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Abstract

A transition matrix P is said to be embeddable if it has a generator matrix Q such that P =exp (Q) If the
approximated transition matrix P is embeddable, then the estimator § can be got for the generator matrix
Q. What of cases when P is not embeddable? This paper will show how to evaluate P and find
estimator”in cases where P" is embeddable (Kingman, 1962). This problem can be solved by using four
methods namely

1. Diagonal and Weighted adjustments Method

2. The Generator Quasi-Optimization method

3. The EM logarithm Method

4.  The Gibbs sampler (Markov Chain Monte Carlo Method)

Later after sampling each of the above methods, an L norm will be performed on the results so as to
deduce which method is the best for estimating the Generator Matrix for an 8 x 8 Credit transition
Matrix.
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1. Introduction
1.1 The Maximum Likelihood Estimator
Given any observations set, the maximum likelihood estimator is one of the methods for
estimating statistical model parameters. It does this by getting the values of the parameter
which maximize the likelihood function. The estimates are referred to as Maximum Likehoood
function (MLE). The parameter @ = [q;;];; € Sis the generator matrix. The likelihood
function of Q is given by;

Njp@RiT)

LC(QI Y) = H%:l Hjneql qij (1)

Where
= (C) indicates the continuous time observations.
*  Nj (T) is the translation number from state i to state j in [0, T] time interval.

= R(T) = [, 1{r(s) = i}ds

Taking the logarithm of equation 1 above and then its partial derivative with respect to g;; and
equating it to 0 gives the MLE of Q as;

s~ _ Ny™

qij RO 2

The MLE of parameter P" is given as P = (ﬁij)ijes Such that;

~~
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Where
Ki(n) = ¥'_, Ki;(n)

If the P shown by equation 3 is embeddable, then the MLE Q
of the generator matrix exists and is obtained by Q = logP. If
P is not embeddable, then there is either existence of Q and
other methods of obtaining Q using the transition estimator P
or else there is no existence of MLE Q.

2. Materials and Methods

2.1 The Diagonal and Weighted adjustment

Assuming [ x [ transition matrix estimator P given by
equation (3) above is not embeddable. The next step is to
obtain a matrix Q such that P = exp (Q). The first thing to do
is to be sure that the log function exists for Q using the
theorem below.

2.1.1 Theorem

LetPbel x ITMandletF = max {(a — 1)*> + b%a +
b} is an Eigen value of P,a,b € R. Assuming that F < 1,
then series;

Q=logP=(P- (4)

will converge geometrically giving matrix Q having row sums
equal to 0 and exp(Q) = P. The condition F < 1 will not be
needed if the series absolutely converges. Due to embedding
problem, it is not definite that the condition of
generator matrix  to have positive off-diagonal entries
though it satisfies exp(Q) = P.

2.1.2 The Diagonal Adjustment

Let generator matrix Q4 elements given as g;;* which will
be obtained using the Diagonal Adjustment (DA). The
negative value of @ will be replaced by 0 since they are
usually very small and then the difference added to the
diagonal entries so as to preserve the property of row sums
totalling to 0. The DA method is given by;

q)t = max(ﬁa,o),i # j

)

DA
qii

2.1.3 The Weighted Adjustment

Let the generator matrix QW4 elements be given as qi"}’A
which will be obtained using the Weighted Adjustment
method. Let;

G; = g, +Zmax((ﬂ],0),3i =Zmax (@,,0)

J#i Jj#i

WA _
qij

q, — Bilg,1/G;
q,), otherwise if G; =0

O,ifi#jand q,; <0
(6)

Since 25':1 Gy = 0,then G; = B;, hence that q/* =
0Vi#j

~~
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2.2 Generator Quasi-Optimization method
Using transition matrix P given in figure 4.2 above,
Q= |€1ii|i;es is set to be solution of Q =logP. This

Generator Quasi-Optimization method is used to get the
generator matrix approximation similarly to getting
a maximization problem solution given as;

min ||Q — 0 7
min||Q - Q|| @
such that the set of all generator Matrices is given by Q and it
is also the Euclidean norm ||.||. This problem is solved row by
row since the Q conditions () are closed on each row. Next

solve () which is equal to solving independent minimization
problems of [ given as;

gél(ng(pl q:)

®)

such that Q has row vector p = (py, ... ..., p;) also permuted
as q;q;+, Meaning that the diagonal element in this row is g;.
Also;

p() ={q €R|Xq; =0,q; <0,q; =0, fori =2}

2.3 The EM logarithm

Let a data set which is complete be denoted by Y = (X, 2).
Expectation Maximization also known as EM is a method of
obtaining the MLE when only X observation exists (Pfeuffer,
Reis, et al., 2018). It comprises of two steps;

(©)

Step 1: The E-step

Involves evaluating the conditional expectation of
log (L(6,Y)) when given X and MLE 6, i.e computation of
EflogL (6,Y)|X, 6,].

Step 2: The M-step

Involves obtaining the new MLE 6 by getting the
maximization of E[logL (6,Y)|X,6,]. Then setting 6, = 6
and repeating the two steps till the sequence converges. The
maximum likelihood function of the data set Y which is
continuous is given by equation 1.

The E-step: From equation 1 and given the initial generator
matrix Qo;

IEQOI[LogL@(Q. Y)|X, Qo]

= Z Z log(qi;) EQo[ Ny (T)|X]

i=1 j#i

- i D g, [Ri(TIX]

i=1 j#i

(10)

Hence there is need to evaluate EQy[N;;(T)|X] and
EQ,[R;(T)|X] and since there is;

Eq, [Ny (DIX] = Sp28 By (b — ) (11)
Such that
B ®) = EIN; (1Y (0) = LY(0) = k] (12)
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And

-1

Mxkxk+1 (tksr — &) (13)
0

S

Eq, [R:{(T)1X] =

=
1l

Such that

My = E[IR,@®IY(®) = ,Y(0) = K] (14)

is sufficient to evaluate M}, and FJ (t).
A= ma}qx(—qii, 0) is chosen and B =1+ 2171Q, defined.
LE

Letting e;,e/to denote the unit vector with j** coordinate
equalling to 1 and getting its transpose, it is given that,

My (£)

My (t) = oFeQote, (15)
Such that;
MO = ML D], = e A7 By SO B (e, e)B (16)
and that,

I = b -
Such that;

© (At)n+1

FUI(€) = [F (O], og@oije A7 Tieea - T B (e, e)B™ (18)

The M-Step
Itis seen that § = [ql'f]ijes where,

_ mgy|Ny (D[]
qij = ]EQo[Ri](T)|X] (19)

Maximizes Eq, [log L(c)(Q,Y)|X, Qo] hence the new MLE is
Q. Putting @ = Q, and repeating this till there is convergence
of sequence. The series of generator matrices {Q,}¥_,,
obtained will depend on the initial matrix generator Q, choice
hence it is prudent to select it in a way that the det (e?*) is
greater than 0.

2.4 The Gibbs sampler (Markov Chain Monte Carlo
Method)

This section will demonstrate how to make use of Monte
Carlo Chain estimation methods. There are various Monte
Carlo Markov Chain methods and the Gibbs Sampler is one of
them which will be employed here. The Gibbs Sampler
method avoids the non-existence problem of MLE and also
makes it very easy to compute. The Gibbs sampler is a
method that makes use of samples from joint distribution of
some conditional distribution. To understand how this
algorithm works its steps are outlined as; Suppose K samples
are obtained of X = (xy,...,x,) from the joint distribution

p(xq, ..., x,).Let the ith sample be given as X!=

@, .., x{"), then the algorithm is:

1. Initialize X° = (x©, ..., x{") for ¢ = 0.

2. For i=0,..,k sample x@*VDpy sampling each
(i+1)

component of xi 7 j=1.,n and evaluating it using
the probability distribution,

~g~
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(i+1) _(i+1)
e Xj_q 0 Xjq p e

p(  x

xj(i+1) |x£i+1)
2.4.1 Bayes Theorem
Given equation;

p(Y|P)p(#)
p(Y)

p(¢lY) = (20)

ignoring the constant p(Y) and utilizing (Israel et al., 2001);

p(@I)ap(Y|p)p(¢) (21)

Where a denotes the proportion, p(¢) the prior distribution
and p(¢|Y) the posterior distribution which is the conditional
distribution of parameter ¢ when given data Y. Consider
taking a complete data as having discreet time observations
X ={Y(t,),..,Y(t,)} observed at time (¢t; =0,..,t, =T.
An application of Q and] Gibbs sample will be done by
drawing J from (Q,X) and Q from(J,X) hence

{Q("),](")}’;:1 will be obtained where Q; denote the generator
matrices and J; denote the simulated Markov Chain samples.
Given the prior distribution of @, the gamma distribution
proposed is;

a;i—1 P
p(Q) =1y [ljwiq;,” WP (22)
Where a;; > 0,i,j € Sand B; > 0,i € S. Using the likelihood

function, given the complete data in equation 1, the posterior
of Q is given as;

p(Ql,X) = p(Ql)) x p(Q)L»(Q,Y)
l

= 1_[ 1_[ quj(T)+aij—1e_qij(Ri(T)+ﬁl‘) (23)

i=1 j=i

The Gibbs sampler algorithm is summarized as below

1. Begin by constructing the initial generator matrix Q, by
getting qj;o from the prior distribution having j # i
(Hanks, 2016).

2. Perform the steps below K times;

a. Perform a simulation of continuous Markov Chain
sample J having generator matrix Q so that a
realization of all observations is achieved.

b. Evaluate N;;(T) and R;(T) from the Markov chain
simulated.

c. Evaluate a new Q by getting g;; from the posterior
distribution I' (+a;;, 1/(+:)).

d. This new Q is saved and is used in the next
simulation.

3. Let Qq,...,Q be generator matrices got using Gibbs
sampler algorithm and take the mean of N proportions.
Hence the estimator Q of the generator matrix Q will be
given by;

Q =y di=n+1 0

(24)
3. Results

Given the data below got from Standard and Poors website
https://cerep.esma.europa.eu/cerep-
web/statistics/transitionMatrice.xhtml.
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AAA 52 30 1 0 0 0 a 0
AA 5 76 31 3 0 0 a 0
A Q 21 28 19 & 3 Q 1]
BEB - 0 o 5 26 8 2 [} 1
£

BB 0 0 2 13 21 13 3 i}
B o 0 0 a 1 46 0 0
c 0 o 0 o 0 3 o 0
o~ o o 0 a 0 0 Q 0
f T T T T T T 1
Add L A BEB BB B C ]

To

Fig 1: Data from Standard and poors website

The transition matrix P for data from figure 1 is given as;

AAA 0.627 0.361 0.012 0 0 0 0 0

AA 0.043 0.661 0.27 0.026 0 0 0 0

A 0 0.273 0.364 0.247 0.078 0.039 0 0

BBB 0 0 0.119 0619 0.19 0.048 0 0.024

5
[

BB - 0 0 0.038 0.25 0.404 0.25 0.058 0

B - 0 0 0 0 0.193 0.807 0 0

C 0 0 0 0 0 1 0 0

= 0 0 0 0 0 0 0 1

T T T T T T T 1

AAA AA A BBB BB B Cc D

To

Fig 2: Transition matrix P plot

Using equation 5, the generator matrix DA using Diagonal Adjusment method (DA) wil be given as;

AAA -0.686 0.631 0 0.041 0.007 0.007 0 0
AA 0.077 —0.739 0.653 0 0 0 0.007 0.002
A - 0 0.669 - 0.587 0.092 0.06 0 0
BBB | 0.004 0 0.296 -0.795 0.351 0.111 0 0.033
§ !
i
BB 0 0 0.03 0.484 0 0.461 0
B H 0 0 o} 0 0.327 -0.328 0 0.001
C H 0 0.009 0 0.511 0 4.347 - 0
- 0 0 0 0 0 0 0 0
r T T T T T T 1
AAA AA A BBB BB B c D
To

Fig 3: Generator Matrix obtained using Diagonal Adjustment Method

Running equation 6 for Weighted Adjustment (WA) method using data from figure 1 yields;

~g~
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AAA — -0.491 0.451 0 0.03 0.005 0.005 0 0
AA 0.062 -0.598 0.528 0 0 0 0.006 0.002
A 0 0.646 - 0.567 0.089 0.058 0 0
BBB -| 0.003 0 0.231 -0.619 0.274 0.086 0 0.025
5
i
BB | 0 0 0.029 0.457 0 0.436 0
B - 0 0 0 0 0.174 -0.174 0 0.001
- 0 0 0 0 0 0 0 0
I I T T T T I 1
AAA AA A BBB BB B c D
To

Fig 4: Generator Matrix obtained using Weighted Adjustment Method

Evaluating equation 8 using R programming yield the data below;

AAA -0.561 0.561 0 0 0 0 0 0
AA + 0.033 -0.642 0.609 0 0 0 0 0
A H 0 0.659 - 0.577 0.082 0.05 0 0
BBB - 0 0 0.262 -0.654 ‘ 0.316 0.076 0 0
£ |
i
BB 0 0 0.017 0.47 0 0.447 0
B 0 0 0 0 0.25 -0.25 0 0
C 0 0 0 0.002 0 3.837 - 0
= 0 0 0 0 0 0 0 0
I T I I T I I 1
AAA AA A BBB BB B C D
To

Fig 5: Generator Matrix obtained using Quasi Optimization Method

Using data from figure 1 above and running equation 19 using R yields the generator matrix below;

Expectation-Maximization Algorithm

ma 4 -0.476 0.476 0 0 0 0 0 0
A+ 0.055 -0.412 0.358 0 0 0 0 0
A 0 0.451 - 0.445 0.058 0.035 0 0

_ 5o 0 0 0.189 -0.568 0.346 0.012 0 0.022
£ 5 0 0 0.021 0.433 - 0.034 0.407 0
B | 0 0 0 0 0.126 -0.126 0 0
¢ 0 0 0 0 0 5.787 - 0
| 0 0 0 0 0 0 0 0
a a A Bee % B ¢ D

To

Fig 6: Generator Matrix obtained using Expectation-Maximization Algorithm Method
~E~
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Using using data from figure 1 above and running equation 23 using R yields the generator matrix using Gibbs Sampler method is

given below;
p0O00000 — -0.382 0.339 0.003 0 0.01 0.019 0.008 0.003
B571429 — 0.078 —-0.465 0.328 0.001 0.026 0.019 0.012 0.001
7142857 — 0.001 0.429 - 0.339 0.074 0.084 0.021 0.006
5714286 —| 0.05 0.013 0.129 -0.523 0.258 0.047 0.008 0.018
§
w
4285714 — 0.006 0.009 0.069 0.346 - 0.408 0.067 0.038
P857143 — 0.023 0.009 0.027 0.005 0.231 -0.376 0.056 0.025
428571 — 0.048 0.026 0.013 0.027 0.688 0.307 - 0.123
poooooo — 0 0 0 0 0 0 0 0

r T T T T T T 1
0.0000000 0.1428571 0.2857143 0.4285714 0.5714286 0.7142857 0.8571429 1.0000000
To
Fig 7: Generator Matrix obtained using Gibbs Sampler Method
4. Discussion

L Norm comparison between Diagonal Adjustment, Weighted
Adjustment, Quasi Optimization and Gibbs Sampler Monte
Carlo Methods

In order for one to know which Generator approximation is
more suitable or accurate for an 8 x 8 Credit Generator
Matrix, the L norm is computed for each Generator matrix
obtained by the four methods above.

Using R software, it is computed as follows;

norm[P - exp(Qy4)] = 24.40658
norm[P — exp(Qp4)] = 82.1496 (26)
norm[P —exp(Qq0)] = 51.21381
norm[P — exp(Qgzs)] = 8.207688

Hence from norm results 26 above, the norm of Gibbs
Sampler method given by 8.207688 is the least hence the
most suitable for computing the generator for embeddable 8 x
8 Credit transition Matrix and this paper proposes the Gibbs
sampler method as the most accurate for generator matrix
approximation for a Credit Transition Matrix.
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