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Abstract

In present paper, our aim is to propose a class of ratio type estimators for the ratio of two population
means using auxiliary information in stratified sampling under non-response based on proposed estimator
by Tailor et al [?1. The biased and mean square error of the proposed estimator are expressed in ordered
to compare with the existing conventional estimator for comparing the efficiency.
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Introduction

The applications of ratio of two population means are in calculation of per capita income
(socio-economics field), per hectare production of crops (agriculture field), per kilometre
population density (population study), growth index rate, in field of education and medical etc.
Various research works have been done for estimation of ratio of two population means using
auxiliary variable in simple random sampling technique by Singh [, Tripathi > 31, Upadhyaya
and Singh [, Srivastava et al > 61, Singh et al [ &, and Singh and Singh Pl But in some cases
and situations, it has been seen that estimators in stratified sampling are more efficient than
those of simple random sampling.

Tailor et al % have been suggested a ratio estimator of two population means using auxiliary
information in stratified sampling. Due to the problem of non-response, we unable to find the
information of all selected units in the sample. Thus, to handle this problem of non-response,
Hansen and Hurwitz 1% developed a technique using sub sample from non- respondent. Using
this technique, various researchers have been studied the estimation of ratio two population
means using auxiliary variables under non-response Khare and Pandey ', Khare and Sinha
[12-15] Khare et al 16171 and N. kumar and Patel [28 191,

Sampling strategy and estimation methodology
Let the heterogeneous population of size N is divided into k homogeneous strata of size N; (i

=1,2,3,.........k) such that N(=N1+Nz+Ns+........ +Nk) be the total population size. Then we
can select a sample of size ni( i=1,2,3,......... Jk)from each one of the strata using SRSWOR.
Such that n(=ni+nz+ns+........ +n)be total sample size.

In case of non-response, it is seen that niy units provide information but niz units be non-
respondent of the sample size ni(<N;). By extensive efforts the data are later obtained from a
random sample of uiz of njz units such that ni; = Kjuiz (Ki>1),

Where, 1/K; be the sampling fraction among non-respondents in the ith stratum (i = 1,2,.....,k).
Then using Hansen-Hurwitz!® technique, the sample mean of jth character,taken from the ith
stratum,of study variable Y in case of non-response is given by

—x _ MiaYjng T2V jug, . . = .. . _—

ViE— o unbiased estimator of ¥}; in ith stratum for jth characteristics and

Vin;, and yj,,,, are the means based on ni; units for response group and ui. units of sub sample
of non-response group respectively for jth character in ith stratum.
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Now,
Yist = Ziz1 piyj; such that - E(yjs) = ¥ 5 (1= 1,2)
ANd, V[7j] = S, P22 57 + 3, [ wi, PR S

Nini

Where, Sfl and S2 i(2) are population mean square errors of response group and non-response group for jth character in ith stratum

respectively.
1 N. —
Suchas - S = mzhél(y]'ih Y)? and Sf ;) = Zh 2 Oiin = Yi)®

Similary, using Hansen-Hurwitz!° technique, the sample mean of the ith stratum,of auxiliary variable X in case of non-response is
given by
Nij1¥n;,

N Xy, . . S ..
¥, = —2iru ez nhiased estimator of X; in ith stratum and

n;

Rl

Xn,, and X, , are the means based on niy units for response group and uiz units of sub sample of non-response group respectively
in ith stratum of auxiliary variable X.

Now,
X =YX pixr suchthat- E(x3) =X ;
_* Ni ki-1
And, VIZ] = T, P p2 52+ 31 [91] W, P2 52

Nini ] t

Where, SZ and S2 ~i(2) are population mean square errors of response group and non-response group in ith stratum respectively.
Such as - S7; = mzhﬂ(xih —X)?and S5, = Zh 2 (Xinzy — Xi2)?

Also, Wiz = Nio/N; ; non-response rate in the ith stratum.

Here, we have proposed a class of estimators for ratio of two population means using stratified sampling technique based on non-
response. In order to efficiency comparison, the relative bias and mean square error of proposed estimator are compared with
existing estimators.

The estimators

Let us define R}, = Jf“‘ be the unbiased estimator of R = Y;

Vast 2
In order to derive bias relative and mean square error of above estimator,

Let us assume, 5, = ¥;(1 + g); such that- E(g)) = 0; j = 1,2
ki—1
Also, E(ef) = XL [ 1P Cf + 2y [;_l] Wi PE Cliz)

E(ed) = Th[Sr1P? CF + Xl [ ]
B(es 22) = T4

Ni—-ni

Nini

Wiz P? Ci)
Ni—-ni

ki-1
—1P2 Cipi + Xy [T] Wiz P? Ciaiz)

Nini

Then, expressing the estimator R;, in term of g;5, we get-
Ry =R(1 +e1) (1 +e2)t

Expanding the above expression and neglecting 3™ and higher degree of terms, we get-
R} = R(1 + g1- g2 —€18; +£2)
Thus, R.B.(R};) = E[R;; — R]/R

Ni-ni Ki-1
= Xl ,;inrzl]Piz {Cf; = Cia} + Xiy [ ;i ] Wi, PA{ C1zi(z) -Gy 1.1
And, M.S.E.(R},) =E[R:; — R?=R?E[e? + £% - 2 g157]
Ni ki-1
=R XF -l — m]PZ {CHi+C3 = Cip} + X5, [;_L] Wi PH{Clioy + Ciy — Cizi} ] 1.2

2

Where, C? :Yff Ciy = i? gy = 22 Land Crair) = 5121(2) j=12andi=123,.......... X
]

v M

And, Syp; = mzhzl()’uh — ) Oain — Yzi)
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5121(2) Zh 1(3’11}1(2) - Yll(Z))(yZLh(Z) - YZl(Z))

The ratio type estimator Of population mean in stratified sampling, proposed by Tailor et al?°, is given as
se] [ X
Ty = [yl t] [T] ............. 2

Yastd WXst

Adopting above idea of Tailor, we proposed the conventional (when complete information on X, but incomplete information on
Y) and alternative estimator (when incomplete information on X and Y both) i.e. Z; and Z, respectively for ratio of two
population means in stratified sampling in case of non-response, given by

Zi== [ Y 1“] [x“] and Z, = [ Y 1“] x“] .............. 3
Yast Yast
Where, X, = Y5, pix; such that - E(%,.) = X ;
) s
And, V[xs] = T [o1P7 S5

The proposed class of estimators
After combining and generalizing, the above proposed estimators we suggest a class of estimators of ratio of two population
means in stratified sampling in case of non-response, given by

o[l ) = e e e ‘

Yasel L aX+b aX+b aX+b aX+b

Where, a, b, a, and [ are arbitrary chosen constants.
consist family of estimators —

S. No. Family of estimators a B o B
1 Gls =Ry a B 0 0
G25t=R;t%=ZZ 1 0 0 1
_pr X
3 G3st = Ry = 1 0 0 1
Tailor type estimator
4 GA4st = Ry, ft =7 1 0 1 0
X
5 G5$1 - St f_st 1 0 _1 0
Tailor type estimator

Relative Bias and Mean Square Error
In order to derive relative bias and mean square error of above class of estimators,

Let us assume, %y, = X(1 + €3) and x;, = X(1 + &4); such that- E(em) = 0; m = 3,4
Ni—-ni

Also, E(e2) =YK [ por 1P? C%;

E(e}) = Bl (S 1P? C2 + Xl [ Wiy P C)
E(e183) = X1 [lemrzl] 7 Cixi

E(ez2 €3) = Xf- [N;mrzl]P 7 Coxi

E(e1 £4) = X5 [NI;mT]PiZ Coxi + 2K, [k;_ll] Wiz P? Cyric
E(ez £4) = X5 [lemrl”]P Coxi + XX [k:ll] Wiz P? Coricz)
E(ea £) = 2iy [ 1P? CE

Then, expressing the estimator R;, in term of &° and en® we get-

[y1(1 + 51)] [aX(l + ss)+b] [aX(l +£4)+b ]B
Y2(1 + €2) aX+b aX+b

=R(1 + 1) (1 +2) (1 + &3)* (1 + @e3)P where, ¢ = a()1?+b

Expanding the above expression and neglecting 3™ and higher degree of terms, we get-
Gst=R[ 1+ &1— &2 +¢ (a3 + Pea) + €22 H 90%/2) {a(0-1)es®+ PB(B-1)e42} - €1 €2 + 9%(0 €3 £4) + @ (0 €163+ P €164 - 0 £263 - P £264)]
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Now, R.B.(G«) = E[G,, — R]
= RB.(R:y) +( ¢%2) [a(orl) X[

Ni—-ni Ni—-ni

TNPECE + BBDL DS IPECE + T[S W PPCEpN +

Nini
0%0B T[S P2 C + oo T [H] f{cm Coxi}
Ni ki—1
+ QB[ Xk [ A;mrlu]Pz {Cixi — Coxi}*2 ) [ iu- ] W, P} {Cixi2) — Caxiey ]
RB.(Gs) = RB.(Rix) +(0/2) (a + B) Ty [S1P2[0f (o + B) — 1YCE + 2{Crri — Coxi]

ki—1
£ @2 pYs [ Wiy PPLO(B- 1) Cooy 42 (Conigy — Coxiw¥] e 4.1

M.S.E.(Gs) = E[Gy; — R?
=R?E[e1? + £2? +9? (02 £32 + P2 £4%) -2&1 &2 + 20%(0f} €3 £4) + 20 (00 €183+ P €184 - 0 €283 - P £2€4)]

= RB.(R3) +R{p (o + B)}2 Th, [ F1P2 C + o7 T, [©2] Wi P €2

+ (@ + BT PP (Crai — Coxi}* 20BTE, [E] Wi PP {Ciiey = Coicd¥] 4.2
M.S.E.(Gs) = MS.E.(R}) + R ¢ (o + B) TK., [F1P? {g(o+ B) CZ + 2(Cuai — Coxi)}

+oBTL, [%] Wi, P? {oB Cxi(z) +2 (Cixi2) — Coxi2))Y] e 43

To obtain optimum a (@) and optimum B (B ), we have to minimize M.S.E.(Gs) with respect to o and P respectively. In this
order, differentiating it w.r.t. a and P respectively and equating derivatives to zero.
The M.S.E.(Gs) is minimum when —

:—a M.S.E.(Gs) = 0 and == -~ M.SE(Gx) =0

then, we get- @ = 5‘ and Bst —h] TR
get-a ﬁ VA5 @Ag )
Where, Aq = [NL m]Pz Cl i Bs= 1[Nl o P?{Cyxi — Coxi}

Nini

x _ ki—1 _ ki—1
w= X [—] Wi, P Cfy(5y and, By, = i [T] Wiz P? {Cixi2) — Coxi2)}
2
And, 2 =34 'CZL(Z) = ’“(2) F Cii = Sle’ and Cyia) = f"‘m B i =12andi=123,.......... k

And, Sjy; = Z Ojin = V) (i — X))

Sjxi(2) = mzh=1(yﬁh(2) ~ Vi) (xin — Xi)
Using (*) in 4(b), we get-
M.S.E.(Gst)opt M S E (RSt) RZ [ st + St .............. 4.4

Ay Ag

in order to obtain the expression of R.B. and M.S.E. of family of estimators, we put the different values of a, b, a, and B in 4(a)
and 4(c) respectively. Then, we have
1G2¢=>(abaPf)=(1001)

RB.(G2) = RB.(R;) + T [P {Coi — Coid + Bl [SF] Wiz PP (Covicey — Coxico} e 5.1
M.S.E.(G24) = MS.E(Ry) + RZ[ zi=1[’f;m’;l]PE{c,?i +2(Crai = Cox)}
+yk [’“ 1] Wi PAAChay +2 (Coiy — Comi)] 52
11 G3¢= (abaB)=(100-1)

RB.(G3x) = RB.(Ryy) + Tk, [F 1P [CE - {Cuxi — Coxi}]

s [ Wi PP IC2 ) - (Coxiy — Com) 6.1
M.S.E.(G3x) = M.S.E.(Ry) + R By [ P{CE - 2(Crai — Coxi)}

+yk [’“ 1] Wi PHCa0) 2 (Ciniry — Comic)] 6.2
1111 G4¢= (aba )= (1010)

Ni—ni

RB.(G4) =RB.(Ry) + K [FPH{Coi — Cotd 7.1
M.S.E.(G4s) = M.S.E.(RZ,) + R T [NI;ln’;l]pZ{c,g +2(C— G 7.2
IV] G54 = (abap) = (10-10)

R.B.(G5s) = R.B.(R%) + XX 1[’jv‘ n’”]Pi2 [C%-{Cii — CoiX] 8.1
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M.S.E.(G5s) = MS.E.(R:) + R XX [ P2 {C% - 2(Cri — G 8.2

Nini

Efficiency comparison

Theoretical comparison

[1] On Comparing section 4.4 with 1.2; the proposed estimator G will be more efficient than R” iff
M.S.E. [GstJopt - M.S.E. [R"s] <0

B*Z BZ
= R? [—f + ﬁ] >0 clearly, R2 > 0
Ast Ast
St >
St st
Bitz >0< i
st Ase

It is obvious, in both cases [(i)( Bst) or ( B"s) < 0 (ii) ( Bs) or (B"s) > 0], B4 > 0 < By?
Thus, in condition As > 0 < A"y the proposed estimator G is always efficient than the existing estimator R™s:.
[2] On Comparing section 4.4 with 5.2; the proposed estimator G will be more efficient than G2 iff

M S E [Gst]opt = M S E [GZst] < O

:RZ{[ St S‘]+(Ast+ZBst+Ast+ZB 23>0

Ast+B, Agt+Bg
:Rz[(st st) +(st*st)]>0
Ast Ast

Obviously, terms R?, (4, + Bg)?, and (A%, + BZ)? be always positive.

Thus, in condition Ag > 0 < A’ ; the proposed estimator G is always efficient than the estimator G2s:.
[3] On Comparing section 4.2 with 6.2; the proposed estimator G will be more efficient than G3; iff
M.S.E. [Gst]opt -M.SE. [G34] <0

:RZ{I: st + St:|+(Ast'zBst+Ast'zB st)}>0

= RZ[ (Ast Bst) + (Ast *Bst) ] > 0

Ast st

Obviously, terms R?, (45, — Bg)?, and (A%, — BZ)? be always positive.

Thus, in condition Ag > 0 < A’ ; the proposed estimator G is always efficient than the estimator G3;:.
[4] On Comparing section 4.4 with 7.2; the proposed estimator G will be more efficient than G4 iff
M.S.E. [Gst]opt -M.SEE. [G4«] <0

ﬁRZ{[ st 5‘]+(Ast+ZBst)}>0

= RZ[ (Ast"'Bst) + t) ] > 0
Ast Ay

Obviously, terms R?, (4, + Bg)?, and (BZ,)? be always positive.

Thus, in condition Ag > 0 < A’ ; the proposed estimator G is always efficient than the estimator G4s:.
[5] On Comparing section 4.4 with 8.2; the proposed estimator G will be more efficient than G55 iff
M.S.E. [Gst]opt -M.S.E. [G5¢] <0

:RZ{[ st “]+(Ast-285t)}>0

= Rz[ (Ast—Bst)* + (Bsp)? ] >0
Ast Agt

Obviously, terms R?, (A;; — B;)?, and (BZ,)? be always positive.

Thus, in condition Ag > 0 < A’ ; the proposed estimator G is always efficient than the estimator G5st.

In each efficiency situation, it has been seen that if Ag > 0 < A"y then, the proposed estimator G is always efficient than each
family of estimators i.e. Ggst (q = 1,2,.....,5).

Where, A = RIS P2 €25 and A3 = i, [S2F] Wig P2 C2
Since, 2= "‘>o ©=2>0,P?>0,W;; >0, C% > 0and CZ ;) >0
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So, Aq and A3, will be always positive. Thus, now it is clear that the proposed estimator G will be always efficient than each
family of estimators i.e. Ggst (9 = 1, 2,.....,5).

Due to unavailability of data based on ratio of two population means in stratified sampling under non-response, we are unable to
compare to the proposed estimator with existing estimators empirically.

Conclusion

In present paper, we have proposed a class of ratio type estimators for ratio of two population means in stratified sampling under
non-response and derive and discuss their properties. After comparing their mean square errors, we have conclude that the
proposed estimator in optimum case provides better estimate than usual conventional and alternative estimators in any condition.
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