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Abstract
In this study, we use exponential generating functions for Jacobsthal and Jacobsthal Lucas sequences to
derive new sum formulas for Jacobsthal and Jacobsthal Lucas sequences.
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Introduction

Generating functions are one of the most useful inventions in discrete mathematics. Roughly
speaking, generating functions transform problems about sequences into problems about
functions. The ordinary generating function for the infinite sequence {go ,01 .02 ...} is the
power series G(X)=go +01 X+g, X?+...The generating functions are also very important for
integer sequence with no doubt. In ], Carlitz gave some properties.of the generating functions.
In [% 41 the authors gave some properties about generating functions and ordinary generating
functions for identities about Fibonacci and Lucas numbers. In @, Gould has studied
generalized generating functions as products of powers of Fibonacci numbers. In Bl Harold,
found Fibonacci and Lucas identities and generating functions, in his master thesis. In [©],
Church established some exponential generating functions established Fibonacci and Lucas
identities. In [ Kolodner investigated a generating function associated with generalized
Fibonacci numbers. In this paper we investigate some properties of Jacobsthal and Jacobsthal
Lucas sequences by using exponential generating functions. Integer sequences have been an
important research subject for many of papers. We can meet integer sequences many of area
archtucture, nature, art, body of human. The oldest known integer sequences occur Fibonacci

and Lucas numbers which are defined as f,=f ,+f , ; f,=0, f =land

l,=1_,+l,,; 1,=2, I,=1 for n>2; By changing the recursion formula for

Fibonacci and Lucas numbers, Jacobsthal and Jacobsthal Lucas have been first defined by
German mathematician Ernst Jacobsthal. Horadam, in [l exhibited some identities of
Jacobsthal and Jacobsthal Lucas numbers

Jacobsthal and Jacobsthal Lucas numbers are given by the recurrence relations

h=0a1t2i, 5 Jo=0, =1 and C,=C+2C_, ; ¢ =2, ¢;=1 for
n> 2 respectively in %, The characteristic equation of recurrence relations x2-x-2=0, with
roots 0=2, f=-1.

Binet's formulas allow us to express the Jacobsthal numbers and Jacobsthal Lucas numbers in
function of the roots a,p are defined by

an_ﬂn B 2n_(_1)n
a-f 3

The ordinary generating functions of these sequences are

jn: lCn:an+ﬁn:2n+(_l)n 1)
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By using the expansion of Maclaurin series of the exponential function we have

e"“:1+ﬁt+ (at)’ + ()’ + (at)’ +... +@+...
2! 3 4l n!
And
ety et @ (@I (@O
1 2! 3l 4

So that, we obtain the exponential generating function as
- n!
n=0 (2)

o I ®)
In [6], the well known double sum property is given as
o0 o0 [e'e) n
2 2 Fkn=Xx ¥ F(kn-k).
n=0k=0 n=0k=0

In [9], the authors found the following properties about Jacobsthal and Jacobsthal Lucas humbers

n

z |, j =3" L,

k=0

N (n n-1. n-1
> ) (-2)" “jk=3" ",
k=0

n . n-:

> ¥ JKCn—k =2" In.
k=0

© tn 0 tn
Lemma 1 Let A(t) = Zan o and B(t) = an o then
n=0 . n=0 .

ADB() = Z(Z@ab}%

n=0 \ k=0 (4)
And
0 n ek n tn
A(t)B(-t) = Z(Z -1 [k}’ik b, Jﬁ

Exponential Generating Functions For Jacobsthal Identities
~3g~
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The characteristic equation of recurrence relations of Jacobsthal and Jacobsthal Lucas numbers are x2-x-2=0,with roots a=2, f=-1.
Useful algebraic properties of a, 3 are

op = -2, o+p=1, a-p=3 )
n_ . .
a = aJn +2Jn—11 o2=a+2

Theorem 2 For n positive integers, the following identities are obtained as

e
e k k 2n
n (N

c. 2" =c,,

eat 0 2t
Proof: If we choose A(t) = Z and B(t) =e* z ( ) in that form, then from (5)
o n

e _ eﬂt e(a+2)t _ e(ﬂ+2)t eazt _ eﬁzt
A(t)B(t) = [ j(em):[ _

a-pf a-p a-pf

tn

:i Bl (eﬁt)t i ZnE

par a—-p nl = n! _0

By using 4, we have

o [0 mak-pk h g |t
AM)B(t) = —_—2 —
W0 ngo(kgo[kj @ p

=33 )

2
By the equality of the above series, the result is obtained. Similarly let A(t) =e“ +¢ and B(t) =¢”

A(t)B(t) =+ 4 glF*oN

Theorem 3 For n positive integers,
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i@(—l)“ i = (D",

(E](—l)“ck - (D',

a _ o/t

M-

k

I
o

€ _
Proof: Assume that A(t) = and B(t) =€, then the properties of a, B

(@Dt _ A(B-Dt S
A(t)B(t):(e a_eﬂ j:[ea_eﬁ ]

< (_at) n+1 n
D e RN R

From the multiplication of series, we have

t_oo ( 1)ntn
At)B(t) = Zjn nZ o
_oo n nak_ﬁk_n—kﬂ
—Z[Z@ (a—ﬂ)( ) Jn!
Sl

By the equality of the above series, the result is obtained. The other equality can be proved by the same method.
Teorem 4 For n positive integers,

Z( 2)n k[ jJZk = -n

S ( ]cZk e,

e’ — e/t 2
Proof: Let A(t) = —ﬁ ve B(t) =€ ", then the properties of a, B
(24

(@-2t _ 5(p2-2)t a _ S . ]
o 7207 22 5
- N n!

n=0

By using 4, we have

A(t)B(t)=§[i[ j - ﬁ) a )"th"

n=0 \_k=0
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By the equality of the series, we easily see the desired result.

Theorem 5

e
i k k ~¥n-k n

e —e/
Proof: Assume that A(t) =

and B(t) = e +e” then

200 o2/ o
A(t)B(t)=(%jzzznj L

N\ ﬂ n—k n—k
A)B() =
OB() Z;,ko([j( ﬂ)( +p )J
o0 n n i tn
zg(g(ijkcnkJ Al
Theorem 6
Z[Ejjkjn—k :%(chn _2)

t _ o/t

-p

€
Proof: Assume that A(t) = B(t) =

a _ ap\
e J — ég (eZ(ﬂ + eZ/ﬁ _ zzet)

A(t)B(t) =(e

:i 2"c, —2)—n
n=0

By using 4, we have

AMB() - ZZ(( J[ _ﬁk j(aa :?_k B
S35

Theorem 7

n n n
>  |CeConi =2"c, +2

k=0

Proof: Assume that A(t) = B(t) = + et

A(t)B(t) = (e‘”t + eﬂ‘)2 =e* e’ 4 2¢'
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0 tn
=Y (2"c, +2)—
n=0 nl
By using 4, we have

At)B(t) = ZZH ](ak A G )J

n=0 k=0

53 e |

Theorem 8 Let m,n any positive integers

n(nj. .
Z(kjjmkcmnnk = 2n Jmn

k=0

a™ L™

e e m m
Proof: If we choose A(t) =———— and B(t) =e“ " +&” " in that form, we obtain
a

2a™ 2™

e
AWBO ="~
LI £

=§2 Jmnﬁ

o n(n). tn
- nz_(;(kz_(;(kj Jik Crnn—nk jﬁ

Theorem 9 Let m,n any positive integers

n

ny. . 1 n
Z[kjjmkjmn—nk 25(2 Cin —2Cm)

k=0

eamt _ eﬁmt
Proof: If we choose A(t) =B(t) = —ﬂ as like and use (4), we have
a

A(t)B(t) _ z (amn _ﬂmn)t z (amn _ﬂmn)t

(N, . t"
_g(g(kjjmkjmn—kaﬁ

2

a™ _ AB™ . . o

ADB() =| &= | —L ez e _getenimy
a-pf 9

1 < n n !
:52(2 C,op —2cm)tn—!

n=0
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Theorem 10 Let m,n any positive integers

n(n . .
Z k kaJm(n—k) =2 Jmn

k=0

a™ A"t

m m, e e
Proof: If we choose A(t) =€ "' +e”" and B(t) =———— as like and use (4), we have

A(t)B(t) Z(amn +ﬂmn)t [ Z(a ﬁmn)t J

[°s) n n i tn
= ;(;[chmk Jmen-ky jﬁ

2a™ _ A2p™ w AN( MmN __ Amnygn S
e R Ja e LRI

Theorem 11 Let m,n any positive integers

n

n n n
Z k C ok Crnn—mi =2 Crnn _2Cm

k=0

_ _aa™ LMt
Proof: Let At)=B)=e" " +e

A(t) B(t) = i[zn:[chmkcmnmk J%nl

n=0 \_k=0

, then by the product of the series we obtain

tn
" g m m e =) (2"C., —2Ch)—
A(t)B(t) :(ea t—}—eﬁ t)2 :ez"’ t _|_e2ﬂ t _Ze(a +4M)t g( mn m) !

Theorem 12 Let n,r any positive integers then

n n B B
Z(kank Jk+r = 12n+r

k=0

ot pt n
€ —¢€ n t
Proof: If we choose A(t) =————then the rth derivative with respect to t is olarak segilir D; A(t) = E (k)a"”
- k=0

2
So that and for B(t) =€ t , we have

at _ APt ra(e+2)t _ pra(f+2)t
D{A(t)B(t):eZ‘D{(e € ]:“e pe

a-p a-p
~ areazt _ﬂre/?t anj tn
- 2n+

OC—,B T n+r

o (30
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Theorem 13 Let m, n, r any positive integers then

n

n
H 2m(n-k) __
Z[kj J4mk+r 2 - C2m JZm+4mr

k=0

AL all 2m,
Proof: If we choose A(t) = 1 and B(t)=e , we have
a

0

2(2@12 ]tn ~ DI A®B()

n=0 \ k=0

TP

a'™  (amiany B glrmi2n

a-f a-f

_ @™ ek _ B (o)

a—-pf a—-p

(94 eaZm(a2m+ﬂ2m)t _ ﬂ4ml’ eﬁZm (a2m +ﬂ2m)[

a—pf a—-pf

[cz4mreoczr”C2rm _ﬂ4mreﬂ2mC2mt]

"

iaZmanr n tn © IBZmn+4mr n n 0 n

C2m A CZm Z
2mn+4mr
pra n = a-p n e n

[Dtr A(t)]B(t) = i(i(:} j4mk+r 22m(n7k) JE

n=0 \ k=0 ni
From the equality of the results, the proof is completed.
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