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Abstract

The comparative study of the profit of a two-unit cold standby system with instruction and preparation
time for repair is carried out. The repair man (who is an expert) does not come alone but he comes with
his assistant. If the expert repair man is busy in repairing a failed unit and second unit fails then the
assistant repairman repairs the latter unit after getting instructions from expert repairman. The paper
consists of two models. In model-1 expert repairman takes the unit for repair from his assistant if he
completes the repair earlier than his assistant whereas in model-2 either of the repairman (expert or his
assistant) do not leave the repair till its completion.

Keywords: Unit cold standby system, assistant repairman, expert repairman

Introduction

Many investigations concerning the reliability of two-unit system are being made. Various
authors including % discussed two-unit cold standby systems assuming that whenever the
operative unit fails, it goes under repair immediately i.e. preparation time for repair is
negligible. Guo Tong De ™ and some others studied two-unit systems with preparation time
for repair and with one repairman serving at a time. However, practically there may be
situations when on failure of a unit the expert repairman does not come alone but he comes
with his assistant. The assistant repairman repairs the failed unit only after getting instructions
from expert which are given at the time of system failure so that both the failed unit go under
repair of both the repairman — one under expert and the other under his assistant.

So, in this paper, we have investigated a two-unit cold stand by system with instruction and
preparation time for repair. Whenever a unit fails, we call an expert repairman immediately to
repair the failed unit. He comes with his assistant who does the repair of failed unit perfectly
only if instructions are given to him by the expert. The expert repairman first prepare himself
for repair i.e. he makes the arrangement of tools and other essential materials which are
necessary for repair the failed unit and then he starts repair. If a unit is under repair/preparation
for repair of the expert and at that time a second unit fails the repairman leaves the
repair/preparation for repair of former unit and starts giving instruction to his assistant. It is
assumed that after getting instructions the assistant repairman repairs perfectly. Former unit
goes under repair of expert and the later under repair of his assistant with the assumptions that
both the repairmen first prepare themselves for repair. The paper consists of two models. In
model-1 expert repairman takes the unit for repair from his assistant if he completes the repair
earlier than his assistant whereas in model-2 either of the repairman (expert or his assistant) do
not leave the repair till its completion.

The system is analysed by making use of semi-Markov-Renewal Processes and regenerative
processes and determine the expressions for the various measures of system effectiveness such
as mean time to system failure (MTSF), steady-state availability, total fraction of busy time of
the repairman, expected number of visits by the expert repairman and expected profit earned
by the system. Graphs are plotted and comparison between models is made through graphs.
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Notations

o/cs operative/cold-standby

Fup unit in F mode and under preparation for repair

Fre/Fraunit in F-mode and under repair of expert/assistant.

Fre unit in F-mode and repair is continued by an expert repairman from earlier state.
Fwri unit in F-mode and waiting for repair when instructions are being given to assistant.
A Constant failure rate of an operative unit.

u Constant repair rate of assistant repairman.

h(t), H(t) pdf and cdf of time to preparation for repair of failed unit.

g(t), G(t) pdf and cdf of time to repair by expert.

i(t), I(t) pdf and cdf of time when expert gives instructions to his assistant.

For rest of the notations see reference [,

Model - 1

In this model, the expert takes the unit for repair from his assistant if he completes the repair earlier than his assistant. Thus
considering the above symbols, possible states of the system and the transitions into the states are shown in Fig. 1. The epoch of
entrance into the states 6 from 5 is non regenerative.
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Fig 1: State Transition Diagram

O Up State

Failed State

e  Regenerative Point
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Transition Probabilities and Soujourn Times
The non-zero elements p;; of the transition probability matrix (t.p.m.) for the system are as follows:

por=1, pz=h"(A), ps=1-h"(A), p2o=9g'(})
Ps=1-g'(A), psa=1, pss=1, ps2=g'(),
O =g (W-9 W1/ (A—p). pQ =[ng" (M) —Ag (W) + A — W]/ (A —p)

By these transition probabilities, it can be verified that

Po1 = Pas = Pas = 1, pzo +ps=prtps=1
Ps, + PS5+ =1. (1-3)

Let Ti be the sojourn time in state S; and pi = E(T;), then using the formula

wi = [ p(Ti > tydt
then for ¢y (S), we have

Qu(S)[Q1(8) +Q (8)Q% ()]

s (5) = s T (4)
1- Q01 (S)le (S)on (3)

Now the MTSF, given that the system started at the beginning of state O is
1—dy (s

Tozlnm—(l’O ©) (5)
s—0 S

Using L’ Hospital’s rule and substituting the value of (I);* (s) from equation (4), we have
Ho + 1y + 1,0

TO — 0 1 212 (6)

1- p12p20

Availability Analysis
As defined, M;(t) denotes the probability that the system starting in up state (regenerative state) is up at time t without passing
through any regenerative state. Thus we have

M,(t) =e™, M, (t) =e ™"H(t)
M,(t)=eG(t),  My(t)=[pe™ce™ |G(t) (7-10)

and

Ao(t) = Mo(t) + gos(t) © Au(t)

Aa(t) = Ma(t) + gao(t) © Ax(t) + qus(t) © As(t)

Ax(t) = Ma(t) + go(t) © Ao (t) + dz3(t) © As(t)

As(t) = gaa(t) © Ag(t)

Au(t) = gas(t) © As(t)

As(t) = Ms + gs2(t) © Az (1) + 45 © Ao(t) + 9 © Aq(t) (11-16)

Taking the Laplace transform of the above equations and solving them for AV; (S) and then steady-state availability of the
system is given by

_IlmA (t)_IlmA (S)_El (17)
where
= (Mo + 1) [A— p(e) P23Ps;) + Ly (plzp(sg) +Psp) + &, (1= PPy) (18)
where Ms (0) =&, =p(us —p,) /(A —p) (say)
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D, = (1, + (Mo + H1)Pao)Pss + (Ko + 1y + HoPro )P + (1 + 1y + M) (L—ProPao) (19)
where M, =M, + M + Mg = (hptg —pps,) / (h—p)

Busy-Period Analysis of an Expert Repairman

Bo(t) = qou(t) © Ba(t)

B1(t) = Wi(t) + giz(t) © Ba(t) + qus(t) © Ba(t)

Ba(t) = Wa(t) + qao(t) © Bo(t) + gas(t) © Ba(t)

Ba(t) = Wa(t) + qas(t) © Ba(t)

Ba(t) = Wa(t) + qas(t) © Bs(t)

Bs(t) = Ws(t) + gs2(t) © Ba(t) + 92 (1) © Bo(t) + 93 (t) © Ba(t) (20-25)
where

W () =e™H(),  W,(t)=e™G(t),  W,(t)=1(t)
W, (t) = H(t), W, (1) =e ™ G(t) +[ue “©e M]G(t)

Solving equations (20-25) for B*(s) with the help of Laplace-transform and then in a steady-state, the total fraction of the time for
which the expert repairman is busy, is given by

i ~ry _ N,
B, = ISLnJ sB,(s) = E (26)
N, =, (1- pég) —Py3Psy) + 1, (Ps, + plzpég))(us + 1, +&)(L—Py,Py0) 27

and Dy is already specified.

Expected Number of Visits by the Expert Repairman

Vo(t) = Quut) © [1+ V4(b)]

Vi(t) = Qua(t) © Va(t) + Qua(t) S Va(t)

Va(t) = Qo(t) © Vo(t) + Qas(t) © Vs(t)

Vs(t) = Qaa(t) © Va(t)

Va(t) = Qus(t) © Vs(t)

Vs(t) = Qsa(t) © Va(t) + QL) (1) © Vo(t) + QD) (1) © Vit (28-33)

Taking Laplace-Stieltjes transform and solving the above equations forVg* (S) and in steady-state the number of visits per unit
time is given by

il Vo) ey N
V, = !Lrg [T} = Islfg sV, (s)= E (34)
Where
N; = PyPs, + pf(sg) (35)

and D is already specified.

Profit Analysis
The expected total profit incurred to the system in a steady-state is

P = KoAV) — K1Bo — K2V (36)

where Ko is the revenue per unit up-time of the system, Kj is the cost per unit time for which the expert repairman is busy, K is
the cost per unit visits by the expert repairman.

Particular Case
Assume that the preparation time for repair, repair time of expert repairman and instruction time are exponentially distributed as
follows:

h(t) = o exp(-at) g(t) = B exp(-=Pt)  i(t) =y exp(-yt)
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Then, we have

Por =1, piz = of(a+ 1), pr3 = Mo+ 1), p2o=P/(B+2)

Pea = M(B+ 1), Pas=pas =1, psz = B/ B+ ), P =P/ B+)B+A), P =An/ (B+p)(B+2),
o, =1/, =1/ (o +A), n, =1/ (B+A) p, =1/y=(Meaninstruction time),

n, =1/ a = (Mean preparationtime), u, =1/ (B+n)

(a+B)[(B+2)(au+n)+oi |

MTSF =
M (o+A) (o +B+A)

Using the above equations and equations (17), (26), (34) and finally equation (36), we get the expected total profit in study state.

Model 2
This model is discussed with the additional assumption that either of the repairman (expert and his assistant) do not leave the

repair of unit till its completion. The transition diagram showing the various rate of transition is given in Fig. 2. The various
characteristics are obtained as follows:

1o |,

3
(Fn]:e- F‘.‘.‘ri)T (:FI.IPE‘:- Fupa) - CFre.a Fra}

Fig 2: State Transition Diagram for Model — 2
By probabilistic arguments, the non-zero elements p;; are given below:-
Por = P3g = Pyg =1, P, = h *(7\') = P = (1_ h*(k)) Py = g*(k), Pas = (1_9*(70)
pS =ug* (W) —g* M1/ (A —1), PY =[ng* (1) —2Ag* (W) + (A~ W1/ (A~ 1)
Ps; =9*(W)- Pro =1/ (A1), Prg =1/ (h+p), pg =plh* () —h*(W)]/ (h—p)
P2 = [1h* (W) —Ah* (1) + (A — )]/ (A1) , pes = () (37-49)

It can be verified that

6 6 9 9
D12+ pis = poo+ ps =1, PO +p9 +pg;, =1, p +p +py, =1 (50-53)
Also i, the mean sojourn in sate S; are

Mo =172,y =[L-h*(W)]/%, p, =[L-g* ]/

~316~



International Journal of Statistics and Applied Mathematics

= I (Hdt= Itd(t) = (Mean instruction time)
0

J‘ (t)dt = jth(t) = (Mean preparation time)
0

—[1—9*(u)]/u. H; =1/ (A+p), pg=[-h*(W]/p (54-61)

The unconditional mean time taken by the system to transit for any regenerative state I, when it is counted from the epoch of
entrance into that state is, mathematically, stated as

m; = Itinj (t)= Qjj (s)ls=0 (62)

u =1/A, my, =i*'(0), m,, =—h*'(0)
m12 =-h*@), my=h*Q)+[A-h*(W))/A]
20 =—9%(A), My =g*'(A) +[A-h*(A))/A]
m(e) =pg*' (W) -g*' (W) +[A-g* (W) /4]

m® {xg*'(u)— Lg0+ M9 W) u(l—g*(K))} I
il

A
my, =g*'(1), My, =p/ (h+p)?, Myg =/ (L+p)?
m® = ph () ~h )]/ 0. —p)

m =19 -y )+ 00 HETE6 . g =)

From these are conclude that

My =gy Mgy = Uz, Myg =y, My +Myg =1y, My, +My; =L,
mé?)) + mé? +Mg, = [M’ls _W-J-z] [(h—p) = ml(say)
Mg + My = 1y, M) +ME + Mg = [Apg — gy, 1/ (A — ) = m, (say) (65-70)

Mean Time to System Failure
The expression for MTSF will remain same as explained in previous Model -1

Availability Analysis

Ay (t) =M, (1) +09,,(t) © Au)

Au(t) = Ma(t) + du2(t) © Aa(t) + qas(t) © As(t)

Aa(t) = M2(t) + gzo(t) © Ao(t) + g22(t) © As(t)

As(t) = gaa(t) © Au(t)

Au(t) = qas(t) © As(t)

As(t) = Ms(t) + 42 (1) © Ao(t) + G52 (1) © As(t) + gs7(t) © As(t)

Aq(t) = M7(t) + gro(t) © Ao(t) + grs(t) © As(t)

As(t) = Ms() + 4 (1) © Ast) + G (1) © As(t) + gas(t) © As(t)
(71-78)

Taking Laplace transform of equations and the letting s — 0, we get

M;(O) =Ho M;(0)=p,, My(0)=p,, M;(0) = u,
M; (0) = plps — o J(A — ) =€, (say)
M; (0) = ulus — 1]/ (A —p) =<, (say) (79-84)

The steady—state availability of the system is given by

A, = Lir(p[sA; (s)]=N,/D, (85)
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where

N1 = [1 — ps7 prs Pss — (pf-,? + p57p7spz(32) )] [lvto + Hzplz] + [61 +Ps; (U7+ S p78)]
x [Pp12 P23 + p13] — Ps7 Prs pfg? [po p2s + pa pas — p2 pas]

and

D1 = (uo + pa) (P20ps7Prs pég) + Ps7 pro + pf—,%’ )_+ 12(ps7 prs pé? + P12 Ps7 P70 + P12 pé%) )+
(1- plzpzo)[(us + H4)(1_ Ps7 p78p85) +M, + Ps; (M7 +m, p78)] (86-87)

Busy—Period Analysis For The Expert Repairman
Bo(t) = dou(t) © Ba(t)

Bi(t) = Wa(t) + quz(t) © Ba(t) + qus(t) © Bs(t)

Ba(t) = Wa(t) + qao(t) © Bo(t) + gas(t) © Ba(t)

Bs(t) = W3(t) + gsa(t) © Bu(t)

Ba(t) = Wa(t) + qas(t) © Bs(t)

Bs(t) = Ws(t) + 4% (t) © Bo(t) + Q2 (t) © Ba(t) + gsi(t) © Br(t)
B7(t) = W7(t) + g70(t) © Bo(t) + grs(t) © Bs(t)
Bs(t) = Ws(®) + 45 () © Ba(t) + G (1) © Ba(t) + ges(t) © Bs(t) (88-95)

Taking Laplace transform of equations and letting s — 0, we have

\Nl*(o) = My, W;(t) =Wy, W;(O) = U3, W:(O) = Uy, W5*(0) = (U5t &), W;(O) =y
W, (0) = (us+<,) (96-102)

In steady—state the total fraction of time for which the system is under repair is given by

B, = I;Lrgl[ng (s)1=N, /D, (103)
Where

N2 = (1- Ps7 Prs Pas) [ + Praptz + Paa(iss + a)) + Paa(iss + pe)] — (PS5 + Ps7P7ePea )

x (pa + p2 P12) + (us + €1+ psz(urt+(us + €2)p7s))]—Ps7P7s pég) [L1p2z + popas + pis] (104)

and D is already specified.

Expected Number Of Visits By The Expert Repairman

Vo(t) = Qu(t) O [1+ Va(t)]

Vi(®) = Qua(®) O V() + Qua(t) © Vis(t)

Va(t) = Quo®) O Va(t) + Qus(t) © Vis(t)

Va(t) = Qaa(t) © V()

V() = Qus(t) © V(1)

Vs(t) = Q2 (1) © Vot + V& 0 © vitt) + Qsa(t) V()

V() = Qro(®) © V() + Qrs®) @ [1 + Vs(t)]

Ve() = Q2 (1) © va(t) + Q2 (1) © vs(t) + Qes(t) © vis(t) (105-112)

In steady—state, the expected humber of visits per unit time is given by

V, = It_lm{VOT(t)} = Lirp[svg*(s)] =N, /D, (113)
Wh Ny=1- p® O _ 114
ere 3 Pss + PoPs7P76 (Ps, —Py2) (114)
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Profit analysis

The expected total profit incurred to the system in a steady—state is
P2 = KoAo — KiBo — KaVp

Where

Ko = Revenue per unit up time of the system

K1 = Cost per unit time for which the expert repairman is busy

Kz = Cost per visit by the expert repairman.

Particular Case

Assume that the preparation time to repair time of expert repairman and instruction tiem are exponentially distributed as follows :
h(t) = a.exp(-at), g(t) = B exp(-Bt), i(t) =y exp (-1t)

Then, we have

Por =1, piz=al(a+ ), piz=2nl/(a+1) pao=PIB+A) ps=r/(B+A),

Pau=ps=1, P =P/ B+w) (B+1), PG =Ap/(B+p) B +2)

Psr=B/(B+ ) pro=pw(n+h), prs=n/(n+Ah),

$ =oul (@) (a+2) Py =ru/(a+p) (@+h), ps=i/(o+p).
Also mean sojourn times are :

po=1/x, pi=1la+2), e =UP +1), p=1ly,

na=1/a,  ps=1/(B +p), wr =1 + ), pe = 1/(a + 1)
mi=(a+r+plla+p)(otir), m=EB+r+w/ B+ @E+2)
=W+ @P+21), e=pla+p (a+l)

Comparative Study of Profit for Model-1 and Model-2

Fig. 3 shows the behaviour of profits of Model-1 and Model-2 with respect to failure rate () for two values of instructions rate (y
=1 & 10), keeping other parameters fixed. From the graph, it is interpreted that :

(i) Profit of each model decreases with a increase in failure rate (1) while it increases with the increases in instructions rate (y).

(if) When y = 1 : If A = 0.260585, the profits of two models coincide and equal to 340.836. If A < 0.260585 then P, > P i.e.
Model-2 is better than Model-1. If A > 0.260585 then P, > P; i.e. Model-1 is better than Model-2.

(iii) When y = 10 : If A = 0.230832, the profits of both the models coincide and equal to 387.063. If A < 0.230832 then P, > P i.e.
Model-2 is better than Model-1. If A > 0.230832 then P, > P; i.e. Model-1 is better than Model-2.

K=500,K,=100, K=25
W= 0.5, o=0.8, p=0.9

FROFIT (P & F2) —»

w=10{Model 1}

fy
0 . L

_ v=1{Model 1)
o v=10{Model 2)
v=1({Model 2] ©
0 T I I T T | T T
01 0.2 0.2 0.4 0.5 0.6 0.7 0.8 0.9 1

—_— Failure Rate (A) —»
O A(P2) =1 xy(P2) =10 O y(P1) =1 A y(P1) = 10
Fig 3: Comparison between profit of Model 1 and 2.
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