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Abstract
In this paper we consider the control problem of an ensemble of trajectories of differential inclusion with
a delayed argument. The controllability conditions for the ensemble of trajectories from the initial state

Y =Y (1)

0
¢ () to a given terminal set are studied. The results are obtained by methods of the theory

0
of differential inclusions and multi-valued analysis. Necessary and sufficient conditions for ((/J ’Y)-
controllability and complete Y-controllability are given. The significance of these results in studies of
control problems under conditions of limited information is discussed.

Keywords: Differential inclusion, control system, delay, ensemble of trajectories, controllability
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Introduction

In real situations, effective management of complex technical objects and processes is
impossible without taking into account factors such as incomplete information on external
parameters and inaccuracy of the initial a priori data on the initial state of the system. The
control problems in conditions of limited information of various types lead to the so-called
information models of control systems. Information models for dynamical systems described
by ordinary differential equations can be represented in a general form in the form

x=f(t,xuVv),t>t,xt,)=x",ueU
dx ’

X=—
Where dt , u= U(t) is the control parameter, W= W(t) is the parameter of unknown
external influences.
Known methods for studying a model of the form (1) are developed taking into account the
degree of limited information regarding external parameters and the initial state of the system.

When the probability distribution functions of the parameter w = w(t) and the initial data are
known, system (1) is studied by methods of the theory of stochastic control. However, this
assumption cannot always be considered admissible in the control process, and in addition, the
use of probabilistic-statistical characteristics does not always guarantee the desired quality of
system control.

In applied problems, a more common situation is when a priori data on the initial state of the
system and the parameters of external influences are minimal, i.e. there are no statistical
descriptions of them, and information is limited to setting only the set of possible values of
unknown parameters. In such cases, we can say that the model under consideration (1)
represents a control system in conditions of uncertainty.

It is well known from the theory of differential inclusions and multi-valued analysis * ! that
under fairly general assumptions, control system (1) with indefinite parameters

w=w(t) eW

@

0
and initial data X € D is equivalent to differential inclusion
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xe f(t,x,uW))={f(t xu,w) :WeW)}7 t>t), x(t;) eDueU

The resulting mathematical model belongs to the class of so-called controlled differential inclusions & 11

X e F(,x,u),t>t,, X(t,) e D,ueU @

Where F(t’ X’u) is a multi-valued display, u= U(t) is a control parameter.

For control systems under conditions of uncertainty, the properties of the ensemble of trajectories, methods for estimating the
reachability set and forecasting the phase state of the system and others are of great interest > % 5 €1, Depending on the criterion
for assessing the state of the system, various problems of optimal control of the ensemble of trajectories are studied: control by
speed, minimax, and other criteria [4 5 78 13.16],

The control problem of ensemble of trajectories of differential inclusions can have various statements. The control problem for
such systems can be posed, for example, as the problem of the complete or partial immersion of the end points of all possible
trajectories of a system on a given terminal set. Some statements of controllability problems for differential inclusions, understood
as controllability of an ensemble of trajectories with respect to given initial and terminal states, were considered in © ° 1 For
such systems, the controllability conditions and some properties of the set of controllability points with respect to the terminal set
are studied, in particular, its topological structure is studied.

The delay factor has a significant impact on the dynamics of the system and, therefore, the final result of research on control and
optimization problems. This is also confirmed by studies on controlled differential inclusions with delays. Some properties of
controlled differential inclusions with delays were studied in 1% U, In particular, the conditions of compactness, convexity of the
set of absolutely continuous solutions, as well as their dependence on the control parameter and the initial state are revealed.

The control problems for differential inclusions with delays are characterized by a feature related to the specifics of the problem
of controlling the ensemble of trajectories and the delay factor. Separate results on the control of the ensemble of trajectories for
differential inclusions with delay were obtained in %, In the case of linearity of such systems, the some controllability conditions
of the ensemble of trajectories are studied. In *2 4171 for such systems, the minimax optimal control problem for the ensemble of
trajectories, and in 71 the nonsmooth problem with terminal constraints was considered.

2. Statement of the problem
Consider a differential inclusion with delay of the form

% e F(t, x(t), x(t—h),u(t)) ©)

xeR", F(t,y,u)cR", ueR", t>t

Where ~ 70" Here, the parameter u plays the role of control actions.

By an admissible control for system (3) we mean a measurable bounded m - vector function u= u(t) defined on a certain

T= [tO’tl]

Denote UT (L) - the set of all admissible controls u(t)

We denote by H; (u’ §00)
ueU,(L)

interval of time.

teT S, ={veR" :||V||§L}.

, with values from a closed ball

x=xt) teT

the set of absolutely continuous solutions , differential inclusion (3) corresponding to

the control and the initial condition

X(t) = ¢70 (t)’ teT, , @)

0 n n — _
Where ? ()E c"(To) (C (TO) is the space of continuous on To = [to h’tO] n -vector-functions).
We consider the controllability problem for controlled differential inclusion with delay (3) in the sense of complete immersion of
the ensemble of trajectories on a given terminal set. More precisely, assuming given a convex closed set of terminal states

Y=Y({)cR" t=t

0, we consider following.

u(t) teT

Problem: it is required to find out the conditions under which there is an admissible control such that all the

0
solutions corresponding to it X() eH,; (u’ 4 ) satisfy the condition X(tl) ey (tl) .

X t,u,(po): {é eR™: ¢= X(t)’ X(-)e H; (u’¢0 )} consisting of all points of the space of phase states
(PO eC” (To)

Consider the set

0 —
lying on the trajectories X(-)e Hy (u’¢ ) for a given admissible control u= u(t), the initial function
teT =[t,t,] t— X, (tu,a°)

, and

time . The multi-valued mapping is called the ensemble of trajectories of the system (3) - (4).

~60~
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0 n
Definition 1. We say that the ensemble of trajectories of system (3) is controllable from the initial state 4 ()e () to the

— 0 —
set of terminal states Y =Y(t) (system (3) ((p 'Y) -controlled) if there is an admissible controlu_u(t),

tel = [to ’tl] T, = [to 0 such that the corresponding ensemble of trajectories satisfies the boundary condition.

X; [t u,¢°) = Y (L) )

Definition 2. An ensemble of trajectories of system (3) is called completely controllable into a terminal set Y =Y(t) (system (3)
0

is completely Y-controllable) if the system is (¢ Y

(Po(to) 2Y(t,) .

0 n
)-controlled for each initial function ¢ (')EC (TO)for which

0
From Definition 1 it is clear that ((/’ ’Y) - the controllability of the system means the solvability of the boundary value problem
(3) - (4) in the class of admissible controls u= u(t) defined on a certain time interval = [to’tl]. Clarification of the conditions
for the solvability of this problem is the main goal of the study provided for in this paper. In addition, we will study the conditions
for the complete Y-controllability of the ensemble of trajectories of the system under consideration.

3. Research methods
Auxiliary Results
It is clear from the above definitions that for the controllability of the ensemble of trajectories of system (3), the conditions for the

X (t,u,goo)

0
compactness and convexity of the set , as well as the continuous dependence of Xt u,@ on (t’u) are

essential. Therefore, with respect to the right-hand side F(t’ X, y'u) of differential inclusion (3), we impose some conditions
that must ensure that these requirements are met.

Assumption 1.

(t, X, y,U)eTw xR"xR"xR" set F(t’ X, y’u) convex compact from R"

teT, ¢ V(x,y,u)e R"xR" xR"

1) For any

2) The multi-valued map (t’ X, y’u) - F(t’ XY, U)

teT,

is measurable in and continuous
in (X' y’u) for almost all
3) The multi-valued mapping (X’ y) - F(t’ X, y’u) satisfies the Lipschitz condition:

h(F(t Xy’ u), F(LX Y7 u) < I(t’u)[”X'_ X' +| y'- y””],vxl’ X" y"y"e Rn, where the function I(t,u) is such

T = [t01t1] u :u(t)’ teT = [to’tl](h(Fl’

that I(t’u(t)) is summable on F2)— Hausdorf

metric ).

for any admissible control

4) There are functions 9i (t’ u), =12, such that 9i (t’ u(t))’ =12, summable on T functions for any admissible controls
u=ut) teT =[t,t,] T<T

« and it is true

HE gl(t,u)mx” +||y||)+ 9,(t,u) vEeF(t,x y,u), (txyu)eT, xR"xR"x R™

5) The support function C(F(tx, y’u)’ w)= max{(g,z//): §eF(tx y'u)} is concave in (xy) for almost all L€ T ang
all (u,(//)e R™xR".
From the results of 2% it easily follows

Lemma 1. Let Assumption 1 hold Then:

0 n _ 0
A) For anyu <€ UT (L)'T ETw, P ()e ¢ (TO), and telT = [to’tl], the set Xy (t,u,(p ) is a non-empty convex compact
set from Rn;

0 1
B) The multi-valued map (t’u) = X; (t,u,(p ) is continuous on TxU, (L) in the metric R*xL,(T) , where LZ(T) is the
space of square summable functions.
Let the right-hand side of differential inclusion (3) have the form:

F(t,x y,u)= Alt)x+ A (t)y +b(t,u) (6)

Those consider the following linear model:
X e Alt)x(t) + A (t)x(t —h)+b(t,u(t)) -

~g1~
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Where A(t) and Al(t) are square matrices of size n, b(t’ u) is a nonempty subset of R" The following conditions will be
imposed on the right-hand side of differential inclusion (7):

Assumption 2.

1) Elements of NN _matrices A(t) and Al(t) are summable on anyT - [to ’tl] — T°°;
m

(t' u) €T, xR , the set b(t’ u) is a convex compact from R" ;

3) The multi-valued mapping (t’u)ﬁb(t’u) is measurable in tel,
|£] < B()u] + B, (t), VEeb(t,u), (tu)eT, Rm, rere A i=12,
TcT,

4) The support function C(b(t’ u)’ l//) - max{(g’ l//): = b(t’ u)} is convex in U €V for almost aIIt €T, :

Under the conditions of Assumption 2, the following representation of the ensemble of trajectories of system (7) is valid through
its parameters:

2) For any

i . m
and continuous IHUER , MOreover,

, are functions summable on any interval

X, (t,u,0°)= F(t,to)goo(to)+toth(t,r)A1(r)g0°(r— h)dz +
+ [F(t, Oble (@),
o )

is a matrix function satisfying the equation

FOD) __Ft,r)AR) = F(t,r+h)A (r+h), 7 <t,
T

Where F(’[,T)— nxn

F(t,t-0)=E, F(t,7)=0, r>t+0,
E— identity N> N - matrix.

m
Lemma 2. Let Assumption 2 be satisfied, and for any (t’ u) T, xR , the set b(t’ u)is a compact from R" (not necessarily
convex). Then all the statements of Lemma 1 are true and, moreover, the support function

0 _ . 0 n
C(XT (t,u,(p )"//)_ max{(§,://). geX; (t,u,(p )}is convex in u EUT (L) forall LET andan¥ € R .
Indeed, if the conditions of Assumption 2 are satisfied, then the multi-valued mapping (t’ X, y’u) - F(t’ X, y’u) of the form
(6) satisfies the conditions of Assumption 1. Therefore, for the control system (7), all the statements of Lemma 1 remain valid.
Using the representation of the ensemble of trajectories of the linear system (7), and taking into account the properties of the

0 —
integral of multi-valued mappings, we verify that the convexity property of each set Xy (t’ u,¢ ) teT = [to ’tl]

without requiring the convexity of the values of the multi-valued mapping (t’ u) - b(t’ u).

Further, using formula (8) and the properties of the support functions, we have:

is preserved

to+h

CX: (LU0 Jy) = (F(tto )0 (t)+ [F(t.0)A (" (z —h)dz,y) +

t
+ jC(F(t,r)b(r,u(r)), w)dr
o )
From this formula for the support function of the set Xy (t' u, (00) it easily follows that under condition 4) of Assumption 2, the
support function C(XT (t’u’¢o )' Vj) is convex in ueU, (M forall t eT andall¥ € Rn.

4. The main results

0
According to Definition 1, system (3) ((0 ’Y) -controllable if and only if relation (5) holds for some admissible control
0
u EUT (L) i.e. inclusion system: XT (tl’u’(p )CY(tl )’ u EUT(L)

the results of !, the following statement is true.

compatible. Therefore, by virtue of Lemma 2 and

0
Theorem 1. For \? ’Y) - controllability of system (3) it is necessary, and for linear system (7) it is necessary and sufficient that

. t>t
there exists 1~ "0 such that
g~
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sup inf, conc|C(X, (t,.u,® ) )-C(Y (t).y)]<0

= T

: (10)

Where concf is the concave closure 1 of the function f
The above theorem gives an implicit criterion for controllability of the ensemble of trajectories in the form of relation (10).
sup inf concf

uely (T)
Although it is complicated by the sequence of three operations: 1= , Theorem 1 will be the theoretical basis for
the subsequent results we obtained on controllability conditions.

0
Using formula (9) for the support function of the set XT (tl’u’¢ ) and using the properties of the operation of transition to
concave closures, from Theorem 1 we obtain the following result.

0
Theorem 2. For (go ’Y) - controllability of system (7), it is necessary and sufficient that the relation

SuplF (oo )+ [ (FAACI )+

+,inf, conc TC(F(tl,Ob(t,u(t)),w)—c(Y(tl),w) <0

for some > to.

Consider another special case of a system with delay (3).

Letin (7) b(t,u) = B(u +Q(t) , Where B(t) isa MXM _matrix, Q) is a nonempty subset of R" , 1.e. we consider a linear
controlled differential inclusion

X e Alt)x(t) + A (t)x(t —h)+ B(t)u(t) + Q(t) (11)

Assumption 3.
1) Elements of MXM _matrix B(t) are summable on anyT - [to ’tl] < T°°;
2) Q) _ convex closed and bounded subsets Rn;

>
3) The multi-valued mappingt —Q(t) , t=1 is measurable.
Under Assumption 3, all conditions of Assumption 2 are satisfied. Therefore, since

Jinf, @ﬁdwm(n u))y)-c(y (tl),w)} E

= —Ltjl||B'F '(t,, t)y|ldt + ﬁﬁc(F(tl,t)Q(t), w )dt — C(Y (tl),l//)}

to

Then from Theorem 2 it follows that controllability criterion for the ensemble of trajectories of system (11) have the form:

SuplF )" )+ (PG A+

- L]1‘||B'F '(t,, Oy|dt + ﬁﬁc(F (t,, D)Q(t),w )dt —C(Y (t,), 1//)} <0.

)

(12)
We introduce the notation:
to+h t
S(t,0°) = F(t,t,)@°(t,) + j F(t,r)Al(T)¢°(r—h)dr+IF(t,r)Q(r)dr,t>t0
Then we have:
(F(t,t)0° t).w) + [(F(t, 2)A(r)e° (z—h),y)dz +

~g3~
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+@ tj%C(F(tl,t)Q(t),l//)Olt—C(Y(tl),l/f) =

= —@[C(Y(tl),w)—C(S(tl,(p"),w)] =_CV(t,) * St 0°). 1)

0 0
WhereY(tl) x S(tl’(p ) is the geometric difference of the sets Y(tl) and S(tl,qo ) , 1.e.
Y(tl) x S(tl’¢o) ={Se R: ¢+ S(tl,¢°) < Y(tl)}. Therefore, relation (12) takes the form:

inf {L [ |B'F(t, wfdt + COY () #S (4, 0°) )} 2 0

Wi .
Put:
P(t) = [ F(t,2)Q(2)d7, t>t, p° = F(t,t,)9° (t,) + OjF(t,r)Ai(r)(p‘)(r—h)dr

Then SE@") =P’ +PO),t>1t, C(Y(t,)*S(t,,0°).p) = C(Y (t)*P(t).v) — (p°. )
Therefore, condition (13) can be written as follows:

inf{L [ [B'F (6. Ot + COY (@) P&~ (.9} 2 0
b (14)

Thus, we have obtained the following controllability criterion for the ensemble of trajectories of system (11) into the terminal set
Y =Y(t)

0
Theorem 3. The ensemble of trajectories of system (11) is ((D ’Y) controllable if and only if relation (14) holds, where L >t
andL >0,
Now, using this result, we will find out the conditions for the complete Y — controllability of system (11).

Y(t)*P(t) #D

0

Theorem 4. Let there exist L >1 such that

t
A =inf j||B'(t)|:'(t1,t)W||dt > 0.
M (15)

Then system (11) is completely Y — controllable.

0 n
Proof. According to Theorem 3, it is enough for us to show that relations (14) holds for each initial function P () eC (TO),

0
@ (L) 2Y (L) , and for some b >t°. We have:

ty
]

B'F'(t,, )yt + C(Y (t,) *P(t,).v) + (p°, y)}>

=2 =2 lvl=2

Y
> Linf j||B'F'(tl,t)y/||dt +inf C(Y (t,)*P(t,),w) +inf (p°,w) >
to
= LA+inf C(Y(t,)*P(t,).») —| p°|
=1 (16)
Since, by condition (15) 4 > 0, then for
7] inf. €O (0)* P (). 1)
L> y|=
A

From (16) we obtain (14). And this completes the proof of the theorem.

~64~
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5. Discussion of results and conclusion

The problem of controllability is one of the important
problems in the theory of optimal control. Here, for a
controlled differential inclusion with delay, the controllability
problem was considered as the problem of the complete
immersion of an ensemble of trajectories on a given terminal
set. The goal of the study was set: clarification of the
controllability conditions expressed in terms of the parameters
of the system under consideration.

When studying the controllability ensemble trajectory control
problem, the main conditions on the right-hand side of the
considered differential inclusions are given in the form of
assumptions 1-3. They cover a wide class of differential
inclusions with delay (3), as well as their linear models of the
form (7) and (11).

Of the results obtained, the most general is Theorem 1.
Although it is an implicit controllability criterion for the
systems under consideration, the remaining results were
obtained based on this theorem. In this case, the properties of
the ensemble of trajectories of linear systems were taken into
account. Among the important characteristics of the ensemble
of trajectories of differential inclusions used in the subject
under study, it is worth noting the properties given in the
auxiliary lemmas.

Theorem 2 gives necessary and sufficient conditions for

0

((0 'Y) - controllability of the ensemble of trajectories linear
in state of system (7). And in Theorem 3 they are refined for a
linear system, both in state and in control. Here, formula (8)
of the representation of the ensemble of trajectories and
formula (9) of its support function are essentially used. We
note that a feature of the linear structure of systems found
their expression in the study of the controllability problem, as
evidenced by the results of Theorem 4.

The studied controllability property of the ensemble of
trajectories of differential inclusions is of immediate interest
for systems of the form.

X = AX(t) + A X(t—h)+ Bu(t) +q(t) 17)

When q(t) is the parameter of indefinite external influences

n
with values from Q(t) <R . Theorems 4 give the sufficient
conditions of controllability for the ensemble of trajectories
for the linear model (17) of the control object with delay
under conditions of inaccuracy of external influence forces.
In particular, when the control system is stationary, i.e.

Alt) = A, Al(t) =A B(t)=B, then the condition of

non-degeneracy of the governing equations ! of the system
X = Ax(t)+Ax(t—h)+Bu(t) is sufficient to satisfy
condition (15). Therefore, this condition will be sufficient for

controllability of the linear system (17) with a variable
Y =Y(t)

terminal state

References

1. Gabasov R, Kirillova F.M. Qualitative theory of optimal
processes. Moskow, Nauka, 1971.

2. Kurzhanskiy A.B. Control and observation under
conditions of indeterminacy, Nauka, Moskow, 1977.

3. Blagodatskikh V.1, Filippov A.F. Differential inclusions
and optimal control, Trudy Mat Inst AN SSSR, 1985;
169:194-252.

~G5~

10.

11.

12.

13.

14.

15.

16.

17.

18.

http://www.mathsjournal.com

Satimov N.Yu. On methods for solving game problems
of control bundles of trajectories, Reports of the USSR
academy of sciences. 1990; 314(1):132-134.

Plotnikov A.V. Control problem of bundles of trajectories
Sibir Math Jurn. 1992; 33(2):196-199.

Otakulov S. On the controllability conditions of
differential inclusions 1ZV RAN Tekh kibernet 1992;
2:57-62.

Duda E.V, Minchenko L.I. On optimal trajectories of
differential inclusions with delay. Differential equations.
1997; 33(8):1023-1029.

Plotnikov A.V. Controlled quasi differential equations
and some of their properties, differential equations. 1998;
34(10):1332-1336.

Otakulov S, Sobirova G.D. On some properties of the set
of M-controllability of differential inclusions Uzbek
Math Journ. 2001; 1:35-41.

Israilov I, Otakulov S. On one property of the ensemble
of trajectories of differential inclusion with delay.
Proceedings int conf “Modern problems of mathematical
physics and information technologies”, Tashkent. 2003;
2:213-215.

Otakulov S, Kholiyarova F.KH. On the theory of
controlled differential inclusions with delay argument.
Reports of the academy of sciences of the republic of
Uzbekistan. (2005; 3:14-17.

Otakulov S. On one optimization problem for controlled
differential inclusions with delay. Proceedings of the
Institute of Mathematics and Computer Science, Udmurt
State University, Izhevsk. 2006; 3(37):117-118.
Plotnikov AV, Komleva T.A. Piecewise constant
controlled linear fuzzy differential inclusions, Universal
Journal of applied mathematics. 2013; 1(2):39-43.
Israilov 1, Kholiyarova F.KH. Minimax control problem
for differential inclusion with delayed argument materials
of the international conference “Dynamic systems:
sustainability, management, optimization” (DSSCO-
2018) Minsk, 2013, 1-5:139-141.

Polovinkin E.S. Multivalued analysis and differential
inclusions Moskow, Fizmatlit, 2015.

Otakulov S. The control problems of ensemble trajectories
for differential inclusions, Lambert Academic Publishing,
Riga, 2019.

Otakulov S, Kholiyarova F.KH. On the problem of
controlling the ensemble of trajectories of a system with
delay under informational constraints. Abstracts of the
international scientific conference “Actual problems of
applied mathematics and information technologies”,
National University of Uzbekistan, Tashkent, 2019; 14-
15:169-170.

Otakulov S, Kholiyarova F.KH. About the conditions of
optimality in the minimax problem for controlling
differential inclusion with delay Academica: An
International multidisciplinary research Jounal. 2020;
10(4):685-694.


http://www.mathsjournal.com/

