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Abstract 

In this paper, we aim at finding image of product of Multi-Parameter k-Mittag-Leffler Function and 

Generalized Multi-Index Bessel Function under the Marichev-Saigo-Maida (MSM) Fractional 

Integration Operators in terms of generalized k-Wright Function. Some useful special cases of our main 

results are also obtained. 

 

Keywords: Multi-Parameter k-mittag-leffler function, multi-index Bessel function, generalized k-Wright 

function, MSM fractional integration and differentiation operators 

 

Introduction 

Generalized Multi-Index Bessel Function  

A new generalization of Bessel function called Multi-Index Bessel Function is introduced by 

Nisar. K.S. [8] as 

 

𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝐶

 (𝑍) =  ∑
𝐶𝑙(𝜆)𝜔𝑙 𝑍𝑙

∏ Γ(𝑣𝑡 𝑙+𝜇𝑡+
𝑑+1

2
)𝑠

𝑡=1

 
1

𝑙 !
 ∞

𝑙=0             (1.1) 

For 𝑣𝑡 , 𝜇𝑡, 𝜆, 𝑑, 𝑐 𝜖 𝐶 (t = 1, 2 …s) be such that

𝑠
∑

𝑡 = 1
Re (𝜈𝑡) > max{0, 𝑅𝑒(𝜔) − 1}; 𝜔 > 0, 

R𝑒(𝜇𝑡) > 0 and Re (𝜆) > 0, & s 𝜖 N 

 

Here (𝜆)𝜔𝑙 denotes the Pochhammer symbol defined (for 𝜆, 𝜔𝑙 𝜖 𝐶 ) in terms of Gamma 

function Γ (see [12], section 1.1]) by 

 

(𝜆)𝜔𝑙 = 
Γ (λ+𝜔l)

Γ(𝜆)
 = {

1 
𝜆 (𝜆 + 1) … . .

(𝜔𝑙 = 0; 𝜆𝜖𝑐\{0})

(𝜆 + 𝑛 − 1)(𝜔𝑙 =  𝑛𝜖𝑁, 𝜆𝜖𝐶)
}      (1.2) 

 

Multi-Parameter K- Mittag-Leffler Function 
Gehlot K.S. introduced Multi-Parameter k- Mittag-Leffler function [4] as 

 

𝐸𝑝
 

𝑞 𝑘
(𝜉,𝜂)𝑚

 

 
 (𝑍) =  ∑

 ∏ (𝑎𝑗)𝑛,𝑘 𝑍𝑛𝑃
𝑗=1

∏ (𝑏𝑟)𝑛,𝑘
𝑞
𝑟=1  ∏ Γ𝑘 (𝑛 𝜂𝑖+ 𝜉𝑖)𝑛!𝑚

𝑖=1

∞
𝑛=0           (1.3) 

 

Where Γ𝑘 (𝑥) is the generalized k - Gamma function [2] given by 

 

Γ𝑘 (𝑥) =
𝑙𝑖𝑚 

𝑛 → ∞
𝑛! 𝑘𝑛(𝑛𝑘)

𝑥
𝑘

−1

(𝑥)𝑛,𝑘
, K > 0, x 𝜖 𝑐 \𝑘𝑍̅           (1.4) 

 

And (𝑥)𝑛,𝑘 is the k-pochhammer symbol defined as 

 

(𝑥)𝑛,𝑘 = x(x + k) (x + 2k)..... (x + (𝑛 −1) 𝑘), x𝜖𝐶, 𝑘𝜖𝑅, 𝑛𝜖𝑁+       (1.5) 
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For Re(x) > 0, Γk (x) is defined as the integral  

 

𝛤𝑘 (𝑥) =  ∫ 𝑡𝑥 −1∞

0
 𝑒

−tk

k dt                       (1.6) 

 

From (1.4) it follows that𝛤𝑘 (𝑥) =  𝑘
𝑥

𝑘
−1 𝛤 (

𝑥

𝑘
)                  (1.7) 

 

Generalized K-Wright Function 

For Z, 𝑎𝑖, 𝑏𝑗  𝜖 𝑐 and 𝛼𝑗 , 𝛽𝑗 𝜖 R (𝛼𝑗 , 𝛽𝑗  ≠ 0 ; 𝑖 = 1, 2, . . 𝑝; j = 1,2, …q) the generalized k-Wright Function [3] is represented as 

 

Ψ𝑞𝑝
 (𝑧) = Ψ𝑞𝑝

 [
(𝑎𝑖 , 𝛼𝑗)1,𝑃

(𝑏𝑗 , 𝛽𝑗)1,𝑞 
| 𝑍] = ∑  

 ∏ Γ(𝑎𝑖+αin)𝑃
𝑖=1  

∏ Γ(𝑏j+𝛽𝑗𝑛)
𝑞
𝑗=1

 
𝑍𝑛

𝑛!
∞
𝑛=0                 (1.8) 

 

Gehlot. K.S. and Prajapati [5] defined the generalized k- Wright Function as Ψ𝑞
𝑘

𝑝
 (𝑧) for𝑎𝑖,𝑏𝑗, z 𝜖 𝐶, k 𝜖 𝑅+, 𝛼𝑖 , 𝛽𝑗 ∈ 𝑅(𝛼𝑖 , 𝛽𝑗  ≠

0; 𝑖 = 1,2, … . 𝑝 ; 𝑗 = 1, 2, … . 𝑞) 𝑎𝑛𝑑 (𝑎𝑖 + 𝛼𝑖𝑛), (𝑏𝑗 + 𝛽𝑗𝑛) 𝜖 𝐶 \𝑘𝑍̅, as 

 

Ψ𝑞
𝑘

𝑝
 (𝑧)  = Ψ𝑞

𝑘
𝑝
 (𝑧) [

(𝑎𝑖 , 𝛼𝑖)1,𝑃

(𝑏𝑗 , 𝛽𝑗)1,𝑞 
| 𝑍] ∑

 ∏ Γ𝑘(𝑎𝑖+αi𝑛)𝑃
𝑖=1  

∏ Γ𝑘(𝑏j+𝛽𝑗𝑛))
𝑞
𝑗=1

 
𝑍𝑛

𝑛!
∞
𝑛=𝑜                 (1.9) 

 

Marichev-Saigo-Maida (Msm) Fractional Integration and Differential Operators 

Saigo operators [3] which is an useful generalization of the hyper-geometric fractional operators has been introduced by Marichev 
[7] (see details in samko et al. [11], P-194, (10.47) and whole section 10.3) and later extended and studied by Saigo and Maeda [10] in 

terms of any complex order with Appell function 𝐹3(. ) in the kernel as follows: 

 

(𝐼0+
𝛼,𝛼′,𝛽,𝛽′,𝛾

𝑓) (𝑥) =
𝑥−𝛼

Γ(𝛾)
∫ (𝑥 − 𝑡)𝛾−1𝑡−𝛼′

𝐹3 (𝛼, 𝛼′, 𝛽, 𝛽′, 𝛾, 1 −
𝑡

𝑥
, 1 −

𝑥

𝑡
) 𝑓(𝑡)𝑑𝑡, 𝑅𝑒(𝛾) > 0

𝑥

0
       (1.10) 

 

(𝐼−
𝛼,𝛼′,𝛽,𝛽′,𝛾𝑓)(𝑥) =

𝑥−𝛼′

Γ(𝛾)
∫ (𝑡 − 𝑥)𝛾−1∞

𝑥
𝑡−𝛼𝐹3 (𝛼, 𝛼′, 𝛽, 𝛽′, 𝛾, 1 −

𝑥

𝑡
, 1 −

𝑡

𝑥
) 𝑓(𝑡)𝑑𝑡, Re(𝛾) > 0       (1.11) 

 

(𝐷0+
𝛼,𝛼′,𝛽,𝛽′,𝛾

𝑓) (𝑥) = (𝐼0,+
−𝛼′,−𝛼,𝛽′,−𝛽,−𝛾

𝑓) (𝑥) (𝑅𝑒(𝛾) > 0)                (1.12) 

 

= (
𝑑

𝑑𝑥
)

𝑘

(𝐼0,+
−𝛼′,−𝛼,𝛽′+ 𝑘,−𝛽,− 𝛾+𝑘

𝑓) (𝑥), (Re (γ) > 0), 𝑘 = [Re(γ) + 1] 

 

And  

 

(𝐷−
𝛼,𝛼′,𝛽,𝛽′,𝛾𝑓)(𝑥) = (𝐼−

−𝛼′,𝛼,𝛽′,−𝛽,−𝛾𝑓)(𝑥) (𝑅𝑒(𝛾) > 0)                (1.13) 

 

= (
𝑑

𝑑𝑥
)

𝑘

(𝐼−
−𝛼′,−𝛼,− 𝛽′,−𝛽+𝑘,− 𝛾+𝑘𝑓)(𝑥), (Re (γ) > 0), 𝑘 = [Re(γ) + 1] 

 

These operators (1.10)-(1.13) reduce to the Saigo fractional calculus operators [9] as  

 

(𝐼0,+
𝛼,0,𝛽,𝛽′,𝛾

𝑓) (𝑥) = (𝐼0,+
𝛾,𝛼−𝛾,−𝛽,

𝑓)(𝑥) (𝛾𝜖𝑐)                   (1.14) 

 

(𝐼−
𝛼,0,𝛽,𝛽′,𝛾𝑓)(𝑥) = (𝐼−

𝛾,𝛼−𝛾,−𝛽,𝑓)(𝑥) (𝛾𝜖𝑐)                     (1.15) 

 

(𝐷0,+
0,𝛼′,𝛽,𝛽′,𝛾

𝑓) (𝑥) = (𝐷0,+
𝛾,𝛼′−𝛾,𝛽′−𝛾,

𝑓) (𝑥) 𝑅𝑒(𝛾) > 0                 (1.16) 

 

(𝐷−
0,𝛼′,𝛽,𝛽′,𝛾𝑓)(𝑥) = (𝐷−

𝛾,𝛼′−𝛾,𝛽′−𝛾,𝑓)(𝑥) 𝑅𝑒(𝛾) > 0                  (1.17) 

 

The left-hand sided and right-hand sided generalized integration of the type (1.10) and (1.11) for a power function formula | see 
[11], P-394, eq (4.18) and (4.19) are given by 

 

 (𝐼0+
𝛼,𝛼′,𝛽,𝛽′,𝛾

𝑡𝜎−1) (𝑥) =
Γ(𝜎)Γ(𝜎+𝛾−𝛼−𝛼′−𝛽)Γ(𝜎+𝛽′−𝛼′)

Γ(𝜎+𝛽)Γ(𝜎+𝛾−𝛼−𝛼′)Γ(𝜎+𝛾−𝛼′−𝛽)
𝑥𝜎−𝛼−𝛼′+𝛾−1             (1.18) 

 

whereRe(𝛾) > 0,Re(𝜎) > max {0,Re(𝛼 + 𝛼′ + 𝛽 − 𝛾), 𝑅𝑒(𝛼′ − 𝛽′)}  

 

And (𝐼−
𝛼,𝛼′,𝛽,𝛽′,𝛾𝑡𝜎−1)(𝑥) =

Γ(1−𝜎−𝛾+𝛼+𝛼′)Γ(1−𝜎+𝛼+𝛽′−𝛾)Γ(1−𝜎−𝛽)

Γ(1−𝜎)Γ(1−𝜎+𝛼+𝛼′+𝛽′−𝛾)Γ(1−𝜎+𝛼−𝛽)
𝑥𝜎−𝛼−𝛼′+𝛾−1           (1.19) 
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where Re(𝛾) > 0,Re(𝜎) < 1+ min { Re(−𝛽), Re(𝛼 + 𝛼′ − 𝛾), 𝑅𝑒(𝛼 + 𝛽′ − 𝛾)}. 

 

2. Generalized Fractional Integration and Differentiation of Product of Multi-Parameter K-Mittag-Leffler Function and 

Generalized Multi-Index Bessel Function 

Here, in this section we find images of product of Multi-Parameter k-Mittag Leffler Function and Generalized Multi-Index Bessel 

Function under the MSM operators in terms of generalized k-Wright Function. These formulas are given by the following 

theorem.  

 

Theorem 1  

If 𝛼, 𝛼′, 𝛽, 𝛽′, 𝛾, 𝜎, 𝑣𝑡 , 𝑢𝑡 , 𝜆, 𝑑, 𝑐, 𝑎𝑗 , 𝑏𝑗 , 𝜖 𝐶, 𝑘 > 0, 𝛼𝑗 , 𝛽𝑗 , ∈ 𝑅 and 𝑥 > 0 be such that∑ 𝑅𝑒(𝑣𝑡) > max{0, 𝑅𝑒(𝑘) − 1} ;  𝑘 >𝑠
𝑡=1

0, 𝑅𝑒(𝜇𝑡) > 0, Re(𝜆)  >  0, Re (𝛾) >0 and Re (
𝜎

𝑘
) > 𝑚𝑎𝑥[0, 𝑅𝑒(𝛼 + 𝛼′ + 𝛽 − 𝛾), 𝑅𝑒 (𝛼′ − 𝛽′)] 

 

(𝐼0+
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍
𝜎

𝑘
−1 𝐸𝑝

 
𝑞 𝑘
(𝜉,𝜂)𝑚  (𝑍

𝜌

𝑘) . 𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍
𝜌′

𝑘 )]) (𝑥) 

 

=  
𝑥

𝜎

𝑘
−𝛼−𝛼′+𝛾−1  ∏ Γk(b𝑟)

𝑞
𝑟=1

𝑘𝛾  ∏ Γk(a𝑗)
𝑝
𝑗=1

∑
𝐶𝑙(𝜆)𝜔𝑙

 ∏ (𝑣𝑡𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1

 
𝑥

𝜌′𝑙

𝑘

𝑙!
 

∞

𝑙=𝑜

 

 

𝛹 𝑝+3
 

𝑞+𝑚+3
𝑘 [

(𝑎𝑖 , 𝑘)1,𝑃; (𝜎 + 𝜌′𝑙, 𝜌); (𝜎 + 𝜌′𝑙 + 𝑘𝛾 − 𝑘𝛼 − 𝑘𝛼′ − 𝑘𝛽, 𝜌);

(𝑏𝑟 , 𝑘)1,𝑞 ; (𝜉𝑖 , 𝜂𝑖)1,𝑚; (𝜎 + 𝜌′𝑙 + 𝑘𝛽′, 𝜌); (𝜎 + 𝜌′𝑙 + 𝑘𝛾 − 𝑘𝛼 − 𝑘𝛼′, 𝜌);
  

 
(𝜎 + 𝜌′𝑙 + 𝑘𝛽′ − 𝑘𝛼′, 𝜌)

(𝜎 + 𝜌′𝑙 + 𝑘𝛾 − 𝑘𝛼′ − 𝑘𝛽, 𝜌)
  ;  𝑥

𝜌

𝑘]                     (2.1) 

 

Proof: Using definitions (1.1), (1.3) & (1.10) and changing the order of integration and summation in LHS of (2.1) it reduces to 

 

∑
 ∏ (𝑎𝑗)𝑛,𝑘 𝑃

𝑗=1

∏ (𝑏𝑟)𝑛,𝑘
𝑞
𝑟=1  ∏ Γ𝑘 (𝑛 𝜂𝑖 + 𝜉𝑖)𝑛!𝑚

𝑖=1

.
𝐶𝑙(𝜆)𝜔𝑙 

∏ Γ (𝑣𝑡 𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1

 
1

𝑙 !
 (𝐼0,+

𝛼,𝛼′,𝛽,𝛽′,𝛾
[𝑍

𝜎+𝜌𝑛+𝜌′𝑙

𝑘
−1]) (𝑥)

∞

𝑛,𝑙=0 

 

   

Using (1.18) we get 

 

= ∑
 ∏ (𝑎𝑗)𝑛,𝑘 𝑃

𝑗=1

∏ (𝑏𝑟)𝑛,𝑘
𝑞
𝑟=1  ∏ Γ𝑘 (𝑛 𝜂𝑖+ 𝜉𝑖)𝑛!𝑚

𝑖=1

.
𝐶𝑙(𝜆)𝜔𝑙 

∏ Γ(𝑣𝑡 𝑙+𝜇𝑡+
𝑑+1

2
)𝑠

𝑡=1

 
1

𝑙 !
 𝑥

𝜎+𝜌𝑛+𝜌′𝑙

𝑘
−𝛼−𝛼1+𝛾−1∞

𝑛,𝑙=0  

 

. 
Γ (

𝜌𝑛+𝜌′𝑙+𝜎

𝑘
) Γ (

𝜎+𝜌𝑛+𝜌′𝑙+𝛾

k
−𝛼−𝛼′−𝛽) Γ (

𝜎+𝜌𝑛+𝜌′𝑙

k
+𝛽′−𝛼′) 

Γ (
𝜎+𝜌𝑛+𝜌′𝑙

𝑘
+𝛽′) Γ (

𝜎+𝜌𝑛+𝜌′𝑙

k
+𝛾−𝛼−𝛼′) Γ (

𝜎+𝜌𝑛+𝜌′𝑙

k
+𝛾−𝛼′−𝛽)

 

 

Using (1.7) and definition of generalized k-Wright Function from (1.9) we get the desired result.  

 

Theorem 2 

 Let 𝛼, 𝛼′, 𝛽, 𝛽′, 𝛾, 𝜎, 𝑣𝑡 , 𝑢𝑡 , 𝜆, 𝑑, 𝑐, 𝑎𝑗 , 𝑏𝑗 , 𝜖 𝐶, 𝑘 > 0, 𝛼𝑗 , 𝛽𝑗 , ∈ 𝑅 and 𝑥 > 0 be such that 

 

 ∑ 𝑅𝑒(𝑣𝑡) > max  {0, 𝑅𝑒(𝑘) − 1}; 𝑘 > 0, 𝑅𝑒(𝜇𝑡) > 0, Re(𝜆)  >  0𝑠
𝑡=1 , Re (𝛾) > 0 and 

 

Re (
𝜎

𝑘
) > 𝑚𝑎𝑥[0, 𝑅𝑒(𝛼 + 𝛼′ + 𝛽 − 𝛾), 𝑅𝑒 (𝛼′ − 𝛽′)] then 

 

(𝐼−
𝛼,𝛼′,𝛽,𝛽′,𝛾 [𝑍

𝜎

𝑘
−1 𝐸𝑝

 
𝑞 𝑘
(𝜉,𝜂)𝑚  (𝑍

𝜌

𝑘) . 𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍
𝜌′

𝑘 )]) (𝑥) 

 

=  
𝑥

𝜎

𝑘
−𝛼−𝛼′+𝛾−1  ∏ Γk(b𝑟)

𝑞
𝑟=1

𝑘𝛾  ∏ Γk(a𝑗)
𝑝
𝑗=1

∑
𝐶𝑙(𝜆)𝜔𝑙

 ∏ (𝑣𝑡𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1

 
𝑥

𝜌′𝑙

𝑘

𝑙!
.

∞

𝑙=𝑜

 

 

𝛹𝑝+3
 

𝑞+𝑚+3
𝑘  [

(𝑎𝑗 , 𝑘)1,𝑃; (1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛽, 𝜌); (1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′, 𝜌);

(𝑏𝑟 , 𝑘)1,𝑞; (𝜉𝑖 , 𝜂𝑖)1,𝑚; (1 − 𝜎 − 𝜌′𝑙, 𝜌); (1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′ + 𝑘𝛽′, 𝜌);
 

 
(1 − 𝜎 − 𝜌′𝑙 + 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛽′, 𝜌); 

(1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛽 + 𝑘𝛼, 𝜌);
𝑥

𝜌

𝑘]                    (2.2) 
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Proof: Using (1.1), (1.3) & (1.11) and changing the order of integration and summation in LHS of (2.2), and preceding as same as 

Theorem 1, we arrive at RHS of (2.2). 

 

Theorem 3 

Let 𝛼, 𝛼′, 𝛽, 𝛽′, 𝛾, 𝜎, 𝑣𝑡 , 𝑢𝑡 , 𝜆, 𝑑, 𝑐, 𝑎𝑗 , 𝑏𝑗 , 𝜖 𝐶, 𝑘 > 0, 𝛼𝑗 , 𝛽𝑗 , ∈ 𝑅 and 𝑥 > 0 be such that ∑ 𝑅𝑒(𝑣𝑡) > max  {0, 𝑅𝑒(𝑘) − 1}; 𝑘 >𝑠
𝑡=1

0, 𝑅𝑒(𝜇𝑡) > 0, Re(𝜆)  >  0 Re (𝛾) > 0 and Re (
𝜎

𝑘
) > 𝑚𝑎𝑥[0, 𝑅𝑒(𝛼 + 𝛼′ + 𝛽 − 𝛾), 𝑅𝑒 (𝛼′ − 𝛽′)]  

 

Then there holds the following formula 

 

(𝐷0,+
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍
𝜎

𝑘
−1 𝐸𝑝

 
𝑞 𝑘
(𝜉,𝜂)𝑚  (𝑍

𝜌

𝑘) . 𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍
𝜌′

𝑘 )]) (𝑥)  

 

=  
𝑥

𝜎

𝑘
+𝛼+𝛼′−𝛾−1  ∏ ΓK(b𝑟)

𝑞
𝑟=1

𝑘𝛾  ∏ ΓK(a𝑗)
𝑝
𝑗=1

∑
𝐶𝑙(𝜆)𝜔𝑙

 ∏ (𝑣𝑡𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1

 
𝑥

𝜌′𝑙

𝑘

𝑙!
 

∞

𝑙=𝑜

 

 

𝛹𝑝+3
 

𝑞+𝑚+3
𝑘 [

(𝑎𝑗 , 𝑘)1,𝑃; (𝜎 + 𝜌′𝑙, 𝜌); (𝜎 + 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′ + 𝑘𝛽′, 𝜌);

(𝑏𝑟 , 𝑘)1,𝑞;(𝜉𝑖  𝜂𝑖)1,𝑚; (𝜎 + 𝜌′𝑙 − 𝑘𝛽, 𝜌); (𝜎 + 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′, 𝜌);
 

 
(𝜎 + 𝜌′𝑙 + 𝑘𝛼 − 𝑘𝛽, 𝜌); 

(𝜎 + 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛽′, 𝜌); 
𝑥

𝜌

𝑘]                     (2.3) 

 

Proof: Similar to as of Theorem 1 & 2. 

 

Theorem 4 

Let 𝛼, 𝛼′, 𝛽, 𝛽′, 𝛾, 𝜎, 𝑣𝑡 , 𝑢𝑡 , 𝜆, 𝑑, 𝑐, 𝑎𝑗 , 𝑏𝑗 , 𝜖 𝐶, 𝑘 > 0, 𝛼𝑗 , 𝛽𝑗 , ∈ 𝑅 and 𝑥 > 0 be such that ∑ 𝑅𝑒(𝑣𝑡) > max  {0, 𝑅𝑒(𝑘) − 1}; 𝑘 >𝑠
𝑡=1

0, 𝑅𝑒(𝜇𝑡) > 0, Re(𝜆)  >  0 Re (𝛾) > 0 and Re (
𝜎

𝑘
) > 𝑚𝑎𝑥[0, 𝑅𝑒(𝛼 + 𝛼′ + 𝛽 − 𝛾), 𝑅𝑒 (𝛼′ − 𝛽′)]  

   

Then the following formula holds true 

 

(𝐷−
𝛼,𝛼′,𝛽,𝛽′,𝛾 [𝑍

𝜎

𝑘
−1

𝑝 𝐸𝑞,𝑘
(𝜉,𝜂)𝑚

 (𝑍
𝜌

𝑘) 𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍
𝜌′

𝑘 )]) (𝑥)  

 

 =  
𝑥

𝜎

𝑘
+𝛼+𝛼′−𝛾−1  ∏ Γk(b𝑟)

𝑞
𝑟=1

𝑘𝛾  ∏ Γk(a𝑗)
𝑝
𝑗=1

∑
𝐶𝑙(𝜆)𝜔𝑙

 ∏ (𝑣𝑡𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1

 
𝑥

𝜌′𝑙

𝑘

𝑙!
.

∞

𝑙=𝑜

 

 

𝛹𝑝+3
 

𝑞+𝑚+3
𝑘 [

(𝑎𝑗 , 𝑘)1,𝑃; (1 − 𝜎 − 𝜌′𝑙 + 𝑘𝛽′, 𝜌); (1 − 𝜎 − 𝜌′𝑙 + 𝑘𝛾 − 𝑘𝛼 − 𝑘𝛼′, 𝜌)

(𝑏𝑟 , 𝑘)1,𝑞; (𝜉𝑖  , 𝜂𝑖)1,𝑚; (1 − 𝜎 − 𝜌′𝑙, 𝜌); (1 − 𝜎 − 𝜌′𝑙 + 𝑘𝛾 − 𝑘𝛼 − 𝑘𝛼′ − 𝑘𝛽, 𝜌)
 

 
(1 − 𝜎 − 𝜌′𝑙 + 𝑘𝛾 − 𝑘𝛼′ − 𝑘𝛽, 𝜌); 

(1 − 𝜎 − 𝜌′𝑙 + 𝑘𝛽′ − 𝑘𝛼′, 𝜌);
𝑥𝜌/𝑘]                    (2.4) 

 

Proof: Similar to as of Theorem 1 & 2. 

 

Special Cases of Theorems  

(i) Assuming k = 1, p = q = 1, a1 = 𝜏 and b1 = 1 in the main result (2.1) multi-parameter k-Mittag Leffler function reduces to 

generalized Mittag- Leffler studied by [6], thus we have 

 

(𝐼0,+
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍𝜎−1 𝐸1
 

1,1
(𝜉,𝜂)𝑚

 (𝑍𝜌). 𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍𝜌′
)]) (𝑥)  =

 
𝑥𝜎−𝛼−𝛼′+𝛾−1

Γ(𝜌)
 ∑

𝐶𝑙(𝜆)𝜔𝑙 𝑥𝜌′𝑙

∏ Γ(𝑣𝑡 𝑙+𝜇𝑡+
𝑑+1

2
)𝑠

𝑡=1 l!
.∞

𝑙=𝑜  Ψm+3 4
 [

(𝜏, −); (𝜎 + 𝜌′𝑙, 𝜌); (𝜎 + 𝜌′𝑙 + 𝛾 − 𝛼 − 𝛼′ − 𝛽, 𝜌)

(𝜉𝑖  𝜂𝑖)1,𝑚 ; (𝜎 + 𝜌′𝑙 + 𝛽′𝜌); (𝜎 + 𝜌′𝑙 + 𝛾 − 𝛼 − 𝛼′, 𝜌)
(𝜎 + 𝜌′𝑙 + 𝛽′ − 𝛼′, 𝜌)

(𝜎 + 𝜌′𝑙 + 𝛾 − 𝛼′ − 𝛽, 𝜌) 
;  𝑥𝜌]  (2.5) 

 

(ii) Assuming k = 1, p = q = m= 1, a1 = b1 = 1 in our main result (2.1), we get 

 

(𝐼0,+
∝,∝′,𝛽,𝛽′,𝛾

[𝑍𝜎−1 𝐸1
 

1,1
(𝜉,𝜂)1

 (𝑍𝜌)𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍𝜌′
)]) (𝑥) = =  𝑥𝜎−∝−∝′+𝛾−1  ∑

𝐶𝑙(𝜆)𝜔𝑙 𝑥
𝜌′𝑙

∏ Γ (𝑣𝑡 𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1 l!
.

∞

𝑙=𝑜

 

 

Ψ43
 [

(𝜎 + 𝜌′𝑙, 𝜌); (𝜎 + 𝜌′𝑙 + 𝛾−∝ −∝′− 𝛽, 𝜌); (𝜎 + 𝜌′𝑙 + 𝛽′ −∝′, 𝜌)

 (𝜉, 𝜂); (𝜎 + 𝜌′𝑙 + 𝛽′𝜌); (𝜎 + 𝜌′𝑙 + 𝛾−∝ −∝′, 𝜌); (𝜎 + 𝜌′𝑙 + 𝛾 −∝′− 𝛽, 𝜌)
; 𝑥𝜌]         (2.6) 
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(iii) If we reduce multi-parameter k-Mitteg- Leffler function set to unity and takes 

 

k = 1 , 𝑣1 = 1, 𝑢1 = 𝜐, 𝜔 = 0, 𝑑 = 1, 𝐶 = −1, 𝑠 = 1, 𝑍𝜌′
→  

𝑍2

4
 

 

We get  

 

(𝐼0,+
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍𝜎−1 𝐽𝜐,0,1
1,𝜆,−1  (

𝑍2

4
)]) (𝑥) = 

 

𝑥𝜎−𝛼−𝛼′+𝛾−1 Ψ43
 [

(𝜎 + 𝜐, 2); (𝜎 + 𝜐 + 𝛾 − 𝛼 − 𝛼′ − 𝛽, 2); (𝜎 + 𝜐 + 𝛽′ − 𝛼′, 2)

 (𝜎 + 𝜐 + 𝛽′, 2); (𝜎 + 𝜐 + 𝛾 − 𝛼 − 𝛼′, 2); (𝜎 + 𝜐 + 𝛾 − 𝛼′ − 𝛽, 2)
; −

𝑍2

4
]        (2.7) 

 

Where (2.7) is a known result obtained by S.D. Purohit, D.L. Suthar and S.L. Kalla in [14] 

 

Special Cases of Theorem 2  

(i) Taking k = 1, p = q = 1, a1 = 𝜏 and b1 = 1 in the main result (2.2) Multi-Parameter k-Mittag-Leffler Function reduced to 

generalized Mittag-Leffler studied by [6], thus we have 

 

(𝐼0,−
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍𝜎−1 𝐸1
 

1,1
(𝜉,𝜂)𝑚

 (𝑍𝜌). 𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍𝜌′
)]) (𝑥) 

 

=  
𝑥𝜎−𝛼−𝛼′+𝛾−1

Γ(𝜌)
 ∑

𝐶𝑙(𝜆)𝜔𝑙 𝑥𝜌′𝑙

∏ Γ(𝑣𝑡 𝑙+𝜇𝑡+
𝑑+1

2
)𝑠

𝑡=1 l!
.∞

𝑙=𝑜  Ψm+34
 [

(𝜏, −); (1 − 𝜎 − 𝜌′𝑙 − 𝛽′, 𝜌); (1 − 𝜎 − 𝜌′𝑙 − 𝛾 + 𝛼 + 𝛼′, 𝜌);
(𝜉𝑖 𝜂𝑖)1,𝑚; (1 − 𝜎 − 𝜌′𝑙, 𝜌); (1 − 𝜎 − 𝜌′𝑙 − 𝛾 + 𝛼 + 𝛼′ + 𝛽′, 𝜌)

(1 − 𝜎 − 𝜌′𝑙 − 𝛾 + 𝛼 + 𝛽′, 𝜌);
(1 − 𝜎 − 𝜌′𝑙 − 𝑘)𝛽 + 𝑘𝛼, 𝜌):

 𝑥𝜌]  (2.8) 

 

(ii) If we put k = 1, p = q = m= 1, a1 = b1 = 1 in our main result (2.2) Multi- Parameter k-Mittag-Leffler Function reduced to 

Mittag-Leffler studied by [13], thus we have 

 

(𝐼0,−
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍𝜎−1 𝐸1
 

1,1
(𝜉,𝜂)1

 (𝑍𝜌)𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍𝜌′
)]) (𝑥)  

=  𝑥𝜎−𝛼−𝛼′+𝛾−1  ∑
𝐶𝑙(𝜆)𝜔𝑙 𝑥

𝜌′𝑙

∏ Γ (𝑣𝑡 𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1 l!
.

∞

𝑙=𝑜

 Ψ43
 [

(1 − 𝜎 − 𝜌′𝑙 − 𝛽′, 𝜌); (1 − 𝜎 − 𝜌′𝑙 − 𝛾 + 𝛼 + 𝛼′, 𝜌);
(𝜉 𝜂); (1 − 𝜎 − 𝜌′𝑙); (1 − 𝜎 − 𝜌′𝑙 − 𝛾 + 𝛼 + 𝛼′ + 𝛽′, 𝜌);

 

 
(1 − 𝜎 − 𝜌′𝑙 − 𝛾 + 𝛼 + 𝛽′, 𝜌); 

(1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛽 + 𝑘𝛼, 𝜌); 
𝑥𝜌]                     (2.9) 

 

(iii) If we put C = -1 & d = 1 in our main result (2.2) then Multi-Index Bessel Function reduced to Multi-Index Bessel Function 

obtained by Choi & Agarwal [1], so we have 

 

(𝐼0,−
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍
𝜎

𝑘
−1 𝐸𝑝

 
𝑞 𝑘
(𝜉,𝜂)𝑚  (𝑍

𝜌

𝑘) . 𝐽(𝜇𝑡)𝑠,𝜔,1
(𝑣𝑡)𝑠,𝜆,−1

 (𝑍
𝜌′

𝑘 )]) (𝑥)  

 

=  
𝑥

𝜎

𝑘
−𝛼−𝛼′+𝛾−1  ∏ Γk(b𝑟)𝑞

𝑟=1

𝑘𝛾  ∏ Γk(a𝑗)
𝑝
𝑗=1

∑
(−1)𝑙(𝜆)𝜔𝑙

 ∏ (𝑣𝑡𝑙 + 𝜇𝑡 + 1)𝑠
𝑡=1

 
𝑥

𝜌′𝑙

𝑘

𝑙!
 

∞

𝑙=𝑜

. 

 

𝛹𝑝+3
 

𝑞+𝑚+3
𝑘  [

(𝑎𝑗 , 𝑘)1,𝑃; (1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛽, 𝜌); (1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′, 𝜌);

(𝑏𝑟 , 𝑘)1,𝑞; (𝜉𝑖 , 𝜂𝑖)1,𝑚; (1 − 𝜎 − 𝜌′𝑙, 𝜌); (1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′ + 𝑘𝛽′, 𝜌);
 

 
(1 − 𝜎 − 𝜌′𝑙 + 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛽′, 𝜌); 

(1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛽 + 𝑘𝛼, 𝜌);
𝑥

𝜌

𝑘]                    (2.10) 

 

Special Case of Theorem 3  

(i) If we put C = -1, & d =1 in our main result (2.3) then Multi-index Bessel Function reduced to Multi-Index Bessel Function 

obtained by Choi & Agarwal [1], so we have 

 

(𝐷0,+
𝛼,𝛼′,𝛽,𝛽′,𝛾

[𝑍
𝜎

𝑘
−1 𝐸𝑝

 
𝑞 𝑘
(𝜉,𝜂)𝑚  (𝑍

𝜌

𝑘) . 𝐽(𝜇𝑡)𝑠,𝜔,1
(𝑣𝑡)𝑠,𝜆,−1

 (𝑍
𝜌′

𝑘 )]) (𝑥)  

 

=  
𝑥

𝜎

𝑘
+𝛼+𝛼′−𝛾−1  ∏ Γk(b𝑟)

𝑞
𝑟=1

𝑘𝛾  ∏ Γk(a𝑗)
𝑝
𝑗=1

∑
(−1)𝑙(𝜆)𝜔𝑙

 ∏ (𝑣𝑡𝑙 + 𝜇𝑡 + 1)𝑠
𝑡=1

 
𝑥

𝜌′𝑙

𝑘

𝑙!
 

∞

𝑙=𝑜
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𝛹𝑝+3
 

𝑞+𝑚+3
𝑘 [

(𝑎𝑗 , 𝑘)1,𝑃; (𝜎 + 𝜌′𝑙, 𝜌); (𝜎 + 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′ + 𝑘𝑠, 𝜌)

(𝑏𝑟 , 𝑘)1,𝑞;(𝜉𝑖  𝜂𝑖)1,𝑚; (𝜎 + 𝜌′𝑙 − 𝑘𝛽, 𝜌); (𝜎 + 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛼′, 𝜌)
 

 
(𝜎 + 𝜌′𝑙 + 𝑘𝛼 − 𝑘𝛽, 𝜌); 

(𝜎 + 𝜌′𝑙 − 𝑘𝛾 + 𝑘𝛼 + 𝑘𝛽′, 𝜌); 
𝑥

𝜌

𝑘]                     (2.11) 

 

Special Case of Theorem 4  

 

(i) Taking k = 1, P = q = 1, a1 = 𝜏 and b1 = 1 in the main result (2.4) we get 

 

(𝐷−
𝛼,𝛼′,𝛽,𝛽′,𝛾 [𝑍𝜎−1

1 𝐸1,1
(𝜉,𝜂)𝑚

 (𝑍𝜌). 𝐽(𝜇𝑡)𝑠,𝜔,𝑑
(𝑣𝑡)𝑠,𝜆,𝑐

 (𝑍𝜌′
)]) (𝑥) 

 

=
𝑥𝜎+𝛼+𝛼′−𝛾−1

Γ(ρ)
 ∑

𝐶𝑙(𝜆)𝜔𝑙

 ∏ (𝑣𝑡𝑙 + 𝜇𝑡 +
𝑑+1

2
)𝑠

𝑡=1

𝑥 𝜌
′𝑙

𝑙!
 

∞

𝑙=𝑜

. 

 

𝛹4
 

𝑚+3
 [

(𝜏, −); (1 − 𝜎 − 𝜌′𝑙 + 𝛽, 𝜌); (1 − 𝜎 − 𝜌′𝑙 + 𝛾 − 𝛼 − 𝛼′, 𝜌) 
(𝜉𝑖 𝜂𝑖)1,𝑚; (1 − 𝜎 − 𝜌′𝑙, 𝜌); (1 − 𝜎 − 𝜌′𝑙 + 𝛾 − 𝛼 − 𝛼′ − 𝛽, 𝜌) 

 

 
(1 − 𝜎 − 𝜌′𝑙 + 𝛾 − 𝛼′ − 𝛽, 𝜌); 
(1 − 𝜎 − 𝜌′𝑙 − 𝑘𝛼′ + 𝑘𝛽′, 𝜌); 

𝑥𝜌]                     (2.12) 

 

3. Conclusion 

In this paper, we studied and obtained images of product of two generalized function namely Multi-Parameter k-Mittag-Leffler 

Function and Multi-Index Bessel Function under MSM Fractional Integral and Derivatives formulas in terms of generalized k-

Wright Function. We obtained many results of earlier work as special cases of our main results.  
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