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Abstract

In this paper, we aim at finding image of product of Multi-Parameter k-Mittag-Leffler Function and
Generalized Multi-Index Bessel Function under the Marichev-Saigo-Maida (MSM) Fractional
Integration Operators in terms of generalized k-Wright Function. Some useful special cases of our main
results are also obtained.
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Introduction

Generalized Multi-Index Bessel Function

A new generalization of Bessel function called Multi-Index Bessel Function is introduced by
Nisar. K.S. [l as

M1 2 1

d+1\ 7,
H§:1 F(Vt l+ut+T) L

Jisoa @ = Zio CEY

s

For v, us, A, d,ce C (t =1, 2 ...s) be such that ), Re (v;) > max{0, Re(w) — 1}; w > 0,
t=1

Re(u;) >0and Re (1) >0, &se N

Here (1),; denotes the Pochhammer symbol defined (for A, wle C ) in terms of Gamma
function T (see 4, section 1.1]) by

(1), = LOreD ={ 1 (@l = 0; Aec\{0}) } (1.2)

ol =T AMA+1).....A+n—1)(wl = neN, 2eC) '
Multi-Parameter K- Mittag-Leffler Function
Gehlot K.S. introduced Multi-Parameter k- Mittag-Leffler function [ as

EMm _ Vo H§’=1(aj)n,k zn
pEgic ™ (2) = Zazo M7=y (ronk T2, Tk (R i+ En! (3)
Where T}, (x) is the generalized k - Gamma function @ given by

lim nlk™( k))_l:_l
_ nlk™(n =

I (x) = no o O K>0,xec\kZ (1.4)
And (x),,x is the k-pochhammer symbol defined as
()nx = X(x + k) (X + 2K)..... (x + (n —=1) k), XeC, keR, neN* (1.5)
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For Re(x) > 0, I} (x) is defined as the integral

oo _tk
L) = [, t*71 exdt (1.6)
From (1.4) it follows thatl}, (x) = ki~ I (%) (L.7)

Generalized K-Wright Function
ForZ,a; bjecanda;,Bje R (B #0;i=1,2,..p;j=1.2, ...q) the generalized k-Wright Function ¥l is represented as

( i })1P Hf=lr‘(ai+ain) ﬁ

pa(@) = (b}, Bi)1q | Z] = Zn=o M., T(bj+Bjn) n!

(1.8)

Gehlot. K.S. and Prajapati ! defined the generalized k- Wright Function as ,¥¥(z) fora;,bj, z € C, ke R*, a;, B; € R(a;, B; #
0;i=12,...p;j =1,2,...q) and (a; + a;n), (b; + pjn) € C \kZ, as

(ap a)yp

p¥e (@) =¥ (2) [(b,-,ﬁ,-)lq

E, MiCaregm) 27
IZ] Xn=0 {0ty 1Bym) (1.9)

Marichev-Saigo-Maida (Msm) Fractional Integration and Differential Operators

Saigo operators ¥ which is an useful generalization of the hyper-geometric fractional operators has been introduced by Marichev
[71 (see details in samko et al. ', P-194, (10.47) and whole section 10.3) and later extended and studied by Saigo and Maeda % in
terms of any complex order with Appell function F;(.) in the kernel as follows:

(157 1) @) = 15 G = 07 s (e B8y = 11 =F) F(0)de Re(r) > 0 (110)
(158 F)G) =5 [0 = 3 By (@' B =521 = ) £ Rer) >0 -
(05227 7) G = (15 ™57V f) (o) (Re(r) > 0) (L12)
= ()" (1B T RBmTE) (2), (Re (1) > 00,k = [Re(y) + 1]

And

(D@ BBy £)(x) = (IZ¢@F' =PV £)(x) (Re(y) > 0) (1.13)

= (L) (1= mam #'mBHE= 1 £) (1), (Re (1) > 0),k = [Re(y) + 1]

These operators (1.10)-(1.13) reduce to the Saigo fractional calculus operators [9] as

(52227 £) @) = (1772 ) 60 (ree) (L14)
(1%0BE"Y £)(x) = (17%77B.£) (x) (vec) (1.15)
(D37 £) o) = (D 77 () Re) > 0 (L.16)
(DO«"BE"Y £)(x) = (DY« ~VF'V.£)(x) Re(y) > 0 (1.17)

The left-hand sided and right-hand sided generalized integration of the type (1.10) and (1.11) for a power function formula | see
(11 P-394, eq (4.18) and (4.19) are given by

aa BB Y, o-1 _ T@)r(oc+y-a-a'-B)T(c+p'-a’) c—a—a'+y-1
(IO+ t ) (x) - ['(c+B)T(o+y—a—a)[(c+y—a'-B) x (1'18)

whereRe(y) > 0,Re(o) > max {O,Re(a + a' + B —y),Re(a’ — B')}

aa BBy o1 _ r(1-o-y+a+a’)r(1-c+a+p'—y)r(1-o-p) yo—a—a'+y-1
And (1_ t )(X) r1-o)r(1-o+a+a’'+B'-y)r(1-oc+a-p) (1'19)
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where Re(y) > 0,Re(0) < 1+ min { Re(—pB), Re(a + a' —y),Re(a + B’ — y)}.

2. Generalized Fractional Integration and Differentiation of Product of Multi-Parameter K-Mittag-Leffler Function and

Generalized Multi-Index Bessel Function

Here, in this section we find images of product of Multi-Parameter k-Mittag Leffler Function and Generalized Multi-Index Bessel
Function under the MSM operators in terms of generalized k-Wright Function. These formulas are given by the following

theorem.

Theorem 1
If a,a,B,B",v,0,v,u,A,d,c,a;,b;,e C,k >0,a;,6;,€ER and x > 0 be such that}f{_; Re(v,) > max{0,Re(k) — 1}; k >

0,Re(u;) > 0,Re(1) > 0,Re (y) >0 and Re (%) > max[0,Re(a +a’ + B —y),Re (a' — )]

0@ B8y [,%-1 LEmMm (L) wosdc (L
(1o [ pegim (28) szl (25)]) o

~—

a I o P’
xE T T(by) C' (Dt XFE
I

D d+i. 11
I T@) & [Ty + e + 50

- [ (a, k)1p; (@ +p'lLp);(0+p'l+ky —ka —ka' — kB, p);
PEITMEI | (b, K)1,q5 G M) 1ms (0 + 'L+ kB, p); (0 + p'L + ky — ka — ka', p);

- xk

(+p'l+ kB —ka',p) B]
(c+p'l+ky—ka —kB,p)’

(2.1)

Proof: Using definitions (1.1), (1.3) & (1.10) and changing the order of integration and summation in LHS of (2.1) it reduces to

z Hj’zzl(aj)n,k Cl(l)wl l <1a,a’,ﬁ,ﬁ’,y [Zﬁ%m—l]) (x)
= 1o (Bnge T, T (R + €n! s, (vt L+ p + %) prver
Using (1.18) we get
-y =1 'y 1 TP gy
ni=0 M7 (Br)n g [T, T (gt EDnt” $1 F(vt l+ut+%) !

’ ’ 1
r (pn+i l+a') r (a+pnzp l+y a—a’—ﬁ) r (o’+p?(+p l+B,_a,)

. 7 7 7
r (0+p2+p 1 . B,) r (0+p1}l+p l , y—a—a’) r (a+p1}l+p l+y—¢l’—ﬁ)

Using (1.7) and definition of generalized k-Wright Function from (1.9) we get the desired result.

Theorem 2
Leta,a’,B,B',v,0,v,u, A, d, c,a;,b;,€ C,k > 0,a; 5, € R and x > 0 be such that

Yi-1 Re(v,) > max {0,Re(k) — 1};k > 0,Re(u;) > 0,Re(1) > 0,Re (y)>0and

Re (%) > max[0,Re(a + a’ + B —y),Re (a’ — B")] then

gy 721 pEmm (2 woshe (2
(Iﬁ‘a B.B Y[Zk pEqk (Zk)'](ui)s,w,d (Zk)]) (x)

!
S a—a'+y-1 ol

_ ¥ mei C' Dt xE
) =0 H§=1

kY T, Ti(ay

@l e+ B

- (@, k)15 (1 =0 = 'L = kB,p); (1 — 0 = p'l = ky + ka + ke, p);
v | (b, k) g3 (60 ams (1= 0 = p'L ) (1= 0 = p'L— ky + ke + ka' + kB, p);

(1—0—p’l+ky+ka+k,8’,p);x%

(1—-0—p'l—kB +ka,p); (2.2)
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Proof: Using (1.1), (1.3) & (1.11) and changing the order of integration and summation in LHS of (2.2), and preceding as same as
Theorem 1, we arrive at RHS of (2.2).

Theorem 3
Let a,a’,B,B',v,0,v:,up, A, d, c,a;,b;,€ C,k > 0,a;,B;,€ R and x > 0 be such that }{_; Re(v,) > max {0,Re(k) — 1}; k >

0,Re(u;) > 0,Re(1) > 0Re(y)>0andRe (%) > max[0,Re(a+ a' + B —y),Re (a' — )]
Then there holds the following formula
( llll Bﬁ Y [Z——l E(f ﬂ)m )]((Zgzifd (Z%):l) (x)

p'l

x‘—;+a+w’-y-1 M2, k(b)) < C' D) w Xk
kY TIP_, Tk(a)) = [ (el + e +E) .

- (aj,k)1p;(@+p'L,p); (0 +p'l —ky + ka + ka' + kB’ p);
PrITATIES | (b, k)1,4,(6i N)1mi (0 + p'L = kB, p); (0 + p'l — ky + ka + ka', p);

(o +p'l+ ka— kB, p); %] (2.3)

(c+p'l —ky+ka+ kB, p);
Proof: Similar to as of Theorem 1 & 2.

Theorem 4
Let a,a’,B,B',v,0,v:,us, A, d, c,a;,b;,e C,k > 0,a;,;,€ R and x > 0 be such that }{_; Re(v,) > max {0,Re(k) — 1}; k >
0,Re(u;) > 0,Re(1) > 0Re(y)>0andRe (%) > max[0,Re(a +a’ + B —y),Re (a' — )]

Then the following formula holds true

a8y [,2-1 pEmm (2 wosac (5
(D‘_"a Y V[Zk p ESI™ (21) JGse, (zk)D(x)

!
—_ ’_ - p
k+a+a y—1

_ Fk(br)z C' Dot Xk
kY Hp Fk(al > 13- 1(th e +ﬂ) u

@, k)1psA—0—p'l+kp',p);(1—0—p'l+ky —ka—ka',p)

wk
PESTAME3 | (by, k) 1q5 €1 M) 1ms A =0 —p'Lp); (A1 —0 — p'l + ky —ka — ka' — kB, p)
(1-o—p'l+ky—ka —kB,p); p,k]

(A—o—pl+kp —ka',p); * 24)

Proof: Similar to as of Theorem 1 & 2.

Special Cases of Theorems
(i) Assuming k =1, p=q =1, a = 7 and by = 1 in the main result (2.1) multi-parameter k-Mittag Leffler function reduces to
generalized Mittag- Leffler studied by [6], thus we have

: !' i !' _ B Sl)" 7
(52 fzot B0 @ g (7)) @) =
g0 Dt v [ to)i@+p'lp)(otplty—a—a' =fp) (o+pl+p —a'p)  , (2.5)
O (v truer Z TR )1 (0 + 'L BP) (0 p Lty —a—dp)(a+p'l+y —a' = B,p) '

’
xo—a-a +y-1

I'(p)

(if) Assumingk=1,p=g=m=1, a; = by =1 in our main result (2.1), we get

’ = Cl(ﬂ.) lxp’l
I°(°< BB Y 70-1 E(fn)l Zp)](vt)sac (Zp) = = yo—x—o+y-1 Z
( 0,+ [ (ue)s:w,d ]) e (vt 1+ U + E)l
w (c+p'Lp)(c+pl+ty—x—'=B,p)(c+p'l+p —,p) x,,] 2.6)
SHLEM (0 +p'l+Bp)i (0 +p'l+y—x —, p); (0 + p'l +y —<'= B, p)’ '
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(iii) If we reduce multi-parameter k-Mitteg- Leffler function set to unity and takes

, Z?
k=1,vy=Lu, =v,w=0d=1C=-1,s=1,2Z° - T

We get
aa BB Y| ro—1 s12,-1 z? _
Iy, 277" Iy 7 (x) =
Lo—a—al+r-1 (c+v,2);(c+tv+y—a—a —B,2)(c+v+p —a',2) z2 @.7)

3| (c+v+B,2)(0+v+y—a—a,2);(c+v+y—a —B,2) 4
Where (2.7) is a known result obtained by S.D. Purohit, D.L. Suthar and S.L. Kalla in !4
Special Cases of Theorem 2

(i) Takingk=1,p=q=1,a =71 and by =1 in the main result (2.2) Multi-Parameter k-Mittag-Leffler Function reduced to
generalized Mittag-Leffler studied by [, thus we have

(5= B0 [zo= B EP™ (20). 00, (27)]) 00

(ut)sw,d
I e Cl A 2Pt ” @-)A—-0—-p'l=p.p)s(A-0—p'l—y+a+ta,p)y A-o-pl-y+a+tf p) xp] 2.8)
I(p) Ol (o thue+EN TR (E ) (L =0 = p'Lp);(I—0a—p'l—y+a+a +8,p) (1—0—p'l—k)B+ka,p): '

(i) fweputk=1,p=gq=m=1,a =by=1in our main result (2.2) Multi- Parameter k-Mittag-Leffler Function reduced to
Mittag-Leffler studied by [*3, thus we have

(e PPy 202 LEE™ @G, (27)]) @)

(ue)s,w,d
_ yo-a—a'+y-1 Z CHD) gt 2P g | A=o=pl=p.p(A-0c—pl-y+a+a,p)
Sl T (v L+ + 207 LEM A== p' DA —o—p'l—y +a+a'+ [ p);

A-o-p'l=y+a+pp) p] (2.9)

(1-0—p'l—kB +ka,p); ~

(iii) If we put C = -1 & d = 1 in our main result (2.2) then Multi-Index Bessel Function reduced to Multi-Index Bessel Function
obtained by Choi & Agarwal 1, so we have

@ BBy [ 21 pEMm (L) @sA-1 (L
(15 orr |5 Som (28). 58057 (2%)]) o

S _a—a'+y-1 P

_ X 3=1Fk(br)§ D' W xF
kv H?=1Fk(af) bt [ el +ue+1) U

- (@, k)15 (1 =0 = 'L = kB,p); (1 — 0 — p'l = ky + ka + ke, p);
v | (b, k) g3 (60 ams (1= 0 = p'L ) (1= 0 = p'L— ky + ke + ka' + kB, p);

(1—-o—=p'l+ky+ka+kB',p); g] (2.10)

(1—0—-p'l=kB +ka,p);
Special Case of Theorem 3

(i) If we put C = -1, & d =1 in our main result (2.3) then Multi-index Bessel Function reduced to Multi-Index Bessel Function
obtained by Choi & Agarwal ™, so we have

BBy [ 71 pEMm (L) @sA-1 (L
(D' [ o (28). 5 (25)]) @

!
Zra+a'-y-1 P

_ Xk . Fk(br)i (=D'A) ; XFE
kv H?=1 N(a)) = [ el +ue+1) U
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- (aj,k)1p; (0 +p'Lp); (0 +p'l —ky + ka + ka' + ks, p)
prITAIMES | (by, K)1,q,(6i M)1ms (0 + p'L— kB, p); (0 + p'l —ky + ka + ka', p)

(o +p'l+ ka— kB, p); B] (2.11)

k
(c+p'l —ky + ka+ kB, p);
Special Case of Theorem 4

(i) Takingk=1,P=qg=1,a;=7andb;=1inthe main result (2.4) we get

(D8 |22 ESP™ 20). )i (22)]) (0

otata -y-1 & 1 1
x 4 C'Dewr xP

I'(p) =0 | (th + e+ %) i

w [ ,—);(1—0—-p'l+B,pQ—-—0c—-p'l+y—a—a,p)
PEE ) A== p'Lp)(1—0o—p'l+y—a—a —p,p)

(1-o—-p'l+y—a —B,p) ,,]
(1—c—p'l—ka' +kB',p); (212)

3. Conclusion

In this paper, we studied and obtained images of product of two generalized function namely Multi-Parameter k-Mittag-Leffler
Function and Multi-Index Bessel Function under MSM Fractional Integral and Derivatives formulas in terms of generalized k-
Wright Function. We obtained many results of earlier work as special cases of our main results.
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