
 

~21~ 

International Journal of Statistics and Applied Mathematics 2018; 3(2): 21-26 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ISSN: 2456-1452 
Maths 2018; 3(2): 21-26 
© 2018 Stats & Maths 
www.mathsjournal.com 
Received: 12-01-2018 
Accepted: 15-02-2018 
 
R Anbarasi 
Assistant Professor,  
Kg College Of Arts and Science, 
Coimbatore, Tamil Nadu, India 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Correspondence 
R Anbarasi 
Assistant Professor,  
Kg College Of Arts and Science, 
Coimbatore, Tamil Nadu, India 

 
 

 
 
 
 
 
 
 

 
A study on M/M/3 queuing model on waiting time 

reduction in a local health care centre 
 

R Anbarasi 
 
Abstract 
Queuing theory is a mathematical approach to the study of waiting lines. Long waiting time in a health 
care system indicates the lack in management of the system. This project is an attempt to analyze the use 
of queuing theory in a local health care clinic. Also considers the clinic as a multi server queuing system 
following Poisson arrival and Exponential service based system. A comparison of the results using 
MATLAB pertaining to single server and multiple server queuing system is also provided. 
 
Keywords: M/M/3, local health care centre, Queuing theory  
 
Introduction 
Queuing theory has its origin in research by a Danish telephone engineer Agner Krarup Erlang 
when he generated models to describe the Telephone Exchange of Copenhagen.” The theory of 
Probability and telephone conversations” is the first paper on queuing theory published in 
1909. He pondered the problems of determining the number of telephone circuits necessary to 
provide phone services that would prevent customers from waiting too long for an available 
circuit. In developing a solution to this problem he began to realize that the problem of 
minimizing waiting time was applicable to many fields and began developing the theory 
further. Therefore, A.K. Erlang is considered the father of queuing theory. 
The queuing theory is one of the most celebrated problems of operation research which has 
attracted the attention of researchers, scientists, mathematics and social scientists. A lot of 
research work has been dedicated to the application of this theory in health care systems, 
construction industries, human resource management, transportation, traffic and many other 
such systems. 
A lot of contribution and application of queuing theory in the field of health care are found in 
the literature. In an era of health care reform, queuing theory is applied in improving quality, 
safety and decreasing health care cost. Whenever it is used appropriately, the results are often 
remarkable in saving time, increasing revenue and increasing staff and patient satisfaction. 
Therefore, applying queuing theory to health care sector is a necessary step towards improving 
quality of care and enhancement of the systems. Queuing theory has been studied in the health 
care settings. A considerable body of the research has shown the use of queuing theory in the 
real world health care situation. Research on models for evaluating the impact of bed 
assignments policies on utilization, wailing time and the probability of turning away patients. 
Review the use of queuing theory in pharmacy application with particular attention to 
improving customer’s satisfaction. Customer satisfaction is improved by predicting and 
reducing waiting times and adjusting staffing. Preater presents a brief history of the use of 
queuing theory in health care. Green applied the queuing theory in health care. She discusses 
the relationship among delays, utilization and the number of servers; the basic M/M/s model, 
its assumptions and extensions; and the application of the queuing theory to determine the 
required number of servers. System design, appointment systems, out-patient appointment 
systems, the emergency cardiac in-patient flow and others. They successfully established the 
applicability of queuing theory in the field of health care. 
Thus, queuing theory is a mathematical approach to study of the waiting lines. Long waiting 
time in any health care centre affects the improvement of the centre as well as the nation’s 
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economy. Therefore, to reduce the waiting time of arriving 
patients is a major challenge for services not only in India but 
all over the world especially in developing countries. While 
considering improvement in services, centre must measures 
the cost of providing a given level of service against the 
potential costs from having patient wait. Queuing theory has 
increasingly become a universal tool of management for 
decision making in a local health care clinic. 
 
Description of the Models 
Single Channel Queuing System 
Consider a single server queuing system, (M/M/1) in which 
arriving customers is following Poisson’s process with the 
arrival rate λ and the service process is following the 
exponential distribution with the service rate µ. Here 
customers are identified as arriving patients. The services in 
all phases are independent and identical and only one patient 
at a time is in the service mechanism. 
When a patient enters the system and at a time if the system is 
free, his/her service time starts at once and when the system is 
not free, the patient joins the queue and wait for their 
turn/number for service. After completion of services, the 
patient is free from queue if there is not any further extended 
service facility. If the server is busy then the arriving patients 
goes to orbit and becomes of repeated calls. This pool of 
source of repeated calls may be viewed as a sort of queue. 
The time it takes to service every patient is an exponential 
random variable with parameter µ. 
A pictorial representation of a single server queuing system, 
(M/M/1) is given below in which patients are standing in 
queue, waiting for the server to be free for providing service. 
In the situation of congestion of patients in a health care 
system, there is a very less probability for the patients arriving 
in end to get treatment as there is a single server rendering 
services. In worst situation, patients may leave the system 
without being serving. 
 
Multichannel Queuing System 
The multichannel queuing model is known in the Kendall’s 
notation as the M/M/m model, where M signifies a Poisson 
distribution and m is the number of parallel service channel in 
the system. This is commonly used to analyze the queuing 
problem. This model commutes the average wait time and 
queue lengths, given arrival rate, number of servers and 
service rates. This particular model applies, in which there is 
multiple channel served by a single queue at a bank teller or 
many airline ticket counters. The output of the model is as 
follows: 
1. Expected waiting time per patient in the system (health 
care). 
2. Expected waiting time patients in the queue. 
3. Expected number of patient in the system (health care). 
4. Expected number of patient in the queue. 
The exact calculation of these measures requires knowledge 
of the probability distribution of the arrival rate and service 
times. Moreover, successive inter-arrival times and service 
times are assumed to be statistically independent of each 
other. In this system, there are multiple servers with all 
sharing common waiting line a waiting line is crated when all 
the servers are busy in rendering service. As soon as one 
server becomes free, a customer (patient) is dispatched from 
the waiting line using dispatching discipline in force for being 
served. There are obvious from the pictorial representation of 
the multichannel queuing system which is given below. 
 

Model Assumptions 
This research is based on the following assumptions. 
a) The finding obtained after investigate from one unit of 

the medical health centre should be valid in the other 
units. 

b) The patients are almost well familiar with the 
organization system of the medical centre. 

c) The arrival rate of the patients to queue and service rate 
are compatible to poison distribution or in other words 
the time interval between two consecutive arrivals and 
time services both follow exponential distribution. 

d) The queuing theory discipline is such that the first patient 
goes to the server which is ready for service 

e) In case of multichannel queuing system, it is assumed 
that none of the servers are unattended. 

 
Parameters in Queuing Model 
 n = Number of customers (units) in the system. 
 c = number of parallel servers. 
 λ = It is the mean rate of arrivals per unit of time in the 

system. 
 µ = It is the average number of customers served per unit 

time in the system. 
 cµ = Serving rate when c>1 in a system. 
 ρ = utilization factor. 
 P଴=Steady state probability of all idle servers in the 

system. 
 P୬= Steady satiate probability exactly n patients in the 

system. 
 L୯= Average number of patients in the queue. 
 Lୱ= Expected number of patients in the system. 
 W୯ = Average waiting time a patients spends waiting in 

line excluding the service time. 
 Wୱ = The expected time a customer spends in the system. 
 
Data Analysis 
The memory less property is utilized to define the state of the 
queuing system. To determine the performance measures, first 
find the probability of having n number of customers in the 
queuing system. 
Probability of having 1 customer (i.e. n = 1) in the service 
system is: 

Pଵ ൌ ρ	P଴ 
Similarly, 

Pଶ ൌ ρ	Pଵ 
Pଶ ൌ ρଶ	P଴……….. 

P୬ ൌ ρ୬	P଴ 
 
The probability value is 1. i.e. 

෍P୬

ஶ

୬ୀ଴

ൌ 1	 

P଴ ൅ Pଵ ൅ Pଶ ൅ ⋯ ൌ 1 
P଴ ൅ ρ	P଴ ൅	ρଶ	P଴ ൅ ⋯ ൌ 1 
ሺ1 ൅ ρ	 ൅	ρଶ 	൅ ⋯ ሻP଴ ൌ 1 

 
Where ሺ1 ൅ ρ	 ൅	ρଶ 	൅ ⋯ ሻis	an	infinite series, 
Sum of infinite series can be written as, 
 

	ሺ1|1 െ ρሻ 
Hence, 

P଴ ൌ 1 െ 	ρ 
 
i.e., the probability of no patient in the system. 
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To determine performance measures Lୱ, L୯,Wୗ,W୯ in the 
queuing system determine the average number of customers 
in the system. 
The average number of customers Lୱ in the system can be 
written as, 

	Lୱ ൌ ෍n ൈ P୬

ஶ

୬ୀ଴

 

 
Where P୬ ൌ ρ୬	P଴ and 	P଴ ൌ 1 െ 	ρ 

	Lୱ ൌ ሺ1 െ 	ρሻ෍nρ୬
ஶ

୬ୀ଴

 

 
 ൌ ρሺ1 െ 	ρሻ∑ nρ୬ିଵ	ஶ

୬ୀ଴  
 
Then,  

	∂ρ୬

∂ρ
	ൌ 	nρ୬ିଵ 

 

	Lୱ ൌ 	ρሺ1 െ 	ρሻ
∂
∂ρ

෍ρ୬
ஶ

୬ୀ଴

 

 

	ൌ ρሺ1 െ 	ρሻ
∂
∂ρ
ሺ1|1 െ ρሻ 

 

Lୱ ൌ
λ
μ– λ

 

 
Using little’s law according to which the average number of 
patients in the service system is the product of arrival rate and 
average time a customer’s spends in the system 
Average time a patient spends in the system, Wୱ can be 
written using little’s law as given below 
 

Wୱ ൌ 	
Lୱ
λ

 

 
Determine Lୱ and know λ, hence 
 

	Wୱ ൌ
λ
μ– λ

.
1
λ
	 

 

	Wୱ ൌ
1
μ– λ

 

 
Average time a customer spends in the queue W୯ , can be 
determined by subtracting expected service time or average 
service time from average time a customer spends in the 
system Wୱ 
 

	W୯ 	ൌ 	Wୱ െ 	expected	service	time	 
	ൌ Wୱ െ μ	

	ൌ
1
μ– λ

െ 	μ 

W୯ 	ൌ 	
λ

μሺμ– λሻ
 

 
Using little’s law to determine the average number of patients 
in the queue 
 
L୯ = W୯λ 

L୯ 	ൌ 	
λଶ

μሺμ– λሻ
 

 
Model Parameters 
Traffic Intensity   
It is obtained from dividing the average arrival rate λ (in time) 
to the average service rate µ. 

i.e., ρ = λ μ⁄  

Whenever λ is larger, the arrival of patients will increase and 
the system will work harder and queue will be longer. On the 
contrary, whenever λ is smaller, the queue will be shorter but 
in this case the use of system will be low. If the arrival rate of 
patients in the system were more than service rate. I.e. λ>µ 
then ρ>1, which means the system capacity is less than the 
arriving patients; therefore the queue length is increased. In 
this queuing system the average arrival rate is less than the 
average service rate i.e. λ >µ. 
 
Average Waiting Time in Queue 
The average waiting time in queue (before service is 
rendered) is equal to the average time which a patient waits in 
the queue for getting services. Its formula is, 
 

ρ
μሺ1– ρሻ

ൌ
λ

μሺμ– λሻ
 

 
Average Time Spend in the System 
The average time spent in a system (on queue and receiving 
service) is equal to the total time that a patient spends in a 
system which includes the waiting time and service time. Its 
formula is, 

1
μሺ1– ρሻ

ൌ
1
μ– λ

 

 
Average Number of Patient in the System 
The average number of patients in the system is equal to the 
average number of patients who are in the line or server. It is 
defined as 

	
ρ
1– ρ

ൌ
λ
μ– λ

 

 
Average Queue Length 
The average queue length is composed of the average number 
of patients who are waiting in the queue. It is defined as 

	
λଶ

μሺμ– λሻ
 

 
The Probability of not Queuing on the Arrival 
 = 1– ρ 
 
Results and Discussions 
Results of M/M/1 
The arrival time as well as the time service began and ended 
for 125 patients in the local health care clinic. There are two 
types of services; consultancy and surgery. A total of 22 days 
were used for the data collection. On the basis of actual 
observed collected data, find the 
Total waiting time of 125 patients for 22 days = 1584 minutes 
Total service time of 125 patients for 22 days = 1320 minutes 
Using the model parameters for the single channel queuing 
model, arrive the following results: 
The arrival rate, 
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λ ൌ 	
total	number	of	patients

Total	waiting	time
 

  

	ൌ ଵଶହ

ଵହ଼ସ
	= 0.0789        (1) 

 
The service rate, 
 

 μ ൌ 	 ୲୭୲ୟ୪	୬୳୫ୠୣ୰	୭୤	୮ୟ୲୧ୣ୬୲ୱ
୘୭୲ୟ୪	୵ୟ୧୲୧୬୥	୲୧୫ୣ

	 

 

 ൌ	 ଵଶହ
ଵଷଶ଴

=0.09469       (2) 

 
The average waiting time in a queue, 

ൌ
λ

μሺμ– λሻ
	

	 

ൌ
0.0789

0.09469ሺ0.09469 െ 0.0789ሻ
 

      
 = 52.9530 ≡ 52minutes        (3) 
 
The average time spent in a system,  
 

	
1
μ– λ

ൌ
1

0.09469 െ 0.0789
 

 
 = 63.3312 ≡ 63minutes        (4) 
 
Average number of patient in the system, 
 

	
λ
μ– λ

ൌ
	0.0789

0.09469 െ 0.0789
 

  
= 4.9968 ≡ 5        (5) 
 
Average queue length (Average number of patient in the 
queue), 

λଶ

μሺμ– λሻ
	ൌ

ρଶ

1– ρ
 

 

 =	଴.଺ଽସଶ
଴.ଵ଺଻

 = 4.1570 ≡ 5       (6) 

 
The probability of queuing on arrival i.e. traffic, 
 
 = λ μ⁄  

 =	 ଴.଴଻଼ଽ
଴.଴ଽସ଺ଽ

 = 0.8332        (7) 

 
The probability of not queuing on the arrival, 
= 1– ρ  
 = 1– 0.8332 
 =0.167 (8) 
 
Discussions 
A single channel queuing system is used to represent the local 
health care clinic where doctor is treated as a single server 
and the mode parameters are applied for calculations. The 
study for this case is on the basis of actual observed data 
collection in 22 days of service for 125 patients. 
The traffic intensity, ρ = λ μ⁄  = 0.8332 obtained in (7) shows 
the probability of patients queuing on arrival. This reveals the 
congestion of patients waiting for treatment as doctor is 
engaged in rendering service to the patients that has earlier 

been given appointment either for surgery or consultancy. 
This represents the inadequate service system of the clinic. 
Also from the results (3) and (4) it is obvious that the average 
time spent in the clinic (in queue and in receiving treatment) 
is greater than the average time spent in the queue before 
providing treatment. Thus, there will always be a queue of 
patients in the clinic which is also very clear from the results 
(5) and (6). The result (8) shows that there is a very less 
possibility services to new arriving patients. 
 
Multi-Channel Queuing Theory Model (M/M/c: 
FCFS/∞/∞ ) 
 Multi- channel queuing theory treats the condition in which 
there are several service stations in parallel and each element 
in the waiting line can be served by more than one station. 
Each service facility is prepared to deliver the same type of 
service. The new arrival selects one station without any 
external pressure. When a waiting line is formed, a single line 
usually breaks down into shorter lines in front of each service 
station. The arrival rate λ and service rate µ are mean values 
from poison distribution and exponential distribution 
respectively. Service discipline is first-come first served and 
customers are taken from a single queue i.e., any empty 
channel is filled by the next customer in line. 
 
M/M/c Queuing Model 
The first known values in a calculation of performance 
measure is, 

(i) Traffic intensity(ρ) 
(ii) Probability of the system should be idle (P଴ሻ 

 
The traffic intensity is, 
ρ = λ cμ⁄  
Whenever λ is larger, the arrival of patients will increase and 
the system will work harder and queue will be longer. On the 
contrary, whenever λ is smaller, the queue will be shorter but 
in this case the use of system will be low. If the arrival rate of 
patients in the system were more than service rate. I.e. λ>µ 
then ρ > 1, which means the system capacity is less than the 
arriving patients; therefore the queue length is increased. In 
this queuing system the average arrival rate is less than the 
average service rate i.e. λ >µ. 
The probability that the system should be idle. 
 

	P଴ ൌ 	 ൥෍
1
n!
൬
λ
μ
൰
୬

൅
1
c!
൬
λ
μ
൰
୬ cλ
cμ െ 	λ

ୡିଵ

୬ୀ଴

൩

ିଵ

 

 
The average number of patients in the system, 
 

Lୱ ൌ 	
λ. μ ቀ஛

ஜ
ቁ
ୡ

ሺc െ 1ሻ! ሺcμ െ 	λሻଶ
P଴ ൅	

λ
μ

 

 
The average number of patients waiting in the queue, 

	L୯ ൌ 	L௦ െ 	average	number	being	served 

	ൌ Lୱ െ 	c	 ൬
λ
cμ
൰ 

	L୯ ൌ 	
λ. μ ቀ஛

ஜ
ቁ
ୡ

ሺc െ 1ሻ! ሺcμ െ 	λሻଶ
P଴ 

 
Average waiting time a customer spends in the system, 

Wୱ ൌ 	
Lୱ
λ
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	Wୱ ൌ 	
μ ቀ஛

ஜ
ቁ
ୡ

ሺc െ 1ሻ! ሺcμ െ 	λሻଶ
P଴ ൅	

1
μ

 

 
Average waiting time of a customer in the queue, 
 

W୯ ൌ	
L୯
λ

 

 

	W୯ ൌ 	
μ ቀ஛

ஜ
ቁ
ୡ

ሺc െ 1ሻ! ሺcμ െ 	λሻଶ
P଴ 

 
 

Utilization factor, ߩ ൌ
	ఒ

௖ஜ
 

 
Average number of idle servers, 
 = c – (average number of customers served) 
Probability that a customer has to wait, 

൫݊݌	 ൐ ܿ൯ ൌ 	
μ ቀఒ

ஜ
ቁ
௖

ሺܿ െ 	1ሻ!	ሺܿμ െ ሻߣ	 ଴ܲ 

 
Probability that a customer enters the service without waiting, 

	1 െ ൫݊݌	 ൐ ܿ൯ ൌ 1 െ	
μ ቀఒ

ஜ
ቁ
௖

ሺܿ െ 	1ሻ!	ሺܿμ െ ሻߣ	 ଴ܲ 

 
Results of M/M/3 
The arrival time as well as the time service began and ended 
for 125 patients in the local health care clinic “Venkatesh 
Nursing Home”. There are two types of services; consultancy 
and surgery. A total of 22 days were used for the data 
collection. On the basis of actual observed collected data, find 
the 
Total waiting time of 125 patients for 22 days = 1584 minutes 
(9) 
Total service time of 125 patients for 22 days = 1320 minutes 
(10) 
Consider 3 servers. That is 3 doctors. one doctor is for 
surgery, 2nd one for consultancy and 3rd one for emergency 
patient. 
Using the model parameters for the single channel queuing 
model, the following results: 
The arrival rate, 
 

ࣅ ൌ 	
total	number	of	patients

Total	waiting	time
 

 

 ൌ ૚૛૞

૚૞଼ସ
	=0.0789      (11) 

 
The service rate, 

μ ൌ 	
total	number	of	patients

Total	waiting	time
 

 

 ൌ ଵଶହ

ଵଷଶ଴
=0.09469 (12) 

 
The probability that the system should be idle, 
 

P଴ ൌ 	 ൥෍
1
n!
൬
0.0789
0.09469

൰
୬

൅
1
3!
൬
0.0789
0.09469

൰
ଷ 3ሺ0.09469ሻ
3ሺ0.09469ሻ െ 	0.0789

ଶ

୬ୀ଴

൩

ିଵ

 

 
 =0.4322 (13) 

The average number of patients in the system, 
 

Lୱ ൌ 	
ሺ0.0789ሻ. ሺ0.09469ሻ ቀ

଴.଴଻଼ଽ

଴.଴ଽସ଺ଽ
ቁ
ଷ

ሺ3 െ 1ሻ! ሺ3ሺ0.09469ሻ െ 	0.0789ሻଶ
ሺ0.4322ሻ ൅	

0.0789
0.09469

 

 
 =0.8484≡1 (14) 
 
The average number of patients waiting in the queue, 
 

L୯ ൌ 	
ሺ0.0789ሻ. ሺ0.09469ሻ ቀ ଴.଴଻଼ଽ

଴.଴ଽସ଺ଽ
ቁ
ଷ

ሺ3 െ 1ሻ! ሺ3ሺ0.09469ሻ െ 	0.0789ሻଶ
ሺ0.4322ሻ 

  
= 0.0152  
 ≡1 (15) 
 
The average waiting time of patients in the system, 
 

Wୱ 	ൌ 	
ሺ0.09469ሻ ቀ

଴.଴଻଼ଽ

଴.଴ଽସ଺ଽ
ቁ
ଷ

ሺ3 െ 1ሻ! ሺ3ሺ0.09469ሻ െ 	0.0789ሻଶ
ሺ0.4322ሻ ൅	

1
0.09469

 

 
 = 11.5589 
 ≡12minute (16) 
 
The average waiting time of patients in the queue, 
 

L୯ 	
ሺ0.09469ሻ ቀ ଴.଴଻଼ଽ

଴.଴ଽସ଺ଽ
ቁ
ଷ

ሺ3 െ 1ሻ! ሺ3ሺ0.09469ሻ െ 	0.0789ሻଶ
ሺ0.4322ሻ 

 
 = 10.752  
 
 ≡11minute (17) 
 
The traffic intensity is, 

ρ ൌ 	
0.0789

3ሺ0.09469ሻ
 

    
=0.2777. \ (18) 

 
The probability of not queuing on the arrival, 
= 1 – ρ 
= 1 – 0.2777 
=0.7223. (19) 
 
Comparing the Results of M/M/1 and M/M/3 
 

Comparison M/M/1 M/M/3 
Traffic intensity 0.8332 0.2777 

average number of patients in the system 5 1 
average number of patients in the queue 5 1 
average waiting time of patients in the 

system 
63 

minutes 
12 

minutes 
average waiting time of patients in the 

queue 
52 

minutes 
11 

minutes 
The probability of new patient 

Arrival 
0.167 0.7223 

 
The waiting time in M/M/3 is less than the M/M/1. The 
average number of patients in the queue is also less. The 
probability of new patient’s arrival is large in the multi server. 
 
Average Waiting Time in a System of Single Server and 
Multi Server by Using MATLAB 
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Fig 1 

 
Average Waiting Time in a Queue of Single Server and 
Multi Server by Using MATLAB 
 

 
Fig 2 

 
New Patient’s Arrivals Probability of Single Server and 
Multi Server by Using MATLAB 
 

 
Fig 3 

 
Conclusion 
In this paper, multi-server queuing system was discussed. In 
this case the waiting time in a queuing model (M/M/1) was 
more than that of queuing model (M/M/3) and observed that 
new patient’s arrival probability of single server queuing 
system was less than that of multi-server queuing system. The 
multi-server queuing system increases the efficiency of the 

hospital and reducing time compared to the single server 
queuing system. 
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