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Abstract
Fuzzy metric spaces have derived several interesting and appealing result on it. The notion of fuzzy
metric space by generalizing the concept of the probabilistic metric space to fuzzy situation.
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1. Introduction

Kramosil and Michalek introduced the notion of fuzzy metric space by generalizing the
concept of probabilistic metric space to fuzzy situation our aim is to study the method by
which one can generalize the notion of the metric space by setting the distance between two
points to be non-negative fuzzy number.

In fuzzy mathematics, the concept of fuzzy point was introduced by CK. Wong redefined by
Pupao-Ming and Liu-Ying-Ming. We will follow the definition of fuzzy point given by Pu and
Liu. We have defined fuzzy metric space which is regarded as the generalization of ordinary

1.1 Fuzzy Point: A fuzzy set A in x is called fuzzy point iff it taken the value 0 for all yeX
except one, say xeX. If its value at X is K where 0<K<1, we denote the fuzzy point byX,,
where the point X is called as its support. That is a fuzzy set A is fuzzy point iff A(X) = 0 for
all xeX except at one X and the value of A at X is denoted by A(X) = K, where 0<K<I.

1.2 Contained: The fuzzy point X« is said to be contained in a fuzzy set A or it belongs to A,

denoted by X €A iff K<A(X).
Obviously, every fuzzy set A in X can be expressed as the union of all fuzzy points which

belongs to A. that is, iIfX; X........... €A.
Then
A =U{X3 Xy oo }

1.3 Distance: Let A be a fuzzy set in X. let X; Xu, X,eA, Where[0 <1<1,0<p<1,0<
v < 1]. We define a fuzzy distance function or metric d on A such that d (X;,Y, ) = {|A(X)-
A(Y)}

Where,

A<A(X) and p<A(Y)

Now, we will verify the four properties of metric space which are also the properties of fuzzy
metric space.

(@ D(X,Y,)>0

As |AX)-A(Y)| > 0, iff X# Y

(b) D(X,Y,)=0
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As A(X)-A(Y) = 0 iff X=Y

(C) D (X Y,) =d (¥,.X3)

Since,| A(X)-A(Y)| = |A(Y)-A(X)]

Now we consider the fourth properties and will prove that
D(X; .Z,) <d(X,.Y,)+d (Y, Z,)

Since JA(X)-A (Z)] = |JAX)-A(Y) + A(Y)-A (2)|

Hence | A(X)-A (2)|<|AX)-AY)+ JACY)-A (2)]

AS [A-VI<]A-p[+p-v]

Thus d(X; .Z,) <d (X3, Y,) +d (V,,Z,)

1.4 Fuzzy metric space: Let A be a fuzzy set in X, and d be a real valued fuzzy metric. Let, ¥, Z, X, are fuzzy points and they
belong to A and d (X;,Y,,) = |A(X)-A(Y)| where 0<A<1, 0<u<I1, d is called fuzzy metric define on AXA if it satisfies the following
conditions:-

(@) D (X,Y,) >0

(b) D (X3,Y,) =0, if x=y

(©) D (X3, 1) =d (Y.X3)

(d) D(X; .Zy) =d (X3.¥,) +d(Y,Z)

Where 0<A<1, 0<p<l1, 0<v<l.

The function d with properties (a) to (d) is called fuzzy distance or fuzzy metric space on A. the element of A are called fuzzy
points of the fuzzy metric space (A, d)

Now we will prove that the following properties.

Theorem 1.1 Given any three fuzzy points, Y, Z, X; in fuzzy metric space (A, d) then,

A (X3, Z,)-d (Y,,Z,) <d (X3, %),

Proof: By condition (d) of the definition of fuzzy metric space, we have
D (X3 .Zy) <d (X3, Y,) +d (Y, Z,)

Hence,

D (X3.,Zy) -d (Y, Z,) <d (X;,Y, .. (D)
by (1), we have

IACX)-AMY)I-A(Y)-A (2) ISIAX)-AY)

Interchanging x and y, we obtain

IACY)-A (D)HAX)-A (2) ISIAY)-AX)] = [AX)-AY)]

d(VZy)-d (X3,Z,) < d(Y,.Z,) .2
From (1) and (2), we have

[d(X3,Z,) -d(Y,,,.Z,)| < d (X3,Y)).

Hence the result.
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Theorem 1.2: Given any for points Y, Z, X;,t, in a fuzzy metric space (A, d),

d(X;Zy) +d(Y, ty)= |d (X3, Y,)-d (Zy.t)]-

Proof: By condition (d) of the definition of fuzzy metric space, we have

d(X/l,ZV) <d (XZJYI,J,) + d(ypvzv)

Where 0<A<1, 0<p<l1, 0<v<l.

Hence d(X; Z,)-d(Y,,Z,) < d (X3,Y,).

That is [A(X)-A (2)F/A(Y)-A (2) ISIAX)-A(Y)

Interchanging y and z, we have

IACX)-AY)I-A (2)-A(Y) [< |AX)-A (2)]

IACX)-AY)-A (2)-A(Y) < d(X3,Zy) (1)
Again, when we take three fuzzy points Y, Z,,t, then by properties (d) of the definition of fuzzy metric space, we have
D (Y, ty)<d(Y,.Z,) +d (Z,.ty)

Or, d(Y,ty)-d (Z,.t)) <d (V,,,Z,)

Thatis, |A(y)-A (DA (2)-A (1) [SIA(Y)-A )]

Interchanging z and t, we get

IAY)-A @)IHA ()-A (2) ISIA®)-A ()]

IA(Y)-A ()IHA (-A (2) [<d(Y,ty) (2
From (1) and (2) we obtain

d(X3,Z,) +d(Y,, ty) Z|AX)-AY)-AGR)-AY)IHAY)-A@)HAD-AR)]

=IAK)-AW)HAY)-A @I+HAY)-A 2)HA (2)-A (O]

=|AX)-AW)I-IA (2)-A ()], by virtue of properties (c).

Hence, d(X; Z,) +d(Y,,t,))= |d (X, Y,)-d (Z,,t,)l.
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