable one index Laguerre polynomials have been given by Dattoli et al 4 and by
Pathan, Khan and Yasmin [,

Two variable one index Laguerre polynomials defined as

n (71)r Xr yn—r
L, (x,y)=nty ——n . (1.])
r—o (n =)l (rt)
n X "
L (x,0)=(-1)" —, ..(1.2)
n!
and are specified by the generating function
* n 1 — xt
> ot L o (x,y)= exp [ ];|yt|<1 .. (1.3)
n=0 1- yt 1- yt
Ly (X, y) are linked to the ordinary Laguerre polynomials L, (X) by
Ly (X, 1) =La (X) .. (1.4
X
Lo (X, YY) =y" Ly [—] ... (L5
y

A generalization of (1.1) provided by the following definition of the generalized associated
Laguerre polyniomials

r

n _lr 1 n-r

L'f]a) (x, ) = Y D Gra)yy X ... (1.6)
=0 (n=rtrr@l+a),

_ Z (-1)" (o +n)ty" "x'

=0 rr(n—=r) (o + r)!
and the generating function, we get
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- (o) N —a-1 - Xt
LT (x,y)t = (1-yt) exp , .. (1.7
n=0 1-yt
() " EPRN B o —xt |
and 3 (c), £, (x,y)t"[(1+a), @A-yt) °F .. (1.8)
L l+oa; 1-—yt J
where ¢ be an arbitirary number
so that for o = 0, (1.6) and (1.7) reduces to (1.1) and (1.3)
Now using expansion on R.H.s. in (1.7) and after some calculation, we get
. CH'nt@ra), vy
x"= ¥ £ (x,y) ... (1.9)
0 (n=rt@+a),
and by [8; P.21 (1.11a)]
Kummer’s first transformation formula
1F1 (o y;2) =% aF1 (v - oy y; -2) ... (1.10)
where A is neither zero nor a negative integer
and (A)m+n = (A)m (A+m)n
. (1.11)
-1)* n
(n-k)!=—0<k<n ... (1.12)
(_n)k

In this paper we shall give some basic relation and properties then obtain integral and differentiation involving the generalized
associated Laguerre polynomials L'(n“) (x,y)

Some Properties
Theorem —1: If oo and B are arbitrary and positive integer then

() £ x,y) =3 (@ -B)y" LP (x,y)/k! L 2.0
k=0
(i) 28" (x+z,y) =Y £y (x.y) £P (2, y) .. (2.2)
k=0

l+a), " QA+a-c),

£ (—x,y) £ (x, y) . (23)

n-k

(i) £ (x, y) =
(€)y k=0 @+ a),

ylza-y " la+a),
(n—K)! L+ a),

(iv) £ (xy,2)= 3 £ (x,y) .. (2.4)
k=0

Proof: (i) consider

Xt — Xt
@L-yt) % exp = @-yt) P @ - y)" P exp :
1-yt 1-yt

Now using (1.7) and some series rearrangements

0 o0 n _ k
> L%t =y z—(“ PYy (1) £P (x,y)t"

n=0 n=0 k=0 kl

k

Equating the coefficient of t" on both side, we get required result (2.1)

(if) Consider an equation

A-yt) " exp {iJ A-yt) " exp { _ 4 J
1 1-yt
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(x+z)tj

- (l— yt)—l—(a+ﬁ+l) exp
1-—yt

Now using (1.7) and using some series rearrangement

n-k _ z £(ncx+[3+l) (X 4z, y)tn

n=0

>y £yt 2Pzt
n=0 k=0

Equation the coefficient of t", we get required result (2.2)

(iii) Since linear generating function of Laguerre polynomial defined by

¢, —xt |

S o), L0yt (L), = (@ -yt) lF{ J
n=0 1+a;1-yt

Using Kummer’s first formula (1.10) in R.H.S. and after some calculation

Y (e), £ (x,y) " [(1+a),
n=0

[1+a-c; —xt |
lFl
L 1+ a; 1—ytJ

t
— (1 _ yt)—l—(Zc—(x—Z) exp [ J (1_ yt)—(1+a—c)

1-yt

using (1.7) and (1.8), we get

©

Y (), £ (x.y)t" 11+ a),

n=0

»o0 lra-0)y ]
=y v 2% 2’(x,y)ﬁfi>(—x,y)t
n=0 k=0 k

Equating the coefficient of t" on both side, we get required result (2.3)

Putc=1+ a/2+ m/2 in (2.3), we get
o m

Qra), " L2 2,
@+ + ™)), o L+ a),
Againputc=1+ o+ min (2.3) and using (1.11) we get
L4 X, y)=@Q+a), L+a), [(1+a)

L£(x, y) = £ (=x,y) £ (x,y) .. (2:5)

m+n

Y -m) £ (=x,y) L8 (x, y) I+ @), L (2.6)

k=0
(iv) Consider the series

Y £V 0y. )t (ltra), =Y L’ﬁ,‘”(iw ()" 1+ a),
n=0 n=0 k z )

using [6; P.113(1)], we get

* (o) n tz |— ) - X —|
Lo (xy,z)t (1+a), =e" F —(tzy )
Ll+ a; J

n=0 z

e - n-k (a) (XW k

=> ¥ [tz@-y) I(n—k) £, —|(tzy ) 11+ a),
n=0 k=0 Lz )

using (1.5) then equating the coefficient of t" on both side, we get required result (2.4)

Expansions of polynomials
Theorem — 2: If o is a positive and arbitrary integer, then
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. n ” [-(n-Kk)/2,-(n-k-1)/2; 1]
i) H, (x,y)=2 (1+a), > , ZL _
k=0 -(a+n)/2, - (o +n-1)/2; 4yJ

x (=n), y" L (x, y) L+ @),

(i) P, (x)=2" (%), @+a), /ntY  (=n), y" " £ (x, y) 1+ a),

k=0

- [ —(n-k)/2, - (n-k-1)/2; 11
i 3I_(%—n),—%((x+n),—%(a+n—1); 4y2J|

" (ra), Dy

(i) 2 (x,y) =3 ” H, (x,y)
o (N—K)NIKI2“ 1+ a),
[—(n—k)/2, —(n—k-1)/2: 1]
><2':2L _J
Ql+oa+k)/2,2+a+k/2; 4y
|r ~(n-k) -(n-k-1) 1|
n ' ’ 1
(iv)L'f]“) (x,y)=Y Fal 2 2 |
= 23|(1+a+k)’2+a+k’i+k;4y2|
L 2 2 2 |

k

-0 y" M @ra), 2k +1) P, (x)

2 (N=K) (%), @+ a),

X

Proof: (i) Consider the following series

n

* t
S=> H, (X, y)—

n=0 n!
s cy)t ex)" "
S=Y X
n=0 s=0 S!(n - ZS)I

Replacing n by n + 2s and using (1.9), and again replacing n by n + k, we get

k+s
(—1) (1+0~)n+k 2n+k yn+s L,f(a) (X, y) tn+2$+k

s=y ¥ ¥

0 s=0 k=0 stnl 1+ a),

>
»

Now replacing n by n — 2s and by some calculations we get

(/21 (1)° (4y) " (=n),, (DX @+ a), ., pre g

n=0 k=0 s=0 sl (—a —n—K),, nt@+a),

using Legendre’s duplication formula and replacing n by n — k we get

[— % (n-Kk), - % (n-k-1)

|
n=0 k=0 i__\ ) },—%(a+n—1); 4

o+ n

_|
_1|
y |

x (-1 2"y" @+ a), £yt -k L+ a),

Equating the coefficient of t" of equations (3.5) and (3.6), we get required result (3.1)
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(if) Now consider following the series

©

S =Y P, (x)t .. (3.7)
n,s=0
(=17 (r2), . (2x)" "
>
Voo sin!

using (1.9) and the same procedure as [6; P.208 (4)], we get
then n by n — k, we get

[ —(n-Kk)/2,-(n—-k-1)/2; 1 1
= F, | ”
I 15 -n—(a+n)/2, = (a+n-1)/2;4y°

x (1) 2" (), @ra), y" LD )t -k AL+ @), ... (3.8)
Equating the coefficient of t" of equations (3.7) and (3.8) and using (1,12)then, we get required result (3.2)

(iii) Consider the following series

s=Y L’ff” x,y)t" 1+ a), ...(3.9)
=0

S= Y (-1Fy" x“ "M Ikint @+ @),
n,k=0

[k/2] (- 1) yn He, (X, y) AL

n,k=0 r=0 nt@d+a), Zk (k = 2r)tn!

Now using the same procedure as in part (i) and (ii), we get

|r_(n—k) —(n-k-1) 1|
® n 2 2 1
=22 2':2|(1+oc+k 2+oc+kw4_|
n=0 k=0 | Y|
o2 Ju 2 ) ]
k n-k n
Dy T H oY)t ... (3.10)

(n-kN'k!'l+a), 2%

Equating the coefficient of t" of equation (3.9) and (3.10), we get required result (3.3).
(iv) For proof of (3.4) consider the following series

0

YL oy tT@ra), = Y (=D y" x T ki@ o),
n,k

n=0 =0

Now using [6; P.181 (4)], we get

= L oyt =k Ryt 2k - ar+1) P, 0Ot"TE
> =2 - 5
n=0 1+ Ot)n nk=0 r=0 nl(1+ Oc)k 2°r! (A)k—r

- y" 2k +1) P, (x)t"
X

nt2k (EW L+a),
(2)

k
Equating the coefficient of t" on both side, we get required result (3.4)
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Special cases
I. Fory=1,then (2.1) and (2.2) reduces to a known result [6; P. 209 (283)]
Fory =1, then (2.3) reduces to a known result [6; P.210 (8)]
For z =1, then (2.4) reduces to a known result [6; P. 209 (15)].
Fory =1, then (2.5) and (2.6) reduces to a known result [6; P. 216 (6 & 7)].
Il Fory=1,then (3.1) reduces to a known result [6; P.207 (3)]
Fory =1, then (3.2) reduces to a known result [6; P. 208 (4)].
Fory =1, then (3.3), (3.4) reduces to a known result [6; P. 216 (2&3)].

Special cases | and 11 are known formulae for some properties and expansions of polynomials for ordinary Laguerre Polynomials
Lna(X)
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