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Abstract

The most interesting and active field of current research in mathematics is theory of near- ring due to its
wide application in coding theory, group theory, geometry, cryptography and block- designing etc. Near
rings are one of the generalized structure of rings. In this paper we discuss the concepts of ideals and
radicals in near- rings also the concepts of m- system and sp- system in context of near- rings. Also, the
concepts of m*- system, m*- sequences and prime radicals in near rings.
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Introduction

The most interesting and active field of current research in mathematics is theory of near- ring
due to its wide application in coding theory, group theory, geometry, cryptography and block-
designing etc. Near rings are one of the generalized structure of rings, The study and research
on near- rings is very systematic and continuous. Near- rings around in all directions of
mathematics and continuous research is being conducted, which show that their structure has
power and beauty all its own. Modern ring theory has very active mathematical discipline and
studying rings in their own right. In 1930 Wieland studied near- rings. In this paper we discuss
the concepts of ideals and radicals in near- rings also the concepts of m- system and sp-
system in context of near- rings. Also, the concepts of m*- system, m*- sequences and prime
radicals in near rings.

Definition 1.1: A system (N, +,.) is called a near- ring if

a) (N, +)isagroup (not necessarily abelian).

b) (N,.) is asemi group

c) Multiplication is either left distributive or right distributive over addition. That is (n, +
n,).ng =Ny .Ng +n, .Ng,

or,n,.(n, +n3) =n, .n, +n, .ng,foralln,,n,,n; €N.

Example 1: Every ring is a near- ring.

Definition 1.2: A subset S of a near- ring N is called an m- system if for every a,b € S, there
exist a; E< a >and b, €< b > suchthata,, b; € S.

Example 2: Let M= Z, = {0, 1, 2,3}mod(4),S = {1, 2}mod(4). Clearly, S € Z, S is an m-
system.

Theorem 1.3: An ideal P in N is a prime ideal if and only if its complement P¢ is an m —
system.

Proof: Suppose that P is a prime ideal then to prove that P¢ is an m- system.
Leta,b € P =< a>< P¢and < b >c P°

= Jda, €E<a>SPandb, E<b>C P '><a>%Pand <b>%P
Hence by the definition of prime ideal we have, < a >< b >Z P.
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So, a;b; € P = a,b; € P¢. Hence P¢ is an m- system.

Conversely, suppose that P¢ is an m- system, then to prove that P is a prime ideal, Suppose that B and D be two ideals such that
BD < P then to prove either B <€ P or D < P. Suppose that neither B < Pnor D < P.

= B < P%rD < P¢ then as P€ is an m- system, so forevery be BC P andd € D S P¢3b' €<b >SS Bandd €<d >C
D suchthat b'd’ € P¢

= b'd" ¢ PSOBD € P = BD C P,

which is a contradiction. Hence P is a prime ideal.

Definition 1.4: An ideal S of N is said to be a semi- prime ideal if for any ideal J of N, J? € S =] c S.

Definition 1.5: A subset S of a near- ring N is said to be an sp- system if for any s € S, there exist s; s, €< s > such that
S1.5, €S.

Example 3: For any n € N, the set {n,n?,n3, .......} is an sp- system.
Theorem 1.6: P be a semi- prime ideal in a near- ring N if and only if N\P is an sp — system in N.
Proof: Suppose that P is a semi- prime ideal of N. Then for any ideal / of N suchthat J2€ P = J € P.

Claim: N\P isan sp — system in N.

Let m € N\P, then < m > N\P. Let m’,m" €< m > < N\P then to show m’.m" e<m > < N\P. Now < m >SS N\P =<
m >Z P.

So by definition of semi- prime ideal it follows that< m >2¢& P, hence m’.m" ¢ P = m'.m" €< m > < N\P. Thus N\P is an
Sp- system.

Conversely, let N\P be an sp- system that is foralln € N\P,3 n,,n, €<n >suchthatn;.n, € N\P.

Claim: P is a semi- prime ideal.

Let J be an ideal of N such that j2 € P, we need to show J € P. If it possible to show J & P, then J € N\P, which is an sp-
system. Therefore, v n € N\P,3 n,,n, €<n >suchthatn,.n, € N\P.

Hencen,.n, ¢ P = J> € P,

which is a contradiction. Hence P is a semi- prime ideal.

Theorem 1.7: If I is any semi- prime ideal in a near ring N, then I is the intersection of all minimal prime ideals of I in N.
Proposition 1.8: If I is a semi- prime ideal in a near ring N, then I is the intersection of all the prime ideals containing 1.
Theorem 1.9: An ideal I in a near ring N is a semi- prime ideal in N if and only if p(I) = I.

Proof: Suppose that p(I) = I, then to prove the ideal I is a semi- prime ideal.

Since p(I) is the intersection of all prime ideals containing I and the intersection of all prime ideals is a semi- prime ideal, so that
I is semi- prime ideal.

Conversely, suppose that I is semi- prime ideal, then to show p(I) = I.

Already we know that I € p(I). Now if it possible, suppose that p(I) £ I, then there exists a € p(I) such that a & I. Since I is a
semi- prime ideal, so we have N\I is an sp- system. Hence there exists an m- system M in N such that a € M € N\I. Now a €
2 () and we know every m- system which contains I. But I n N\I = @, and therefore I n M is empty, which is a contradiction.
Hence, p(I) = I.

2. Radicals of an ideal in near- rings
Definition: A subset M of N is said to an m*- system, if for any a,b € M, there exists an element b; € (b) such that ab; € M.
Note: It is a generalization of m-system.

Theorem 2.1: If M is a non empty m*- system and if I is an ideal of N such that I n M = @, then there exists a prime
ideal P containing I suchthat PN M = Q.

Proof: Suppose M is a non empty m*- system and if I is an ideal of N such that I n M = @. We Consider N’ = {K| K is an ideal
of, S K,KNnM = @} We wantto show N’ contains a maximal element. Clearly N’ is a partially ordered set with respect to the
relation “S” and since [ € N'so N' # @. We show that every totally ordered subset T of N’ has an upper bound in N’.

Let T, = U T; where T; € T, then obviously T, is an upper bound of N’. Now to show T, € N', since T; e TEN'. S0l S T; Vi.
This show that I € T,, if x € Ty, then x € T; for some T; € T. But T; is an ideal of N, so xa€ T; €T, and a(b + x) —
ab € T, €T, forall x € T, and a,b € N. This shows that T, is an ideal of N. Also, if T, N M # @, then there exists x € M
such that x € T, = U T;. This implies that x € T;, for some T; € T. ThusT; N M # @ for some i, which is a contradiction as T; N
M # @. This shows that T; N M = @. So, T, € N', then by using the Zorn’s Lemma N’ has a maximal element say ‘P’. Since N\P
is an m- system then P is a prime ideal.
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Definition 2.2: A SeqUENCe Sy S; Sz, .-vvvenn... sy, of elements in N is called an m*- sequence if s, € s,,_1 <s,_q >, Vn =1
Theorem 2.3: If I be a proper ideal of N, then p(I)={a € N | every m* — sequence {a,}n = 0 starting with a € N meets [}.

Definition 2.4: An element a in a near- ring N is said to be strongly nilpotent if every m* — sequence {a,}n = 0 with ay, = a
vanishes (that is there is a positive integern such that a,, = 0 for all k > n).

Theorem 2.5: Every strongly nilpotent element in N is nilpotent but converse is not true.
Example: consider the ring of all 3X3 matrices over the ring of integers.

0 1 1 1 11
Let ap, =(0 0 1|landx= 1|1 1 1

0 0 O 1 1 1

Define a; = a;xag, ....... a, = ap_1x¥ap—;. Nowa, =0 for all n>0 and hence a, is not strongly nilpotent element. But
(ao,)® = 0. This show that a, is nilpotent.

Definition 2.6: For a proper ideal I of N, the prime radical of I is the intersection of all prime ideals containing I and it is denoted
by p(I). The prime radical of N is defined as p({0}).

Proposition 2.7: The prime radical of N is the set of all strongly nilpotent elements in N.

Theorem 2.8: Let! be an ideal of N, then p(I) = {a € N | every m* —system that contains a must contain an element of I}.

Proof: Let X be a right hand side set. Let x € p(I).If x ¢ X, then there exists an m* —system M with x e Mand M N1 = Q.
This implies there exists a prime ideal P suchthat P 2 Tand M N P = @. So, x & P. Therefore, x & p(I), a contradiction.
Conversely, suppose x € X. If x & p(I), then there exists a prime ideal P containing I such that x ¢ P. This implies x € N\P and
N\P is an m* —system.Since x € X, we have N\P NI # @, is a contradiction.

Theorem2.9: Letay ey 3. a, S Bideals of N. Then a; a; a3
Bi = Qq; + B = {xi + bilxie ai,bi € B}forl = 1,2,3, e, N

a, € B, ifandonlyif B,B,....B, & B Where

..................

Proof: Since the sum of two ideals is an ideal each B; is an ideal. Let y be any element ofB;B,....B, € Bthen y = (x; +
by). (x5 + by). ... (xy, + by),

Where x;€ a;,and b; € B fori =1,2,3,....,n.

Now (x; + by)(x; + by) = (x1 + bi)(xz) + ((x; + bl)(bz))

= (1 + by —x; + x7)(x) + ((xy + b1)(by))

= X1X2 + Cl + (X1 + bl)(bz) Where C1 (S B.

Therefore, (X1 + bl)(xz + bz) = X1Xy + bl'

Now repeating the above argument, it can be shown that y = x;x,x3x, ...x,_1Xx, + b, where b € B.

k;Therefore, y € B, ifand only if y = xyx,%3%, ... x,_1x, € B and hence, By B,....B, € Bifandonly ifa; a, a5 .. a, €B
Theorem 2.10: If Bis an ideal of N and by by b, ............ , by, .....Is an m- sequence not meeting B, then there exists a prime
ideal containing B and not meeting the m- sequence by by b, ............ by ...

Proof: We consider the collection S of all ideals containing B and not meeting the m- sequence by by b, ............ b,. Since B €
S, S is not empty. By Zorn’s lemma, there exists a maximal ideal P in this collection. We want to show that P is a prime ideal. Let
a1, a3 ..., S Bbe ideals of N such that ¢; € P,i=1,2,3,........,n. Now the ideal B; = a; + P contain P properly.
Therefore, each B; meets the m- sequence. Therefore, for each i, there exists a by, € B;, then every b,,r = k; belongs to B; and
hence we assume that ky <k, <. <ky and Ky, Ky, v eenn, Ky are consecutive integers,
Since by by b, ............ by, ...isanm — sequence, there exists an another sequence cp ¢q Cp.vvvnnenn.. cp, such that b; =
b;_ici_1bi_y fori=1,2,3,........,n.

Now (bklcklbkl)(Ckzbkz)(ck3bk3) (Ckn—lbkn—l)(bkncknbkn) = bkn+1' Since (bklcklbkl) € Bl, (Ckibki) € Bi or i=
1,2,3,.......,n,

Since, by, ,, € B;B,....B,. Since the m — sequence does not meet P, it follows that B, B,....B,, & P. Therefore, it follows that
a a3 a, € Pandhence P is aprime ideal.
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