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Abstract

In this paper, we study the multiple solutions for a class of asymptotically linear Schr”odinger equations
(—Au+ V (x)u = f{x,u), x € RN, u(x) — 0,as |x| — oo,

where the potential V' (x) is allowed to be sing-changing, and f{x,u) satisfies the asymptotically linear
condition.
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1. Introduction
Consider the following asymptotically linear Schro”dinger equation
(—Au+ V (x)u=f{x,u) x € Ry,
(1.1)

u(x) — 0,as x| — oo,
where V: R¥— R, and f: RV xR — R.
The multiplicity solutions for (1.1) have been extensively investigated in many papers with the
aid of variational methods. For instance, see [], [], [], and the references therein.
In the present paper, we will further study the multiplicity solutions for (1.1) where V (x) is
allowed to be sign-changing, and f{x,u) satisfies asymptotically linear condition. Our precise
assumptions on ¥ and f are the following:
(M) Ve C(RNs R) and infrN V' > —oo;
(V2) For any & > 0, there exists a contant dj such that

lim meas{x € RY : |z —y| < dp, V(z) <h} =0
| —4ea ,
where meas(-) denotes the Lebesgue measure in RY;
(1) F(x,u) > 0, F(x,0) = 0 and f{x,u) = o(|u|) , u — 0 uniformly on R". |f{x,u)| < C(Ju|) for some
Cr> 0, where /(% 1} = Jo £z, 5)ds
It is well known that the Schr'odinger operator —A+V is selfadjoint and semi bounded in

L*(RM). We denote by T the selfadjoint extension of the operator —A+¥ with domain D(T) C
L*R). Let {S(4) : —o < A < 4o} and |7] be the spectral resolution and absolute value of T

1 1
respectively, and ITl ¥ e the square root of |7] with domainD (lTl ’) .
Set U =1 — S(0) — S(-0), where [ is the identity map on L>. Then U commutes with 7, |7] and

1
|T| ?and T= U|T] is the polar decomposition of 7.
1
Led =D (ITI #) and define on S the inner product and norm
1 1
(u,v)s = (IT29, [T|3%)2 + (u, v)a

lulls = (u,u)3

where (-,"), denotes the inner product in L2, then S is a Hilbert space.

In the following, let o(7T), 64(T), o.(T)be the spectrum of 7, the discrete spectrum of 7 and the
essential spectrum of 7 respectively.

In order to learnt about the spectrum fo 7, we first need the following lemma.
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Lemma 1.1. Suppose that V satisfies (V1), (V2), then the operator T is consists of only eigenvalues numbered in Ay < 1, < -+ < Ay
-+ <— o0, with a corresponding eigenfunctions {e,} ,ex(Te,= Aven), forming an orthogonal basis in L*.
Proof. For any h > 0, if (V1) and (7>) holds. Set

. JViE-b ifV(@—-h>0

Viz)— w7 = { 0 if Viz) <0,

and (V (x)—h) = (V (x)=h)—(V (x)~h)". Thus T= T> +(V (x)—h)", where

L=-A+h+V (x)—h)*"

For u € D(T), we have

(Tou, Tou)a = |(=A + h + (V (x) — h) uf*

= A+ (V@) = By ot Hufs

+ (—Au,hu)s + (hu,—Au),

(V) = h)'u huya+ (hu,(V (x) = h)'u)

> uf*.

Thus o(T>) € R\(—A,h).

We claim that .(T) N (—h,/h) = @. Assume by contradiction that there is v € o.(T) with [v| < h. Let {u,} € D(T) with |u,= 1, u, *
0 in L? and |(T — v)u,)» — 0. Moreover, by (¥;), one can check that the multiplication operator u 7— (V (x) — h) u is compact. In
fact, let {u,} be bounded in D(7), without loss of generality, we may assume u, * 0 in D(7). Next we show that |(V (x)—h) ), — 0
in L2 For every R > 0, define B(0) = {x € R": |x| < R} and Br°= RMBg(0). Let {y;} be a sequence of points in Bx® satisfying B¢
c

U?;IB (yﬁ T0) and such that each point x is contained in at most 2V such balls

N — 8
B(@yiro). Let B := {x € Bg°: V (x) < h}, choose 5 € (2! N-2) and‘s’ — a—1. We get

fB NUCEORNEDY fB @

i=1

- 251 7Y — R |2y
<3 fB L fm RRUCEDR il

<O LIsGn B ([

;o }ND
< C% en2™ |up i3

Cy = sup,, |(V(z} — h) |,er = sup,, meas(B(y, o) N B)-I-'

where —. Assumption
(V1) and (V>) implies that eg— 0 as R — oo, thus

Z

I(V (x) = By w* — 0.

BRC

On the other hand,

Z Z 17 01

IV ()= By u < ( Y C IV @) = By s 0.

Br(0) Br(0) Br(0)

Thus |(V (x) — &) us)» — 0, we have

o(1) = (T = v)unl = |Tottn = vn+ (V (x) = h) ttn|2

= | Tounl— [v] — o(1)

>h—1v|—o(1)

which implies that 0 <z — |[v| <0, a contradiction. So a(7) N (—h,h) = @. Since # > 0 is arbitrary it follows that o(7) = o4(T).

Lemma 1.2: Suppose that V satisfies (V1), (V2), thenS = D(lTli) is a compactly embeded in I?(R"), for all 2 < p < 2*, where
e __ 2N
2= -2

i = I? (RN ; ) i 2
Proof. In order to show that the embedding S, 1) is compact for all p € [2,2%), it suffices to prove that S ,— L*is

compact. Set Ly:= span{ey, - ,ex}. Let Pi: S — Ly denote the orthogonal projection. Consider a weakly converging sequence u, * u
E

in S, and define w, = u, — u and K:= sup, kw,k%. Given & > 0 we choose k € N so that A < 2. Since Pyw, — 0 as n — oo, then
2 £
there exists ng € N such that " Pﬁwﬂlls < 3forall n > no. Therefore, we have
€ 4
lwnl3 = | Pewnlz + (I — RJunli < 5 + 5 =¢

2
for all n > no. This proves that u,— u in L?.
Let m™ = #{i|l; < 0}, m*=#{i|Z;= 0}, and m = m~ + m".
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Set S = spaniei, e *,en—}, S°= span{e,—+1,"**,en} = kerT and S* = span{en+, - -}. Then one has the orthogonal decomposition

5=35 @5 @S with respect to the inner product (-,*)oon S.

We will introduce on S the following inner product and norm:

(u,v) = (|T]u, |T|#0)2 + (u°, 2°)s
llaf] = (w, )

where u=u +u’+uandv=v + V' +v' e S=5+ S5+ §".

Remark 1.3. The norms kuk and kukoon S are equivalent, and for any 2 < p <2*, there exists 5, > 0 such that

kuk, < B kuk,Vu € S. (1.2)
where | - |is the norm on L?.
Let
1 L
a(u,v) = (|T|2Ux%, |T|2v)e, Vu,v € S. (13)

be the quadratic form associated with 7. Moreover, using the orthogonal projections with respect to the inner product (+,-), we can
define

a(uu) = ((p*— pHuu) = ku'k> - ku k% (1.4)

for all u=u"+u’+ u* € §, where p*: S — S*are orthogonal projection operator.

We further assume the following hypotheses for f{x,u):

() fix,u) = a(x)u + fu(x,u) with a(x) € L*is a bounded, continuous real function and f,(x,u) = o(|u|) as |u| — o, ¥x € RY;

(f3) ao := infierN a(x) > inf(a(7) N (0,0));

(f2) 0 €6 0T — a(x)), where a4(T — a(x)) is the discrete spectrum of 7 — a(x).

From the above spectral result of the operator 7, the set o(7)N(0,a0) consistes of only eigenvalues of finite mulitiplicity, where ao
is defined in f5. Let / denote the number of eigenvalues (counted with multiplicity) lying in (0,ao).

Theorem 1.4: Suppose that (V1),(V2) and (f1)—(fs) are satisfied. Then problem (1.1) possesses at least one nontrivial solution.
Moreover, if in addition f'is odd in u, that is

(5) fix,—u) = —fx,u) for x E R ,u ER;

holds, the problem (1.1) has at least [ pairs of nontrival solutions.

Variational setting and proofs of the main results

For any fixed a > 0. Let j be the number of eigenvalues of the operator 7 (counted with multiplicity) lying in [—a,a]. Denote by
fi(1 <i<j) the corresponding eigenfunctions and set

L* :=spanifi, - .1}

then we have the orthogonal decomposition

L2 =La— ® Lat,u=ua—+ ua+

where L“* is the orthogonal complement of L*~ in 2. Corresponding, S has the decomposition

S=8Sa— @ Sa+ with Sa— = La—and Sa+=S N La+

orthogonal with respect to both the inner products (+,*), and (-, ).

Lemma 2.1. For any fixed t > 0, let S = S @ S*" as above, then

aluld < |l for a1 v e s @.1)
where | - |2is the norm on L*.

Proof. 1t is obvious from the definition of the norm k-k on S and the distribution of the eigenvalues of 7.

Now we define a functional ¢ on S by

() = 2alu,u) — (u)

1 1. _
= 5t = Gl = [ Fauds
BN

2.2)
WhereF(z’u) = J:-f(m’s)dsforallu:u’@ WPuUeS=SPSPpSs.
Proposition 2.2. Under assumptions (V1), (V2) and (1), the functional ¢ is of class C'(S,R). Moreover,
w0 =0 - 07) = [ Flaupuds
’Y (2.3)

foralu=u @D u eS=S PSP S andv=v VPOV ES=S PSP S".

Proof. Existence of the Gateaux derivative. Let u,v € S. Given x € RVand 0 < |¢| < 1, using the condition (f), by the mean value
theorem, there exists 0 < 1 € (0,1) such that

[FCx,u(x) + tv(x)) — Fx,u(x))d

= [0, u(x) + Av(x))v(x)|

< Cr(|u@)] + DIVl

10
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The H older inequality implies that
(ju()| + D) € Lt

It follows that the Lebesgue theorem that
Z

(g v)=@v)—@W,v)- S u)vdx
RN

Continuity of the Gateaux derivative. Assume that u, * u in S, we will prove that ¢(u,) — ¢(u) in RY. Let
v € Cgo(m): u,v € § . Since GI?O(R) is dense in S, so the norms on § andc't‘i':| (R) are equivalent. We obtain, by the
Ho'lder inequality and Theorem A4.4([?]),

[, @lun) o) lunldz 0, Vo € CR®)

Therefore,v'u €S H 3’?}“ € cga(m), when v, — v, we obtain that kv — v,ks— 0.
By u, * u in S, there exists a constant M > 0, such that |¢(u,) — ¢(u)| < M. Then

Z Z
[¢(un) — P(u)|vdx = p(un) = G()|[Va+ v — Valdx
RN RN
Z Z
< |(un) — $()|[Valdlx + ¢ (un) = $)|[v — valdx
RN RN
Z
< |p(un) — p(w)||valdx + MKy — v,ks
RN
— 0.

We say that ¢ € C'(S,R) satisfie (PS) — condition if any sequence u, such that
7
Plun) @ (un) > 0,891 = 00 (24

has a convergent subsequence.

Lemma 2.3. ([13], Theorem 5.3)Let S be a real Banach space with S =Y @ Z, where Y is finite dimensional. Suppose ¢ €
C'(S,R), satisfies (PS)—condition, and
($1) there are constants p,o. > 0 such that ¢lep,nz> a, and

@there isane € 0B,N Zand R > p such that if 0= (BrN Y) @ {re|0 < r <R}, then ¢|op < 0. where B, is an open ball in S of
radius r centered at Q.
Then ¢ possess a critical value ¢ > o which can be characterized as

o= mago(his)

where

I = {h € COS)h=idon Q).
The other one is the Z2-symmetric Mountain Pass Theorem:

Lemma 2.4. ([10, Corollary 7.22])Let ¢ be an even C'-function satisfying (PS)— condition on S=Y @ Z, where dim(Y ) =k < .
Assume $(0) = 0 as well as the following conditions:

(1 there is p > 0 and o> 0 such that inf ¢(Sy(2)) > a.

2) there exits R > p and a subspace G of S containing Y such that dim(G) = n > k and sup@(Sr(G)) < 0.

Then exists the critical values c(1 <i<n — k) for ¢ such that (a) 0<a<c1< - <cppe

(b) ¢ has at least n — k distinct pairs of non-trivial critical points.

Lemma 2.5. Under assumptions (V1), (V2), (1), (2) and (f2), any sequence u, C S satisfying

0

d(un) — c,¢ (un) — 0, asn— o

is bounded.

Proof. Arguing indirectly we assume that, up to a subsequence, ||u,|| — oo and set v, = u,/||u,||, then v,= 1. By lemma 1.2, v, ¥ v in
S and v, — v in I? for all 2 < p < 2, then v, is bounded in L?*. Since, by (fi) and (55), |f{(x,u)| < Cr(|u|) for some Cr, fi(x,u) = o(|ul)
as |u| — o, x € RY, if v 6= 0, then it follows, by Lebesgue’s Dominated Convergence Theorem, that

(f(z,5).9) . (@@um¥) ., [ Uulzva)b)

|l gy |l ey [l
= ! (fu(ﬂ:.un),‘qb)lm
= _/; (a(@)en, v)dz + fl . o dz

Z

- (@(x)Vi,w)dx as n — oo

11
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RN
N
for all""’ € GED(R ). By (2.3), we have

@ (un)t
Nl

() )

( :‘d")_(”;r'd")_ ”un”

N
for all¥ € Cﬁ“(R ). From this we deduce, using (2.4), that
A+ V)v(x) = a(x)v(x) i.e.
A+ TV —=aXx)v(x)=0
(%]
we claim that v 6= 0. Arguing by contradiction we assume that v = 0, choose ¢ > 0 in lemma 2.1, such that f <l, where Cris

the constant in (f}).
Since §* c § in lemma 2.1 of finite-dimension, then the compactness of the orthogonal projection P :— S < §

implies”:_ —+v* =0in §
It follows from (2.4) that

(p'(‘lln)((‘ll:-'-)"' — (‘ll:+)_) — ||‘U:+||2 _f o (f(ﬂ.', un): (??=+)+ — (??:+)_) |'U,.|d:v

) |2 [ttn
then
2 _ (f(z,un), (2 )F — (27)) ¢ (un)((ug ) — (u3"))
e = [ e ST
< Cr f (A +)-||u,,|ar::+”“TI(""l'l)”
<

Tl + o2y e [ 1020 - () P

C - 7
+_Ff |‘U.: Izdx_}_ ”19 (“n)”
2 Jgw |[26a]

C' ' u.,,

OF et 4 CF a2 4 Ilsp ('un)ll
< st |P + ZEjep

where | - |, is the norm on L? and (+)", (-)” are the respective components with respect to the orthogonal decomposition. The last
inequality follows by lemma

v +0m L . v —=0in§ Cr < ~
2.3. Note that B since n . Thus 2 ™1 and (2.4) imply

+ — —_—
|[vg ||2 —*0. Then 1 4'”!!”2 = ||va ”2 + 1|5 "2 —* 0, a contradiction.
Therefore, v 6= 0. Then 0 is an eigenvalue of A—a(x) which is in contradiction to (f4).

Lemma 2.6. Suppose that (f1), (f2) and (f4) are satisfied. Then ¢ satisfies the (PS)-condition.
Proof. Let u, € S be an arbitrary (PS)—sequence. By lemma 2.5, it is bounded, hence, we may assume without loss of generality

that u, * u in S and hence up = wt g ¥ = U gue o dim(S") < o0. By lemma 1.2, u, — u and
u",— u"in L2, Observe that

[[utn — utm||2 = (p0(un) — pO(um))(u+n — u+m)

Z

2.5)
+ (O, un) — O, tm), " — 4 )dx VYn,m € N.
RN
by (i) and Ho"lder inequality
Z Z

| (fx,un) — fO6um) U — " )dx| < C (|t + [ttt — 1|
RN

< Cf{jun|2 + |um|2)|u+n — u+m|2dx as n,m — ©
since u, — u and u*, — u*in L.
Note that

(vr(un) - 50'(%))(“: - 'll\:.) —*0asn,m —

12
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. . . +. . . i
since ¢°(u,) — 0 and (u,) is bounded in S. Then (Yr) is a Cauchy sequence in S. Hencelr —+ U in 8 pecall that dim(S~ @S°)
< oo, then Un +“2 —+u" +“uin S. This yields u, — u in S and the proof is completed.

Lemma 2.7. Let (f1) be satisfied, then there exits p > 0 such that

a=inf ¢(0B,N S >0

Proof. By lemma 1.2, we have

[t)o— 0 as |ju|| = 0 (2.6)

where | - |, is the norm on L”. From (f;), we obtain that F(x,u) = o(Ju|?) as |u| — 0 uniformly in x. Therefore, for any ¢ > 0, there is
a 0 > 0 such that

Pz, u)de <elulz <@ Jlull®, Vil <o

— 2
where f is the constant. Taking® = 1/ @ 2) and 0 < p < 4, then by the form of ¢ we have inf §(0B, N %) > p*4 > 0.
Due to (f3) and the spectral result of 7 in the previous section, we can arrange all the eigenvalues (counted with multiplicity) of T

in (0,a0) by 0 < 41 < L < -- <4< g and let ¢; denote the corresponding eigenfunctions: Te; = Je; for j = 1,-++ ,[. Set S/ ==
spanf{ey, " ,e;}. According to the definition of the norm on S, we have

2 2 2
Mlvlz < [l0]I* < Mlvl3, foraliv € S @7

SetS=5 @ "D S

Lemma 2.8. Let (f1), (f2) and (f3) be satisfied and p > 0 be given by Lemma 2.7. Then there exists Rs” > p such that ¢(u) < 0 for all
u € S with ||[u|| > Rs

Proof. Tt suffice to show that ¢(u) — —oo as u € S, ||u|]| — . Arguing indirectly we assume that there exist some ¢ > 0 and a
sequence (u,) € S~ such that ¢(u,) > —c for all n. Denote v, := u,/ku,k, we have kv,k = 1, and passing to a subsequence if

necessary, ¥n —* ¥, U 2 ¥, v = v = v gnee dim(S™) < o0. Now we have

1, 4n2  1—n2 Fla,u) , _olu) , _—¢
= [ | [ dx = >
(g 1 = llvi 11%) TE [l ~ lagall? (2.8)

We claim that v 6= 0. Since F(x,z) > 0, if v = 0, it follows from (2.8) and (f) that kv, ’k — 0 and thus v, — v =10, Also

Z,ty
fl" dz _}0, and v, — vin L2

=1 .
Note that by (f) and (-’e 2)’ F (:‘B, u) = Ea(m]" u+ f (:‘B, %) and kflx,u)k <
Cikuk? for some Cr> 0, flx,u)/kuk®— 0 as kuk — oo, ¥x € R". Since ku(x)k — oo if v(x) 6= 0, we obtain

f |f($,un)|d.’£ _ Mlvﬂlzdx
RN

[l ] wnto  |Un?
T, U X,
52[ |.f( gu)ll u—v|2d$+2/ |f( ¥ ;I)l |’U|2d1:
U220 |'u'n | un#0 |uu|
X, u
< ZCff v — w|3dz + 2/ MWP&L‘
UnF0 w0 [Unl
= of1)
2.9)
The last equality holds by v, — v in L? and Lebesgue’s Dominated Convergence Theorem. Also, by (f3),
1 / lat@)tm, w)l 4, _ 1 / [@@n vl 124 > %0, 12
2 fun | 2 Juro ] 2" (2.10)
Juw B iz
From 2.9, 2.10 and since JR¥  [lun 0 it follows that |v,|» — 0. Due to dim(S") < o0, 1 = kv,k — 0 and this contradiction
implies that v* 6= 0. Note that (f3) and (??) implies that
Z
kkP-kvk?—  (a(x)v,v)dx <kv'k®>—kvk®— aov/
RN
<—((ao— AT+ kv K2+ aolv + %) < 0.
Then there exists 7/ > 0 such that
Z Bkv'k?—kvk®— (a(x)v,v)dx < 0.
-B
(2.11)

By ??, we get

13
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jim [ 16 @) 4y
o0 J_p vl
Thus (2.8) -(2.11) imply that

0< j%(%(llv}” I =y 1) — f fliz:ll‘:)dx)

< %(II‘U*II’ —I~l* - ./: (alz)v,v)dz) < 0.

Now the desired conclusion is obtained from this contradiction.
As an immediate result of Lemma 2.8, we get

Lemma 2.9. Let (f), (f2) be satisfied and p > 0 be given by Lemma 2.7. Then e € S;" with ||e|| = 1, there exists R > p such that
supg(0Q) <0 where Q .= {u=u1+re:u €S D S |lui|| <R0 <r <R}

Proof. Set R = Ry, where Ry is the constant in Lemma 2.8. Then, by Lemma

2.8

du)<OYue S @ S P spanf{e} c S,” kuk > R. (2.12)
Observe that

00=01U U 0s,

where

O1:={uesS @S |ul<R},

Oy ={u=u+Re:u €S D S |jui]| <R},

Os={u=w+re:u €S @ S|wi||=R0<r<R}.

Due to (2.12), it holds that

d(u)<0,Vu e O,U O3

Aslo, in view of (f1) and the form of ¢ in 2.2, ¢(u) < 0,Vu € Q,. Then the proof is completed.

After all the above preparations, we now come to the proof of our main result.

Proof.

Proof of Theorem 1.4. Existence. With Y =S @ S°and Z = S* in Theorem 2.3, the condition (¢) holds by Lemma 2.7 and (¢2)
holds by Lemma 2.9. Lemma 2.7 shows that ¢ satisfies the (PS) — condition. Hence, ¢ has at least one critical point # with ¢(u) >
o > 0 by Theorem 2.3. Since ¢(0) = 0, u is a nontrvial critical point of ¢. Then (1.1) has at least one nontrivial solution u by
Proposition 2.2.

Multiplicity. Let Y=5 @ S%and Z = S" in Theorem 2.4. Since F(x,u) is even in u, then ¢ is even and ¢(0) = 0 by the form of ¢ in
(2.2). Lemma 2.7 shows that (1) in Theorem 2.4 holds. With G = S~ in Theorem 2.4, then Lemma 2.8 implies that (2) in Theorem
2.4 also holds. Note that dim(G) — dim(Y ) = dim(S;" = /). Therefore, ¢ has at least / pairs of nontrivial critical points by Theorem
2.4 and then (1.1) has at least / pairs of nontrivial solution u by Proposition 2.2.
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