International Journal of Statistics and Applied Mathematics 2018; 3(5): 62-68

International Journal of

Statistics and Applied Mathematics

ISSN: 2456-1452

Maths 2018; 3(5): 62-68
© 2018 Stats & Maths
www.mathsjournal.com
Received: 19-07-2018
Accepted: 20-08-2018

Akintunde Oyetunde A

Department of Mathematics,

Faculty of Science, Federal
University Oye-Ekiti,
Ekiti State, Nigeria

Correspondence
Akintunde Oyetunde A

Department of Mathematics,

Faculty of Science, Federal
University Oye-Ekiti,
Ekiti State, Nigeria

Statistical hybridization of normal and Weibull
distributions with its properties and applications

Akintunde Oyetunde A

Abstract

The normal distribution is one of the most popular probability distributions with applications to real life
data. In this research paper, an extension of this distribution together with Weibull distribution called the
Weimal distribution which is believed to provide greater flexibility to model scenarios involving skewed
data was proposed. The probability density function and cumulative distribution function of the new
distribution can be represented as a linear combination of exponential normal density functions.
Analytical expressions for some mathematical quantities comprising of moments, moment generating
generating function, characteristic function and order statistics were presented. The estimation of the
proposed distribution’s parameters was undertaken using the method of maximum likelihood estimation.
Two data sets were used for illustration and performance evaluation of the proposed model. The results
of the comparative analysis to other baseline models show that the proposed distribution would be more
appropriate when dealing with skewed data.

Keywords: Weibull-Generalized family of distributions, maximum likelihood, moment generating
function, characteristic function, order statistics

1. Introduction

One of the main motivations for studying new families of statistical distributions lies in the
increased flexibility of fitting various datasets that cannot be properly fitted by existing
distributions. In many applied areas, such as environmental and medical sciences, engineering,
biological studies, lifetime analysis, actuaries, economics, as well as finance and insurance;
there is a clear need for extended forms of these distributions. The normal distribution is the
most popular probability model having wider applications in solving real life problems. When
the number of observations is large, it can serve as an approximation to other probability
models.

The normal distribution is also called Guassian distribution, named after the German
Mathematician Carl Freidrich Gauss (1777-1855) who introduced it in connection with the
theory of error. The probability density function (pdf) and the cumulative distribution function
(cdf) of the normal distribution with location parameter —oo < u < oo and scale parameter
o > 0 are given respectively by:

oo = e (-52) = o) .
Fln = o) A

Attempts to generalize the Normal distribution have led to the development of Skewed Normal
distribution ™, the Beta-Normal distribution 2, the Generalized Normal distribution F, the
Kumaraswamy-Normal distribution ™, the McDonald-Normal distribution [, the modified
Beta-Normal distribution [], the Gamma-Normal distribution '], the modified Gamma-Normal
distribution 1, the Kummer Beta-Normal distribution 1, and a host of others. These
distributions are proven to be more flexible than the classical Normal distribution when
applied to the real life datasets.
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Several generalized families of distributions have been proposed in the literature. For instance, the Beta-G [, the Kuraraswammy-
G ¥, Transmutted family of distributions [10,Gamma-G (type 1) ', McDonald-G 4, Gamma-G (type 2) [3, Gamma-G (type 3)
(141 Log-Gamma-G [*°1, Exponentiaited T-X [181, Logistic-G ['8], Gamma-X and Weibull-X 119, Logisitc-X 2%, Weibull-G 1, Beta
Marshall-Oikin family of distribution ?2, and many others are available in literature. The focus of this research article is the
Weibull-G family of distributions 2 which can be obtained by using the odds ratio of failure rate because they highlighted the
Normal as one of the distribution that can be obtained by their Weibull generator.

The use of four-parameter distribution should be sufficient for most practical purposes, and at least three-parameter are needed in
such distributions as stated in %!, but doubted any noticeable improvement arising from including a fifth- or sixth parameter. The
Weibull-G family of distributions have been adopted by several notable researchers among to generate known theoretical models
such as the Weibull-Exponential distribution 24, Weibull-rayleigh distribution ), and Weibull-Frechet distribution ¢, In this
research paper, a proposition ofa probability model called a Weibull-Normal distribution, also to be known as Weimal
distribution, which resulted from hybridizing Weibull and Normal distributions by utilizing the Weibull-G family generator
proposed in 2,

2. The Weibull-Generalized (Weibull-G) family of Distribution

Given any continuous baseline distribution with cdf G(x, &) and pdf g(x, &) aiming at providing greater flexibility in modeling
real-life datasets; a Weibull generalized family of distribution, according to [21], will have a cdf G (x, &) defined by:

FWG (X, a, B' f) = f_(;;xyf) (Xﬁtﬁ_le_atﬁdt (3)

The above integral yields:

_ _[ewo)f
1 exp{ a[é(x‘f)] },xeDQR,a,ﬁ>O 4

The corresponding pdf is given by:

GxEHF 1

G(x, B
Fuo (5,,8,) = @g(x,8) S0 exp - [220)") ©)

Where g(x,¢) and G(x, &) are the respective pdf and cdf of the baseline distribution indexed by parameter vectoré, where a >
0 and B > 0 are the scale and shape parameters respectively.

Equation (5) gives the pdf of any Weibull-G family of distribution and is most tractable when both cdf and pdf have simple
analytic expressions. The major benefit of the Weibull-generator expressed in equation (3) lies in its ability to offer more
flexibility to the extremes of the pdf and this makes it more suitable for analyzing data with high degree of asymmetry.

2.1 The Weibull-Normal distribution

Taking into account the pdf and cdf of the normal distribution as given in equations (1) and (2) with location parameter pueR and
dispersion parameter @ > 0. The respective cdf and pdf of the proposed four-parameter Weibull-Normal distribution can be
obtained from equations (4) and (5) as follows:

o) |’
F(x)=F(x,a, B, u0)=1—expi—a 1_®(§__ﬂ)] (6)
And
_ _ gy ey O o) |’
fO)=fapBuo)= 0 (TH)W@CP {—a L_w(»%u)] ™

The plots of the pdf and cdf of the new Weibull-Normal distribution for the selected parameter values and plotted and it was
observed that the cdf of the Weibull-Noraml distribution increases as x increases and approaches one ax x gets larger. The
different pdf plots of the Weimal distribution under different parameter values indicate that a it is negatively skewed distribution
and hence it will be very appropriate in modeling skewed real-life datasets unlike the symmetric normal distribution. It is
interesting to note that whenever o=p=1, then the Weimal distribution becomes normal and that all parameter values affect the
graph of the pdf in different directions and different rates.

2.2 Useful Extensions

Extensions for equations (6) and (7) can be derived using the concept of exponentiated distributions as follows:

Consider the exponentiated normal (EN) distribution as stated by Nadarajah and Kotz 61 with power parameter a > 0 defined by
Y~EN(a, 1, o) with cdf and pdf given respectively by:

Ho) = H(y,a) = 9 (=) ®)
And
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ha(v,0) = kv, ) = 20 (2£) g ()" 9

g

By expanding the exponential term in equation (7) using power series and utilizing the generalized binomial theorem while
substituting, we can re-write equation (7) as:

_ v v CDRaRHIT@GRD)H+D) o (xmp o (xmp)PREDHI
fG) = Z:f=02k=0 jlkloT(B(k+1)+1) Q( o )@( o ) (10)

Using the result in equation (8), we can now express the pdf of the Weimal distribution as a linear combination of exponentiated
(exponential-G) density functions as:

f(x) = ka:o Wi k hﬁ(k+1)+j(x) (11)
Where

~ B+ D)1
hgr+1y+ () = h(x; hp e+ 1)+ 1o a) =Bk +1) +/19 (%) @ (u)

o

Corresponding to:

_ _ x—U X — &1
ha(x) = h(x,a,u,0) = ad (T) (Z)( - )
Denotes the exponential normal pdf (X~EN(B(k + 1) + j, u, o)) and the coefficient of the distribution w; , is given by:

_ (=DRaBrBk+ 1) +j + 1)
Yik = i [Blc+ D + ITBK + D + 1)

By integrating the pdf in equation (9) with respect tox, we obtain the corresponding cdf as:

—\Bk+1)+j
F() = X0 Wik H(x hpiiernyjo i 0) = Ziiemo Wi @ (%) 12
If 8 > 0 is a real number (positive non-integer), we can expand the last term in (12) as:
_A\Bk+1)+j AT
(=4) = 220 Srpuernn (=) (13)
o m\ (k
Where S,my = 27-r (-0 (1) ()
Combining equations (12) and (13), the Weimal cdf can be expressed from equation (12) as:
o) X—H T oo
FX) = 572090 (SF) =S, Hxir,m0) (14)
Where R, = X720 Wik Srpk+1)+))
By differentiating equation (14) and changing indices, we can obtain the pdf of the Weimal distribution as:
_ _,AT—1
fO) = T2 = S0 0 ()0 () = Tief ke o) (15)

Where Rt = X720 W)k Srpiny+j) ad XiZo It =1
Equation (15) is the pdf of the Weimal distribution defined as a linear combination of EN pdf. So now, several properties of the
Weimal distribution can be obtained by exploition the properties of EN distribution.

3. Some Properties of the Weibull-Normal Distribution

3.1 Ordinary Moments

Moments are used to study some of the most important features and characteristics of a random variable such as mean (central
tendency measure), variance (dispersion measure), skewness (Sk) and kurtosis (ku).

Let X;,X,, ..., X, denote a random sample from the standard Weibull-Normal (Weimal) distribution obtained from equation (14)
for u = 0 and o = 0, that is Weimal («, 8, 0,1).

The n" moment of X can be obtained as:
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o = EQX™) = I2orny [2, X" 0000 ()" dx (16)

Now, substituting for @(x) and @(x)"~! in equation (16), using binomial expansion and simplifying, we have:

i = 220 Zpzbrne S (1) /) a7)

Where /(n,p) represents the (n,p)t" probability weighted moment (PWM) for any n and p positive integers of the standard
normal distribution and is found as follows:

(—1)mattmp

/p) = n 20Ty XT (my + -+ m, +2222) (18)

(o)
; Empzo (2my+1)...(2mp+1)my!..mp!

Now, according to Nadarajah 271,

Fn =T +n)/() (19)
And
M. i ) e w  Amp+etmy(B)My.(bp)Mmp x M1y, Mn

F(Ars (a, by by; €10 Cpi Xy '"xp) = Lm0 - =0 1 (C1)7Z1...(mn)mn 1m1!...mn! (20)
Where equation (19) is the Lauricella function of type A [%8],
Using these definitions in equation (19), equation (18) can be expressed as:

= 5P E®) (pint11 13 3 21
/(n: p) =T 2 2 (A) ( 2 ;E"'E: E""f;_l’“'_l) ( )

Given that p + n is even.
Combining equations (17) and (21), it can be expressed that the nth moment of the standard Weimal distribution in terms of the
Lauricella function of type A are demonstrated by Nadarajah, Lima et al, Pescim et al. [3:6.8.9.27]

_ r—1 _(pt1) n_ p+n+1
h = B0 Ty hpmeven (|, ) raen E2E T (PF) ED (20 4 5 ) @

3.2 The Central Moments
The nth central moments or moment about the mean of X, say u,, can be obtained as:

o = E[X — pi]" = Tio(—D)'1i s (23)
The variance of X is the central moment of order two (n=2) and is given as:
Var (X) = ph — (u})? (24)

Where ub and (ui)? are the second ordinary moment and first ordinary moment squared respectively which could be obtained
using equation (22) as follows:

+1)

- _ r—1 _ n_ +n+1
uh = zrzozgz})’pmeven( ; )rnrn gy (B ) (e 125 ) (25)

For n=1, we therefore obtain the mean of the standard Weimal distribution from equation (22) as:

r—1
p

@+1)
) rpn 2 X T (B2 D (22t 13 5 L) (26)

Il:IL = X% Z;;%J,p+n,even (

Similarly, when n=2, we derive the following expression for the second moment as:

(p+1)

o _ r—1 - r +3
Ilé = X0 ZZ=%),p+n,even( p )an” z 2 +pXF(pT) F(Eqp)) pTH%%%%—l—l) (27)

Hence, the variance of X~Weimal (a, £, 0,1) which is the second central moment of X is obtained as:
Var (X) = p — (ui)* = o (28)
Using equations (26) and (27) respectively.
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The coefficient of skewness is the standardized third central moment of X about the mean and can be obtained using the
expression:

Sk=E (X‘T"i)3 - (29)

Whereas the coefficient of kurtosis is the standardized fourth central moment of X about the mean and is given by

Ku = E(X ”1) = (30)

0-4
Where ¢ can be obtained using equation (28) while u; and u, are obtained using equation (23).

3.3 Moment generating function (mgf)

A general way of organizing all the moments into one mathematical object is called the mgf. In other words, the mgf generates the
moments of X by differentiation, that is for any real number say k, the kth derivative of M, (t) evaluated at t=0 is the kth moment
wy of X.

The mgf of a standard Weimal random variable X (X~Weimal (a, 8, 0,1)) can be obtained as:

M (6) = E(e™) = [% e f(dx = Timo= i (31)

Where n and t are constants, t is a real number and !, denotes the nth ordinary moment of X and can be obtained from equation
(22) as stated earlier.

r—1 n_, +n+1 n
M (t) = Zn 0 Zr OZP 0,p+n, even( p )rnr PXT (P : )F(%) (p+2+1;%"%; ;";‘_1""_1) (32)

3.4. Characteristics function (cf)

The characteristics function (cf) has many useful and important properties which give it a central role in statistical theory. Its
approach is particularly useful in analysis of linear combination of random variables.

A representation for the cf is given by:

0,(t) = E(e'™) = E[cos tx + isin tx] = E[cos tx] + E[isin tx] (33)

Simple algebra and power series expansion proves that:

(_ 1)nt2n+1

B.(0) = To T8 4 S, T (34)
x n=0 (2n)! HUon n=0 (2n+1)! Han+1

Where pb,, and pb, ., are the moments of X for n=2n and n=2n+1 respectively and can be obtained from p, in equation (25) as:

r—1 n—r +2n+1 n
#én = Zr OZp 0,p+n, even( p >7’Tlr 2 PXT (P 271 )F(%) (p+22 +1%---%‘ %'--%_1'---_1) (35)
And
r—1 AR +2n+2 n
/12n+1 =0 p 0p+n even( p )erﬂ 2 e SXF(p 2n )F((AI;)(pnz +2%%%% —1'---—1) (36)
3.5 Order Statistics

Order statistics have been used in a wide range of problems including robust statistical estimation, detection of outliers,
characterization of probability distribution, goodness of fit tests, entropy estimation, analyses of censored samples, reliability
analysis, quality control and even researches bordering on strength of materials. In this section, closed form expression for the
pdf’s of the ith order statistics of the Weibull-Normal (that is, Weimal) distribution is derived.

Suppose X1, X5, ..., X, is a random sample from the standard Weimal distribution and let X;.,, Xom . Xin denote the
corresponding order statistic obtained from this sample. The pdf, f;., (x) of the ith order statistic can be obtained by:

E(x) = mf(x)F(x)L H1=FQ)™ ! (37)

Using equations (6) and (7), the pdf, f;., (x) of the ith order statistic X;.,, can be expressed from equation (37) as:

-] e

1—@)]3}

o1
fin) = o 2D (M) %(?)[@(T—‘)exp {_a i

v 1-0(4)""]
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Hence the pdf of the minimum order statistic X () and maximum order statistic X ¢y of the Weimal distribution respectively given

Al -

B n-1
= “)
3.6. Estimation of Parameters of Weimal Distribution
The estimation of the parameters of the Weimal distribution is presented using the method of maximum likelihood in this section.
Let X;,X,,...,X,, be a random sample from the Wemal distribution with unknown parameter® = (a, 8, u,o)”. The total log-
likelihood function for 6 is obtained from f(x) as follows:

o5

g

= exp{—«a
02" {

fimn(@) = nYrzi(—1)* (n ; 1) QQ (ﬂ)

g g

And

fam(@) =n ﬁ@ (ﬂ)[w(x%iexp {_a[ Q)(XTTH) X

s 2\ s 1_@(£:£)B+1] IZBEZEES]B

a

n n ﬂﬁ_l x4 B
L08s Xar e X B 10) = (2) 1 (0 (_))%p Z?=1{_a 2] } @)

g

Let1(0) = L(Xy, X5, ..., Xy /a, B, u, o) therefore
l(8) = nlog a + nlog B —nlog 6 — Flog(zn)- i L —w?+ @B -1Y~, log [Q) (%)] -B+1D(PB -

xi-wy 18
DYk, log |1 -0 ()| -aXr, [%] (42)

Meanwhile differentiating 1(8) partially with respect to each of the parameters: a, 8, ando and setting the results to zero gives the
maximum likelihood estimates of the respective parameters. The partial derivative of [(8) with respect to each parameter or the
score function is given by:

ole ale olo 619)

Un(0) = (a.ﬁ,a,%

Where the components of the score vector U(8) = (Ug, Ug, Uy, Uy) are:

Xy 18
alo p(FLE

=53 ) -

Xi— Xi— B Xi—H

_ow_n i) ) )
U =55 =+ et S| - 3 [ 2] |t @

. G-0wn (PN @rvwn (=5CN) L ap on [958 7 (e 505 ]

o T o { o) o 2 o) | ¥ o it )| | Ta() *5)

_ae_ @ g (@0 SEE ) e o ML

_Rhylsm o2 n )7t Lo )] 7
U, = Y a+£73 T (g — ) PN 1=1[ Q(ﬂ) ] PN 1=1{ 17®(¥)

a

aB s o("i;“) r_l [(Xi—M)EXp[_%(xi;“)z]] 46
Uszl:l [1 Xi-lt) Xi—ll) ( )

-o(5 0%

Maximization of equation (42) can be performed by using well established routines like nim-routine or optimize in the R-
statistical package. Setting these equation to zero, (that is, U(68) = 0) and solving them simultaneously yieds the maximum
likelihood estimate (MLE)O of 6. These equations cannot be solved analytically and therefore statistical softwares can be used to
solve them numerically by means of iterative techniques like Newton-Raphson method.

4. Conclusion

In this research article, a new-four-parameter probability model named Weibull-Normal distribution (also to be known as Weimal
distribution) resulting from the hybridization of two well-known probability models, namely: Weibull distribution and Normal
distribution, is introduced. The new probability model extends the classical normal distributions by adding skewness to it. An
obvious reason for generalizing a classical distribution is the fact that the generalization provides more flexibility to analyze real-
life data. The new distribution has proved to be versatile and analytically tractable during the generalization process. The Weimal
identity function can be expressed as aalinear combination of exponentiated normal density functions, thereby enabling
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derivations of vital mathematical properties comprising of moments, moment generating function, characteristics function and
order statistics. The estimation of the parameters has been approached by the method of maximum likelihood.
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