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Abstract

Self-similar motion is of great importance in fluid dynamics, for example, in the determination of shock
velocity and the flow-field behind the shock front. In such type of motions, the flow variables do not
depend on coordinates and time separately, but depend only on particular combination of them. Thus for
one-dimensional motion, only one independent variable appears instead of two variables r and t.
Therefore the flow can be described by ordinary differential equations rather than by partial differential
equations, and this simplifies the problem by numerical integrations considerably from a mathematical
point of view.
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Introduction

Self-similar motions

There exist motions whose distinguishing property is the similarity in the motion itself. These
motions are called self-similar (I 2 %), In such a motion the distribution of any of the flow-
variable, for example the pressure p, envolves with time in a self-similar motion in such a
manner that only the scale of the pressure n(t) and the length scale R(t) of the region included
in the motion change, but the shape of the pressure distribution remains unaltered. The p(r)
curves corresponding to different time t can be made the same by either expanding or

contracting the m and R scales. The function p(r,t) can be written in the form p(r,t)=n(t) P(r ),
where the dimensional scales © and R depend on time in some manner, and the dimensionless
P_o(m)

Y is a universal (in the sense that it is independent of time) function of the new

r

ratio

dimensionless coordinates = R . Multiplying the variable P and " by the scale functions 7(t)

and R(t), we can obtain from the universal function "™ the true pressure distribution curve
p(r) as a function of position for any time t. The flow variables velocity, density etc. are
expressed similarly.

For self-similar motions the system of partial differential equations describing the one
dimensional fluid motion reduces to a system of ordinary differential equations in new

unknown functions of the similarity variable "~ % . For example, we consider the spherical
symmetric one-dimensional unsteady flow of an electrically conducting and ideal gas with heat
conduction and radiation heat-flux taken into account in present of an gravitational field and an
azimuthal magnetic field, described by equations [* °I;
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where r and t are independent space and time coordinates, p is the density, p the pressure, u the fluid velocity, h the azimuthal
magnetic field, p the magnetic permeability, m the mass of the gas contained in the sphere of radius r, G the gravitational constant,
e the internal energy per unit mass and q the heat flux.

The total heat flux g, which appears in the energy equation may be decomposed as.

g=0q,+0dg ©)

where %: is the conduction heat flux, and 9= the radiation heat flux.
According to Fourier’s law of heat conduction.

oT
q,=-K—,

or (7)

where K is the coefficient of thermal conductivity of the gas and T is the absolute temperature.

Assuming local thermodynamic equilibrium and using the radiative diffusion model for an optically thick grey gas, the term %=’
which represents radiative heat flux, may be obtained from the differential approximation of the radiation transport equation in the
diffusion limit as.

®)

where o is the Stefan-Boltzmann constantand * ® is the Rosseland mean absorption coefficient.

The electrical conductivity of the gas is assumed to be infinite. Therefore the diffusion term from the magnetic field equation is
omitted, and the electrical resistivity is ignored. Also the effect of viscosity on the flow of the gas is assumed to be negligible.

The above system of equations should be supplemented with an equation of state. A perfect gas behavior of the medium is
assumed, so that

p
e=——0,

p=CpT, p(v-1) ©)

where T is the gas constant and v is the ratio of specific heats.

The thermal conductivity K and the absorption coefficient ** are assumed to vary with temperature and density. These can be
written in the form of power laws, namely.
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where subscript ‘0’ denotes a reference state. The exponents in the above equations should be compatible with the conditions of
the problem and the form of the required solution.
Now, we represent the solution of the partial differential equations (1) to (5) in terms of products of scale functions and new

unknown functions of the similarity variable ",

n= L
R R=R(1) (12)

The fluid velocity u, density ? , pressure p, azimuthal magnetic field h, mass m and total heat flux g and length scales are not all
dR

independent of each other. If we choose R, P+ and ": as the basic scales then the quantity dt can serve as the velocity scale,

Ve % . L 3 8
1Y as the pressure scales, P+ ¥ as the azimuthal magnetic field scales, P:R " as the mass scale and V' as the heat-flux scale.
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This does not limit the generality of the solution, as the scale is only defined to within a numerical coefficient which can always
be included in the new unknown functions. We seek a solution of the form &1,

u=Vvu(n), p=p,D(n). p=VpP(n),

W h=p/VH(n), m=pR'N(n), a=V’p.Q(n). (12)

where U, D, P, H, N and Q are new dimensionless functions of the similarity variable " in terms of which the differential
equations are to be formulated.

These functions are here termed the reduced velocity, density, pressure, azimuthal magnetic field, mas and heat flux respectively.
The scales are time dependent in some as yet unknown manner.

We now substitute the relations (12) into equations (1) to (5). The differentiation of scales with respect to time and differentiation
of the reduced functions with respect to similarity variable is denoted by a prime. After rearrangement we obtain the equations.

L I [U'+(U-nm)—+—]=0,
p, R D n (13)
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In order to get ordinary differential equations for reduced functions Y (M)> D (), P(n), H(n), N(), QM) jt is necessary to

RV

2
set V constant from which (for constant # 1)

R=At (18)
Gp, R
Where A and ® are constants (A is dimensional and ¢ is a pure number)and V° constant, from which
-2
P, =Bt (19)
:iy p—1=constanti
Where G the first two terms in equations (17) then automaticalically become constants, and also then °: R Thus

all the scales in the self-similar motion have a power law dependence on time and the similarity variable has the form
(Stanyukovich [€1,
r

r
R At®
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(20)

Has noted that, in addition to power law self-similarity it is also possible to have exponential self-similarity, in which
r

poomt nt

R=A"e"", p =B'e", n-=

' mt’ ’ ’
Ale where 2 B mand n are constants. The exponential solution satisfies the equation

RV

V*® =constant for constant=1. The recent important work on shock propagation using exponential self-similarity are ["].)
Now, equation (6) is transformed by using equation (7) (8) (9) (10) into the ordinary differential equation,

[P PD']
Q :_XLE_FJ’

. . 5,0 . . r ,r
Where X is a functions P (M) D (1) exponents ¢’ R and non-dimensional heat transfer parameters = ¢’ ® (see []). In the

(21)

o . . . . 8,,Bg 0
derivation of equation (21), it was necessary to use the following relations amongst the exponents Boido Pr g and 9 |
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Thus, all the partial differential equations governing the flow as transformed into a system of six ordinary differential equations

(13) to (17) and (21) for the six unknow functions Y (1) P (M).P(M). H(n),N(n) and QM) Tpe system contains the

unknow constant exponent (similarity exponent ) ¢ . In a similar manner, the boundary and initial conditions of the problem are
made dimensionless and in true transformed into conditions on the functions U, D, P, H, N, and Q.
Let us consider the outward propagation of a spherical shock wave in a gas in which the spatial distribution of the density and

azimuthal magnetic field are given by a power of the type r™" and ' *. Then the initial gas density and initial magnetic field at

the point where the shock wave is located at a time t can serve as the density scale P11t is evident from the equations (18) and

2

(19) P L and from spatial distribution of initial density and magnetic field, that P1 must have the formR " . The
2

o =

relationship between the exponents * and w indicated above then follows w . Thus unknow similarity exponents ¢ is
determined in terms of known exponent w. Since the length scale R is uniquely related to time, we can consider the velocity,
density, pressure, azimuthal magnetic field, mass and heat flux scales to be functions of the length scale R, rather than of time.
Using the relation (18) and (19) we find

Rt Ru%
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Now, the variables u, P , p, h, m and q given by equations (12) can be expressed in any of the equivalent form:

2(0.—2%

*P()

2(a-2

p = constant t ) P(n)=constant R

a-1
u = constant t** U(n)=constant R A U((n)
p = constant t ° D(n)=constant R 7 D(n)

a-2
h = constant t*“ H(n)=constant R A H(m)

3(177

m = constant t°“° N (n)=constant R “N(m)

3a-5
g = constant t°e° Q(n)=constant R A Q(n)
The constants occurring in these equations can be determined from initial boundary conditions of the problem. Also the

distribution of functions U, D, P, H, N and Q againt "' can be obtained by numerical integration of ordinary differential equations
(13) to (17) and (21) along with the transformed boundary conditions (shock conditions).
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