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Abstract

The influence of viscosity, viscoelasticity, medium permeability and medium porosity on the stability of
a stratified elastic-viscous Rivlin —Ericksen fluid is examined for viscoelastic polymeric solutions in the
simultaneous presence of a variable horizontal magnetic field H(H,(2).00) and uniform horizontal rotation
£2(£2,0,0) jp porous medium. The effects of coriolis force on the stability are chosen along the
direction of the magnetic field and transverse to that of the gravitational field9 (0. 0.-9). Assuming the
exponential stratifications in density, viscosity and viscoelasticity, the appropriate solution for the case of
free boundaries is obtained using a linearized stability theory and normal mode analysis method. The
dispersion relation is obtained and the behaviour of growth rates with respect to kinematic viscosity,
kinematic viscoelasticity, medium permeability and medium porosity is examined numerically using
Newton-Raphson method through the software Fortran-90 and Mathcad. In contrast to the Newtonian
fluids, the system is found to be unstable, for stable stratifications, for small wavelength perturbations. It
is found that the magnetic field stabilizes the certain wave number band, for unstable stratification in the
presence of rotation and this wave number range increases with the increase in magnetic field and
decreases with the increase in kinematic viscoelasticity implying thereby the stabilizing effect of
magnetic field and kinematic viscoelasticity and the kinematic viscosity has a stabilizing effect on the
system for the low wave number range. The medium permeability has enhancing effect on the growth
rates with its increase for a fixed wave number. These results are shown graphically.

Keywords: Rivlin —Ericksen fluid, magnetic field, rotation, viscosity, viscoelasticity, medium
permeability

1. Introduction

The flow through porous medium has been of considerable interest in recent years particularly
among geophysical fluid dynamics. When we consider flow in porous medium, some
additional complexities arise which are due to the interaction between the fluids and the porous
medium. Here we consider those fluid flows for which Darcy’s law is applicable. This law is
empirical in nature and is usually considered valid for creeping flows where the Reynolds’s
number as defined for a porous medium is less than one. Darcy’s law states that the gross
effect, as the fluid slowly percolated through the pores of rock, is that usual viscous term in the

7 , 0
. . . . R R . S| HtH |
equation of elastic-viscous fluid motion will be replaced by the resistance terms [ "1[ (’t] }
where #and # are the coefficients of viscosity and viscoelasticity, of Walters’ (model B’)

fluid, % is the medium permeability and g is the Darcian (filter) velocity (seepage) of the
fluid. The stability of flow of a single component fluid through porous medium taking into
account the Darcy’s resistance has been studied by Lapwood ! and Wooding 2. The effect of
the Earth’s magnetic field on the stability of such a flow is of interest in geophysics
particularly in the study of Earth’s core where the Earth’s mantle, which consists of
conducting fluid, behaves like a porous medium which can become convectively unstable as a
result of differential diffusion. The physical properties of comets and meteorites strongly
suggest importance of porosity in astrophysical context (McDonnell) 21,
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The stability derived from the character of the equilibrium of an incompressible heavy fluid of variable density (i.e. of a
heterogeneous fluid) was investigated by Rayleigh . He demonstrated that the system is stable or unstable according as the
density decreases everywhere or increases everywhere. An experimental demonstration of the development of the Rayleigh—
Taylor instability was performed by Taylor B, The effect of a vertical magnetic field on the development of Rayleigh-Taylor
instability was considered by Hide [, Reid [l studied the effect of surface tension and viscosity on the stability of two superposed
fluids. The Rayleigh—Taylor instability of a Newtonian fluid has been studied by several authors accepting varying assumptions of
hydrodynamics and hydromagnetics and Chandrasekhar ! in his celebrated monograph has given a detailed account of these
investigations. Bellman and Pennington I further investigated in detail illustrating the combined effects of viscosity and surface
tension. Gupta 1% again studied the stability of a horizontal layer of a perfectly conducting fluid with continuous density and
viscosity stratifications in the presence of a horizontal magnetic field. The Rayleigh—Taylor instability problems arise in
oceanography, limnology and engineering. There are many viscoelastic fluids which cannot be characterized either by Maxwell’s
constitutive relations or by Oldroyd’s constitutive relations. One such class of the viscoelastic fluids is the Rivlin—Ericksen fluid.
Rivlin and Ericksen ' have proposed a theoretical model for such viscoelastic fluid. This and other class of polymers is used in
the manufacture of parts of space—crafts, aeroplanes, tyres, belt conveyers, ropes cushions, seats, foams, engineering equipments
etc. Recently, polymers are also used in agriculture, communication appliances and in biomedical appliances. Joshi [*4 has
discussed the viscoelastic Rivlin—Ericksen incompressible fluid under time—dependent pressure. The stability of partially ionized
superposed plasmas in the presence of variable horizontal magnetic field has been studied by Sharma and Thakur 3, Srivastava
and Singh 41 have studied the unsteady flow of a dusty viscoelastic Rivlin-Ericksen fluid through channel of different cross—
sections in the presence of the time—dependent pressure gradient. Sharma and Kumari [ have studied the stability of stratified
fluid in porous medium in the presence of suspended particles and variable magnetic field. In another study, Garg et al. [*61 have
studied the rectilinear oscillations of a sphere along its diameter in a conducting dusty Rivlin—Ericksen fluid in the presence of a
uniform magnetic field. Sharma and Gupta ™ also have studied the stability of stratified rotating viscoelastic Rivlin-Ericksen fluid
in the presence of variable magnetic field.

Generally, the magnetic field has a stabilizing effect on the instability, but there are a few exceptions also. For example, Kent 1]
has studied the effect of a horizontal magnetic field which varies in the vertical direction on the stability of parallel flows and has
shown that the system is unstable under certain conditions, while in the absence of magnetic field the system is known to be
stable. In stellar atmospheres and interiors, the magnetic field may be (and quite often is) variable and may altogether alter the
nature of the instability. Coriolis force also plays an important role on the stability of the system. In all the above studies the fluid
has been assumed to be Newtonian.

With the growing importance of non—Newtonian fluids in modern technology and industries, the investigations of such fluids are
desirable. Fredricksen ¥l has a good review of non-Newtonian fluids whereas Joseph 2°! has also considered the stability of
viscoelastic fluids. There are many viscoelastic fluids which cannot be characterized either by Maxwell’s constitutive relations or
by Oldroyd’s constitutive relations. This class of fluids is used in the manufacture of parts of space cafts, aeroplane, tyres,
beltconveyors, rops, cushions, seats, foams, plastics, engineering equipments etc. The magnetic field stabilizes the system. The
viscoelasticity of the medium has damping effects on the growth rates but has enhancing effects for certain ranges of the wave-
numbers.

Keeping in mind the importance of non—Newtonian fluids, medium permeability and medium porosity in modern technology and
their various applications mentioned above, the present paper is devoted to consider the stability of rotating stratified elastico—
viscous Rivlin —Ericksen fluid in the presence of variable magnetic field and rotation in porous medium.

2. Materials and Methods
The initial stationary state whose stability we wish to examine is that of an incompressible, heterogeneous infinitely extending and

conducting (o —=) glastico-viscous Rivlin —Ericksen fluid of thickness d bounded by the planes # =0.d ang of variable density,

kinematic viscosity and viscoelasticity, arranged in horizontal strata in a porous medium of variable porosity and medium
1

n=
permeability so that the free surface is almost horizontal and the electrical conductivity " Ao is zero. The fluid is acted on
by gravity force 9(00-9), a uniform horizontal rotation 2(20.) and a variable horizontal magnetic field #/(H:(2).00) The character
of the equilibrium of this stationary state is determined by supposing that the system is slightly disturbed and then, following its
further evolution.

The equations expressing conservation of momentum, mass, incompressibility and Maxwell’s equations for the elastico—viscous
Rivlin —Ericksen fluid are

P 1 1 , 0 2
p[q+€(q.v)q}=—Vp+pg—[,u+,u jV2q+£(qXQ)+:€[(VXH)XH]
V4

ot K, ot O
V-a=0, @
@, qg-V)p=0

el CAL | @
V-H=0 (4)

~86~


http://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics http://www.mathsjournal.com

eﬁ=Vx(qXH)
ot , ®)

Where#¢, the medium permeability, is assumed to be constant. Equation (3) represents the fact that the density of a particle
remains unchanged as we follow it with its motion.

Let 9. 9p. q(uv.w) ang 7(nh.h) Genote, respectively, the perturbations in density2(), pressure P@), velocity V ©099) and
horizontal magnetic field #/ (H.0,0) Then the equations (1)—(5) after perturbations in the cartesian form become

pou p( 6u ou  au 0 1[ 8) 2 2
—+—|U—+V—+W— [=——dp——| u+ Vu - =
( e Carry MR U e Jropve

e ot el ox oy 0z ©)
£ﬂ+£ u@+v@+wg =—£5p—i[,u+,u’ ajv v+ﬂeH ah —h —fqu

cot el ox oy @ oy k, ot ar ox ' oy ') e @
pow p( ow ow  ow o 1 o uHo (o, &, h o
L2 A g2y 22 == = |v? A L S _
< ot e(u8x+vay+wazJ oz kl(““’at) W [axhz &, azH"] 9% @®
0 o oW
AN Wy e—(&p)+wa—p=0
ox oy oz 9 ot oz (10)
ghx+ghy+gh =
x oy z , (11)

0 0

—h, = H,+h,)—uh H,+h,)—uh

~oho=—{u( )—uh, f——fw( ) }, W)
eihyzi{vhz—why} i{uh —v(H,+h,)}

ot 0z OX , (13)
e h, =2 {w(H,+h)-un,}-2 {vh —wh,}

ot , (14)
Ba—“z—£5p—£[/¢+y'ajv u+e & h, 2H +2pv_Q
e ot OX K, ot Ar oz (15)
pov 0 1( ,a] o Hy( 0 0 2
= —fp——|u+y — |Vv+ —h,——h, |-=puQ
cot oyl \ T G Az \(ox ¥ oy ) e” )
fzgzyy =:—-1?-659-—-1-(/14-/1,4?—j‘72VV'+ /ler10 a hz __a hx __Jjﬁ_éario _ gé&?
e ot oz K, ot 4r ((ox o0z H, oz (17)
ou ov ow
—+—+—=0
x o a 18)
e—(5p)+wa—p=0

oz (19)

ghx+ih +§h1:0
OX oy ' oz

: (20)
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0 0 0

e—h =H,—u-w—H,

ot OX oz (21)
eihy = Hoiv

ot OX , (22)
eihZ :HOQW

ot ox | (23)

Analyzing the disturbances into normal modes, we seek solutions whose dependence on
XY, 2 and time U is given by

f(2) exp(ikxx+ ik, y+ nt)

(24)

where f(@) is the some function of Z-only; kX, K, are the wave-numbers in the X— and y—directions, respectively,

k=(kz+k2)? . n . o
y is the resultant wave-number and is the growth rate of the disturbance which is, in general, a complex
constant.
Ly :—ikx(Sp—i(ery’n)(D2 —k2)u+%2h, DH, +EpVQ
Equations (15)—(23) using expression (24) become € Ky A € , (25)

£ nv=-ik,op- kl (s+ )0 k2 v+ 225 (i h, —ikyhx)+§pu9

€ " Ar

, (26)
H, (. h DH
P nW:—Dép—1(y+ufn)(D2_kz)W+'ue0[|kxhz_th_ x oj_gé‘p
- “ 4 Ho , 27)
ik, u+ik, v+ DW=O| 25)
endp+wDp =0 29)
ik,h, +ik,h +Dh, = 0’ (30)
enh, =ik,H,u—wDH, 31)
enh, =ik,Hyv @)
enh, =ik, Hyw )
Now substituting the values of h h, and h, from equations (31)—(33) in equations (25)—(27), we get
i ik, H

Bn u= —Ikxép—i(/u-klu'n)(Dz — k2) u +&(M] DH0 +EpV.Q

€ k, 4 n IS (39)

: 1 " ik, H,c, ik,wDH,) 2

an:—lkyép—k—(,u+/m)(D2—kz)v+ #eHO( 06, M OJ_qu

© t Az " " < (35)

2 H .
Paw=-D 5p—£(,u+y’n)(D2 —kz)w+ HHo | KeHowW D(IkXH0 u_ WDHO) _(lkaou ~ WDHO] DH, |, g (Dp)w
€ k Az e n n n n n H, € (36)

¢, =ik,v—ik,u

Where’s , is the Z —component of vorticity.
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Multiplying equations (34) and (35) by tk, and ik, , respectively, and then adding we get
- ¢ = 2nQ Dw
k:H 2 2=

Lngz :_ﬁ(U"'U'n)(DZ kz)gz _#eixoéz +—0QDw n’ —e—n(quU’n)(D2 —k?)+k2v,?

€ k, edrn € or K, , (37)

U:ﬁ, U':ﬁ VAzzlueH()2

Where P P and 4% (square of the Alfvén’s velocity).
Substituting the value of ¢, in equation (35), we get

P . 1 . 2 12 HH, 2QnDw ik, H
Env=-ik 5p——(,u+yn)(D —k )v— ( ' HeHy P

€ Tk, 4zen\n?—n(u+un) (D2 —k?)+kVZ )T 4, ik,wD(H, )-2 c U-Ql (38)

—i —ik
Multiplying equations (34) and (36) by ik, and ¥, respectively, and then adding and using (28), we obtain

2
BnDW:—kzép—£(0+u'n)(D2—kz)DW+ p 2n2 (IJEHO kfky—EpJDW
€ Kk, nzfek—(UJru'n)(szkz)vLVAzkf 4ren S

. (39)

Eliminating UV and op from equations (35)—(39) using equations (29), after little algebra, we get

€™ (04 om) (0 —k)E w—"2 (0" +V2)(D? — K Jw—| n*(Dp)| 1+ 40° _#k;D(H3)
ky 1 nz—n—e(u+u’n)(Dz—kz)+ kXZVA2 dren

k Dw + 0k (Dp)w=0_ 4

Equation (40) is the general equation formulating the effect of variable magnetic field and uniform rotation on the stability of
stratified Rivlin —Ericksen fluid saturating porous medium.

2.1 The case of exponentially varying stratifications

In order to obtain the solution of the stability problem of a layer of Walters’ (model B") fluid, we suppose that the densityp ,
! !

viscosity'u , Viscoelasticity M medium porosity € and medium permeability H vary exponentially along the vertical direction

i.e.

p=poe’™, p=p e, u'=pge’, e=e e k =k,e™

(41)
H, € K of-2-2)
Where Po» #o» Ho 1,70 "0and B are constants and so the kinematic viscosity £ o) the kinematic viscoelasticity
[yﬂJ y {ueHéJ%:[uer]%
P PoJ and the Alfvén velocity 4 4% ) are constant everywhere.
Using the stratifications of the form (41), equation (40) transforms to
-k fw-— 2 (neekiv2) (DK fwe L [+ K2V 2 (202 +K2V2 )~V K2 B, n (v, + i)
S0 2 (v, +upn) n? <0 (v, +uin)
10 10
— g k2B, n (v, +ogn)] (D> K2 Jw— - 1 [402n% +v K28, (0% + k22 )- g k2B, (n? + K2V 2 )w]=0.
o (Uo + chn)z
Kio (42)
Considering the case of two free boundaries, we must have

The appropriate solution of equation (42) satisfying the above boundary condition is
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w= A, sin mz z
, (44)
Where’s M s an integer and Ao is a constant.
Substituting the value of W from equation (44) in equation (42) we obtain dispersion relation
2 2 2
n [1-2S0 5L, | |+n] 20,0 1= 250 0L, | |02 2oz [ 2k vz = IR A gy e A0 2K 2%k,
klO klO Ls L klo
2 2
k
vk ﬂ1(1+ugL3)}+n{v0L3 (2k3v§ _So SAT 92/3'1 ] S VZ2K B L+olL )}kzv {kjvj L3 (gk?+V2K? )}
- ke ) B - =0, (s

2 2
L, ={k2 oM 27[ }
Where’s d=

Equation (45) is biquadratic in N and is the dispersion relation governing the effects of uniform rotation, variable horizontal
magnetic field, viscosity, viscoelasticity medium permeability and medium porosity on the stability of stratified Rivlin —Ericksen
fluid.

3. Results and Discussions

3.1. Case of stable stratifications (i.e./: < 0 ) and (kg >4, Vé), Equation (45) does not admit any positive real root or complex
root with positive real part using Routh—Hurwitz criterion; therefore, the system is always stable for disturbances of all wave-
number.

kfv:( ﬂl] A,

’ 7|1 < .
3.1.1 Case of unstable stratifications (i.e. B> 0) and (klo <4< Vo), if A>0 , K L) L the constant term in the
equation (45) is negative and therefore has at least one root with positive real part using Routh—Hurwitz criterion; so the system is
unstable for all wave-numbers satisfying the inequality

ﬂld gsec’ -V (mzﬂ'Z—ﬂldz)
V/d?

: (46)

k, =kcosé)

B9k’

Where @ is the angle between kX and Kie. (

o8, el
Lk 1-22

If B> 0, (unstable stratifications) L and L) equation (45) does not admit of any positive real root or complex

root with positive real part, therefore, the system is stable. The system is clearly unstable in the absence of magnetic field, rotation

and for non-viscoelastic fluid.

2
2 2 k? ? gpk?
n‘ (1— ke° u(’,Laj +n3[200 {1— ke" ’L3H+n{L§ vz -9 : b (l+UéL3)+LiVA2 k? ﬁ1(1+u[)L3)}—n{voL3 60%2} =0
10 10 3 3 L3k10 (47)

For/>0 , the constant term in the equation (45) is negative and therefore has at least one root with positive real part therefore
the system is clearly unstable. The magnetic field, therefore, stabilizes potentially unstable stratifications for small wave-length
perturbations

ﬂld gsec’ -V (mf;rz—ﬂldz)
2d2

(48)

Also, it is clear that the wave-number range, for which the potentially unstable system gets stabilized, increases with the increase
in magnetic field and decreases with the increase in kinematic viscoelasticity. All long wave-length perturbations satisfying
equation (48) remain unstable and are not stabilized by magnetic field.

The behaviour of growth rates with respect to kinematic viscosityUO, kinematic viscoelasticity o and square of the Alfvén

2
velocity Vi satisfying equation (45) has been examined numerically using Newton—-Raphson method through the software

Mathcad. Figure (1) shows the variation of growth rate n, (positive real value of n) with respect to the wave-number k for
!

. L _ _ _ _ _ . . =1 ,_ _ _

fixed permissiblevalueof % =2 €o=05.ko =6.:m =1 d =6cm. Q=1 reyolytion/minute, 0 ~ +, 9 = 9800m/s’, k, =kcosds®, Vi =55 go

three values of ¥ =2, 3 and 4 respectively. These values are the permissible values for the respective parameters and are in good
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agreement with the corresponding values used by Chandrasekhar [ while describing various hydrodynamic and hydromagnetic
stability problems. The graph shows that for fixed wave-numbers, the growth rate increases for certain wave number with the
increase in kinematic viscoelasticity %, which indicates the destabilizing effect of viscoelasticity whereas the growth rate
decreases for certain wave numbers implying thereby the stabilizing effect of kinematic viscoelasticity on the system in the
presence of medium permeability and medium porosity for low wave numbers range.

Figure (2) shows the variation of growth rate " (positive real value of M) with respect to the wave-numberk for fixed

r_ _ 2 _ 0 2 _ _ _

permissible values of /=2 M =1 d=6cm 0-1 revolution/minute,% =1, 9 =980cm/s’, k, =kcos45", V0 =55,,= 05k, =6,
for three values of % =2, 4 and 6 respectively. The graph shows that for fixed wave-numbers, the growth rate increases for certain
wave number with the increase in kinematic viscosity Yo which indicates the destabilizing influence of kinematic viscosity,
whereas the growth rate decreases for certain wave numbers, implying thereby the stabilizing effect of kinematic viscosity on the
system in the presence of medium permeability and medium porosity.

Figure (3) shows the variation of growth rate " (positive real value of N') with respect to wave-number K for fixed permissible
values of £ =2 M =1 d=6cm, Q=1 reyolution/minute, %> =4, Yo =2, 9 =980cmis’, k, =kcos45’,&,=05,ky =6 for tyo values of
Vi=15 and 55 respectively. The graph shows that for fixed wave-numbers, the growth rate increases with the increase in the

square of the Alfvén velocity Vi for certain wave number which indicates the destabilizing influence of the square of the Alfvén
velocity, whereas growth rate decreases for certain wave numbers, implying thereby the stabilizing effect of the square of the
Alfvén velocity on the system in the presence of medium permeability and medium porosity.

~g1~
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Fig 3: The variation of ™ with wave-number K for two values of VA =15.55.
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