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In this paper, it will be shown that two of the main results of Fan seem invalid, and the remaining ones
can be proved under any separable Hilbert space, rather than Rn. In addition, some further results are
established, which provide some other characterizations for generalized invexity and generalized
monotonicity under separable Hilbert spaces.

Keywords: Generalized invexity, separable Hilbert space, pseudo-convexity

1. Introduction

An important generalization of convexity is invexity, first introduced by Hanson. In some
recently published papers, Soleimani-damaneh has provided some results in invexity analysis.
Also in another paper, he has studied the relations between quasi-convexity and pseudo-
convexity of a nonsmooth function by means of limiting subdifferentials in Rn. Jabarootian
and Zafarani researched the relations between generalized invexity of a non differentiable
function and generalized monotonicity of its Clarke generalized sub differential mapping. Fan
generalized some results of, using the properties of limiting sub differentials in Rn.

2. Preliminaries

Let H be a real Hilbert space and let D be a nonempty subset of H. Suppose that x is a point
not lying in D. Suppose furtherthat there exists a point s in D whose distance to x is minimal.
Then s is called the projection of x onto D. The set of all such projections is named as the
metric projection of x onto D and is denoted byMp (x). Hence

Mp(x)={s€D :||x —s||<||x—y]| forally e D }

The vector x — s determines what we will call a proximal normal direction to D at s. Any
nonnegative multiple { = A(x — s), A > 0, of the proximal normal direction is called a proximal
normal to D at s. Hence the proximal normal cone to D at s € D is given by NF(s) = {¢ €H
:3(X> 0, x€ H\ D) such that s € Mp(x) &(=Mx —s)}.

Suppose that s € D such that s € Mp(x) for all x¢D (for instance, suppose that s € intD), then
we define N£'(s) = {0}.When s ¢D then N7 (s) remains undefined.

A vector { € H is said to be a proximal subgradient of h: Sc€ H - Ratxe Sif

(€ ~1) ENE, (. h(x)),

Where, epih={(x,z) : z>h(x)} € Sx R.

The set of all proximal subgradient vectors of h atx is denoted by dph(x) and is referred to as
the proximal sub differential. The function h : R— R defined by h(x) = —|x| is a simple
example of a continuous function having dph(0) = @.

Hence, there may exist some points x, in domain of h such that dph(x) = @. Hence, we define
the notion of limiting subdifferentials as follows. In the following definition “wlim” stands for
“lim” in the weak topology.

Definition 2.1
A vector d € H is a limiting sub-differential vector of f : S € H—R at x€ S if there exist two
sequences {Ci} € H and { xi} € S such that {€dpf(xi), d = w lim {j;, xi — x, and f(xi) — f(x).
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The set of all limiting subdifferential vectors of f at x is denoted by OLf(x),

i.e., OLf(x) = {wlim : § € Opf(xi), x1—x, f(xi) — f(x)}.

The following results concern the closedness and boundedness property of d.. A further condition on H(being separable) is
required. We recall that a normed vector space is separable if it has a dense countable subset. It is known that a Hilbert space is
separable if and only if it has a countable orthogonal basis. Hence it is valid when H = R". A generalization of the mean value
theorem in classic analysis in the presence of limiting subdifferentials. The proofs of the next three theorems can be found.

Theorem 2.1
Let H be separable, and functionf: S € H — R be Lipschitz near x€ S. Then d.f(x) is nonempty and weaklyclosed. In fact, if x;

—x, di€aLf(xi), and di— d, then d €8Lf(x).

Theorem 2.2
If f is Lipschitz near x with the Lipschitzian constant K, then the set of all limiting subdifferential vectors of f at x is bounded by
K.

Theorem 2.3

Let function f be locally Lipschitz on a neighborhood of line segment [x, y]. Then for every € > 0 there exists a point z in the -
neighborhood of [x, y] and { € dpf(z) such that f(y) — f(x) <{{,y — x) + €.

We follow by introducing the notions of nonsmooth (pre) invex functions, monotone set-valued mappings, and their
generalizations in Hilbert spaces. Recall that S € H is said to be an invex set with respect to mapping 1 : S x S — H, if u + An(x,
u) € S for each x, u € S and each A€ [0, 1].

Note. Hereafter, unless otherwise specified, we assume that S € H is a nonempty open invex set with respect to mapping n : S xS
— H. Also f : S — Ris a locally Lipschitz (Lipschitz continuous) function on S € H, where H is a real separable Hilbert space.

Definition 2.2

f is said to be

(i) preinvex with respect to n on S if for any x, U € S and any A € [0, 1],
fu+n(x, w) <Af(x) + (1 = )f(u);

(if) quasi-preinvex with respect to n on S if for any x, U € S and any A € [0, 1],
) < f(w) = f(u+in(x, w) < f(w);

(iii) strictly-quasi-preinvex with respect to m on S if for any x, u € S and any A € (0, 1),
fx) < fw) = fu+in(x, v) < f(u).

Definition 2.3
f is said to be
(i) invex with respect ton on S if for any x, u € S and any d € o f(x),
f(w) = f(x) 2 (d,n(u, x));
(if) weakly-invex with respect to n on S if for any x, U € S, there exists d € d.f(x) such that f(u) — f(x) > {(d,n(u, x));
(iii) quasi-invex with respect to 1 on S if for any x, U € S,
f(w) < f(x) =(d,n(u, x))< 0, vd €0 f(x);
(iv) weakly-quasi-invex with respect to 1 on S if for any x, u € S,
f(w) < f(x) =(d,n(u,x))< 0, 3d € o f(x);
(v) pseudo-invex with respect to n on S if for any x, U € S,
(d,n(u,x))>0,3d € d.f(x) = f(u) > f(x);
(vi) strictly-pseudo-invex with respect to 1 on S if for any x, u € S with x #u,
(d,n(u,x)) 2 0,3d € oLf(x) = f(u) > f(x).

Definition 2.4
A set-valued mapping F : S — 2Mis said to be
(i) monotone with respect to m on S if for any x, u € S and any d € F(x), di€ F(u),
(dlv n(x, u)) + (d' U(u, X)) < Oa
(if) quasi-monotone with respect to 1 on S if for any x, u € S and any d € F(x), d:€ F(u),
(din(x w))>0=(d,n(u,x)) <0;
(iii) pseudo-monotone with respect to n on S if for any x, u € S and any d € F(x), di€ F(u),{(di, n(x, u))> 0 =(d, n(u, x))< 0;
(iv) strictly-pseudo-monotone with respect to n on S if for any x, u € S with x # u and any d € F(x), d:€ F(u),
(di,n(x,u)) =0 =(d, n(w, x))< 0.
In some of the results of the paper, we need to consider some further assumptions on 1. These assumptions are known in
invexity literature :
(A)for any x, u € S and any A € [0, 1],
(B) f(x +n(u, x)) < f(u); Vx, U, €S;
(©) f(x +n(u, x)) <max{f(x), f(w}, vx, u, €S.
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Remark 2.1
Recently, Yang et al. have shown that if 1 satisfies, then
n(x + M(u, x), x) =An(u, x), Vx,u € S, A € [0, 1].

2.2 Counter Examples

Theorem 2.2.1.

Suppose that 1 satisfies. If f is quasi-invex with respect to 1 on S, then it is strictly-quasi-preinvex with respect to the same 1 on
S.

There is no relation between these two theorems. The following counter example shows that the above theorem, is not valid.

Example 2.2.1

Consider S = (-1, 1) € R. It is clear that S is open and invex with respectto n: S x S — R, defined by n(x, u) = x — u. Also, n
0,ifx € (—1,0]

—x2,ifx € (0,1).

It is not difficult to show that f is Lipschitz on S with a Lipschitzian constant equal to 2. Now we show that f is quasi-invex with
respect to 1 on S. To this end, consider two arbitrary x, U € S = (-1, 1) such that f(u) < f(x). Therefore, regarding the definition of

£, there are two possible cases:

case 1. xe (-1, 0],

case 2. X, U € (0, 1).

In case 1, we have d.f(x) = {0} and hence (d,n(u, x)) <0, for each d € d_f(x). Note that the above-defined f is differentiable
and hence OLf(y) = {f'(y)} foreachy € S.

In case 2, we have d_f(x) = {2 x} and

f)<fx)=vw<—x*>=u>x.

Therefore in case 2,

(d,n(u,x))=-2x(u-x)<0,

for each d € O f(x).

So far, we have shown that f is quasi-invex with respect to m on S. But in what follows we show that f is not strictly-quasi-

satisfies. Now consider function f : S — R, defined by f(x) = {

preinvex with respect to the same 1 on S. To show this, consider x= %, u= _71, and A = % We have f(u) =0> f(x) = —717

while, f(u+in(x, u)) = f(0) = 0= f(u).

Thus, the above-defined f : S = (—1, 1) — R is quasi-invex with respect to the above-defined n on S, while it is not strictly-quasi-
preinvex with respect to the same 1 on S. Implies that there exists 6 € (0, 1) such that f(x;+ pn(x, x3)) > f(y), for each p € [0, 3],
while this conclusion cannot be drawn. In fact, it is valid only when.

limy—>0f(xﬂ. + un (x’xﬂ.) >f(y)

Theorem 2.2.2
If OLf is quasi-monotone with respect to n on S, and f and 1 satisfy and (C), then f is strictly-quasi-preinvex with respect to the
same 1 on S.

Example 2.2.2
Consider S = (-1, 1) € R. Itis clear that S is open and invex with respect to n : S x S — R, defined by n(x, u) = x — u. Now
consider function f : S — R, defined by

(0, if xe(-1,1]
fe) = {—xz,if x € (0,1].

It is not difficult to show that f is Lipschitz on S with a Lipschitzian constant equal to 2, and f and 1 satisfy assumptions (A) and
(C). It was shown that f is quasi-invex with respect to n on S. Hence, by part (i) of O_f is quasi-monotone with respect to 1 on S.
But £ is not strictly-quasi-preinvex with respect to the same 1 on S.

Fan assumed, by contradiction, that there exist x, y € S and A € (0, 1) such that f(y) < f(x) and f(y + An(x, y)) > f(x). This
assumption is not valid (or sufficient) regarding the definition of strictly-quasi-preinvexity. Indeed, Fan should have assumed that
there exist x, y € S and A € (0, 1) such that f(y) < f(x) and f(x + An(y, x)) > f(x). However, even this assumption cannot lead to
the desired implication.

2.3 Extension
In this section, it is shown that the results established can be generalized under any real separable Hilbert space, rather than R".
Comparing part (ii) in the present paper (or surveying the proof shows that the assumption “n satisfies” of redundant.

Theorem 2.3.1

Suppose that n satisfies. If f is invex with respect to n on S, then f is preinvex with respect to 1 on S. (ii) If f is preinvex with
respect to n on S, then f is weakly-invex with respect to n on S.
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Proof

(i) Considering x, u € S and A € (0, 1), the invexity hypothesis on S and f, we have f(u) — f(x + An(u, x)) > (d,n(u,x +
A (u,x))) = (1 =){d,n(u,x)),

) = f(x +(u, x)) 2(d,n(x,x + An(w,x)))=-Md,n(w, x)),

for any d € oLf(x + An(u, x)). Multiplying two above relations by A and 1 — A, respectively, and adding the resulted inequalities
imply

fOc +2n(u, x)) <Af(w) + (1 =V f(x),

which completes the proof.

(ii) Suppose that x, u € S. If n(u, x) = 0, then the implication is derived easily. Thus suppose that n(u, x) # 0.
Since f is locally Lipschitz, there exists a © > 0 such that f is Lipschitz on a neighborhood of [x + An(u, x), x] for each A € (0, ),
where

A . 2]
6 =min {1,@}
Therefore, for each ¢ > 0 there exists a z¢ s in the ¢ -neighbourhood of line segment [x + An(u, x), x] and a {< 4 € Opf(z+ ).

& —
Thus (¢, 4, n(u,x)) — - < f(u) — f(x), for each A € (0, 8). Now if ¢ | 0, then the sequence {z s} has a subsequence, say {Z. s}.

This subsequence is bounded and hence it has a weak convergent subsequence, say {{, »}, where 5 dy.. We get d,€ OLf(Ry).
Therefore, by ¢ | 0, we have, f(u) — f(x) > (d,n(u, x)).

Now if A | 0, then £~ x and regarding the above discussions without loss of generality we can assume that d; zd, where d €
oLf(x). Therefore

f(w) = f(x) 2 (d,n(u,x)),

for some d € 0. f(x), and the proof is complete.

Theorem 2.3.2
If f is quasi-preinvex with respect to 1 on S, then f is weakly-quasi-invex with respect to n on S.

Proof
Suppose that u, x€ S and f(u) < f(x). If n(u, x) = 0, then the implication is derived simply. Thus suppose that n(u, x) # 0. By
quasi-preinvexity, we have f(x) — f(x + An(u, x)) > 0,for each A € (0, 1). Since f is locally Lipschitz, there exists a 6 > 0 such that

f is Lipschitz on a neighborhood of [x + An(u, x), x] for each A € (0, 8), where § = min{l,ﬁ}.

S
Therefore,, for each ¢ > 0 there exists a z¢ s in the -neighborhood of line segment [x + An(u, x), x] and a £, 4 € Orf(z, 1)
suchthat 0 < f(x) — f(x + An(u, x)) < —MJ€, 4, n(u, x)) + €.

&
Hence ({e, A, n(u, x)) < -

Ze, A

z
Now if ¢ | 0, then the sequence { .4 } has a subsequence, say { }. such that Ze X» where %, belongs to the line

S
segment [x + An (u, x),x]. Let the subsequence of { ¢ A } which is corresponding to {Z‘g’ 4 } be denoted by {gg'i }. This
subsequence is bounded with regard to
(d'A,1m(u,x)) <0. Now if A | 0, then £, — x and regarding the above discussions without loss of generality we can assume that d;,
5 d, where d € o, f(x). Therefore (d,n(u, x)) < 0,for some d € o, f(x), and the proof is complete.
The following theorem corrects and generalizes. The assumption of the following theorem shows that replacing the assumption
“being locally Lipschitz” with “being Lipschitz” is more exact.

Theorem 2.3.3
Suppose that f is Lipschitz and 7 satisfies assumption (A). If f is quasi-invex with respect to 1 on S, then f is quasi-preinvex with
respect to n on S.

Proof.

By contradiction suppose that f is not quasi-preinvex, and there exist x, u € S and a A € (0, 1) such that f(x) < f(u) and
fu+2n(x, w) > f(u).

Setting X = u + An(x, u), we get f(X) > f(u). Since f is Lipschitz, it is continuous on S and hence there exists a 81€ (0, 1) such that
flu+6 (X —u)>f(u),

for each 6 € [81, 1], and

f(@) > fu+ 81X —u)).

Hence, setting 6 = Ad1, we have & € (0, 1),

flutpn(x, w)> f(uw),

for each p € [8, A], and

f@) > flu+dn(x, u)).
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Since f is Lipschitz on a neighborhood of [u + dn(x, u), x], for each ¢ > 0 there exists a z in the ¢ -neighborhood of line
segment [u + dn(x, uU), X] and a (€ dpf(z¢) Such that

f@) — fluton(x,w) <({e,x —(u + §n(x,w)) + ¢ =A-3)(lenx,u)) + ¢ .

Now if ¢ | 0, then the sequence {z} has a subsequence, say {z}, such that Z — X where X belongs to the line segment [u + dn(x,
u), x]. Let the subsequence of {{} which is corresponding to {Z} be denoted by {{}. This subsequence is bounded and hence it

has a weak convergent subsequence, say {{}, where C_K d. We get d€ 8. f(%). Therefore, by € | 0, we have
0 <f(x) — f(u+dn(x, w)) = (A = 8){d, n(x,u)).

Hence (d, n(x,u))> 0.

On the other hand, since £€ [u + dn(x, u),X], there exists o € [0, 1] such that

X =ou+adn(x,uw)+ (1 —a)x

= qu + adn(x, u) + (1—a)u + (1— o) An(x, u)

=u+ (ad + A — ad)n(x, u).

Thus defining A = 08 + A — a), we have 1€ [§, A] and

£ =u+An(x, u).

Therefore, we have f(X) > f(u) > f(x). Thus by the assumption of the theorem we get

(d,n(x,%)) <0, vd € OLf(X).

On the other hand, by assumption (A) and the above inequality, for each d € 8, f(X) we have

0=(d,n(x, %)) ={d,n(x,u + An(x,u)))

= (1-2) d, n(x, u),

which implies that (d, n(x,u)) <0, vd € d_f().

This contradicts. Hence, we have f(u + An(x, u)) < f(u), for each [0, 1). The above inequality for A = 1 is derived regarding the
continuity of f, and the proof is completed.

Theorem 2.3.4
Suppose that n satisfies. If f is pseudo-invex with respect to 1 on S, then f is strictly-quasi-preinvex with respect to 1 on S.

Proof

By contradiction suppose that f is not strictly-quasi-preinvex, then there exist x, u € S and a X € (0, 1) such that f(x) < f(u) and
Fu+an(x, w) = f(u).

Regarding the pseudo-invexity of f, we have n(u, x) # 0. Setting X = u + An(x, u), we get f(X) > f(u) > f(x). By the pseudo-
invexity assumption we have

(d,n(x,x)) <0

for each d € o f(x). By assumption (A), we have

0>(d, n(x, ®) = (d,n(x,u + An(x,u)) = (1- 1) {d, nx,w)
And (d, 1(u, ) = {d,n(wu + (6 w)) =k (d,n(xw).
Hence

(d,n(u,x))>0

for each d € J.f(x), and thus we have f(x) < f(u) by pseudo-invexity assumption. Therefore f(x) = f(u).

On the other hand, since S is open and f is locally Lipschitz on S, there exists a 0 <4< 1 such that Bs(x¥) € S and f is Lipschitz on
a neighborhood of [x + dn(u, X), ¥] SBs(x), for each & € (0, §]. Now, for each ¢ > 0 there exists a Ze sin the € -neighborhood of
the line segment [x + dn(u, X), X] and a vector d s€ Opf(z¢ 5) such that f(X) — f(x + on(u, X)) < -3 {decs (W, X)) + ¢ .

Now if ¢ | 0, then the sequence {z¢ s} has a subsequence, say { Ze,6 }. such that z_ s— %5 where %5 belongs to the line segment

[x+dn(u, ), x]. Let the subsequence of {d¢ s} which is corresponding to { 22,6 } be denoted by { de.s

}. This subsequence is

bounded and has a weak convergent subsequence, say {OI .9 }, where de.s ¥ ds. We get ds€ dLf(%s). Now if & | 0, then X5
— x and regarding the above discussions without loss of generality we can assume that ds — d, where d € 6,f(%). This implies
that

é1;11,%.“96_) _.f(-f;' 571(11,9?)) S _ (n(u’ f))< 0

Thus there exists a vector X and a p € (0, 1) such that
S 3% =x + un(u, X) and f(X) > f(X) = f(u). Hence, using the pseudo-invexity assumption we get (r, n(u, x))< 0 and (m, n(x, X))<
0 for each n € O_f(X). Therefore,

—u(n.n(u.ﬁ?))> 0

0>(m,n(x, %) =—1",

This is an obvious contradiction, which completes the proof.
~og~
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Theorem 2.3.5
(i) If f is invex with respect to n on S, then & f is monotone with respect to 1 on S.
(ii) If f is Lipschitz and then the reverse of (i) holds.

Proof
(i) Consider arbitrary x, u € S. By invexity hypothesis, we have

fx) = f(u) = (d, n(x,u))
for each d € 0. f(u), and

fw) = f(x) 2(d, n(u, x))

for each de 6._f£x). Thus, we have

(d,n(x,w) +(d,n(w,x))<0

for each d € 0. f(x) and d€ 0L f(u), and the proofis complete.

(ii) Consider arbitrary x, u € S and arbitrary d € o_f(u). We need to show that

f(x) = f(w) = {d, n(x, w)).

Since f is Lipschitz on a neighborhood of [u + n(x, u), u + %n(x, u)], for each € > 0 there exists a z in the €-neighborhood of the

line segment [u + n(x, u), u + %n(x, u)] and a vector de opf( ‘e ) such that,

ftne,w) — f(u + 0w )23 (den@xu) - ¢ .

Now if ¢ | 0, then the sequence {z} has a subsequence, say {Z}, such that

Z— cle[u + n(x,u),u + %n(x,u)].

Let the subsequence of {d} which is corresponding to {Z} be denoted by {d}. This subsequence is bounded and hence it has a
weak convergent subsequence, say {d}, where d 5 di. we get di€ dLf(c1). Therefore, by ¢ | 0, we have f(u + n(x, u))ff(u +

%n(x, u))zidl,n(x, u).

Since ¢1€ [u + n(x, u), u +§n(x, u)], we have c; =u + 01m(x, u) for some 6,€ [é, 1].

Since S is open and invex,

[u + %n(x, u),u + (Sn(x,u)]g S, Vo E(O,%).

Suppose that n(x, u) # 0. f is Lipschitz on an open neighborhood of [u +§n(x, u), u + dn(x, u)]. Hence, for each € > 0 there exists

a z¢s in the ¢ -neighborhood of the line segment [u +§n(x, u), u + dn(x, u)] and a vector des€ Opf(zes) such that, f(u +
n@xu))- fu+onee, w) = (3 - 8)(de,8,nxrw) - ¢ .

Now if ¢ | 0, then the sequence {z¢ s} has a subsequence, say { 2e,6 }, such that

Ze,o —>05E[u +%r)(x,u),u + 6n(x,u)].

Let the subsequence of {d¢ s} which is corresponding to {Z‘s' 5} be denoted by { de.o }. This subsequence is bounded and

de s

hence it has a weak convergent subsequence, say { de.s }, where % d. we get, ds€ OLf(cs).

Therefore, by € | 0, we have

f(u +3000w)- fu+ e w) = (- 6) (da,n(xw),
Since ¢cs€ [u +%n(x, u), u+ on(x, u)], we have cs = u + 8sn(x, u) for some 6s€ [3, ;]
By monotonicity of 0L f and we have,

0>d, n(c, u) +dl, n(u, cl)

=01 <d — d1, n(x, u)>

And 0 > d, n(cd, u) + dgs, n(u, cd)

=05 <d — ds, n(x, U)>,

for each 6 € (0,%). Therefore, regarding 01, 65> 0, we have
(d,n(x,u)) < <d, n(x, u)>

And (d,n(x,u)) <,<ds, n(x, u)>,

for each & € (0,%). Which imply that

JO0) = fu+dn(x, w) = (1 - 8) {d,n(x,w)).

Thus, since f is continuous by 6 | 0, we get

f) = fw) = {d, n(x,u)),

and the proof is complete, when n(x, u) # 0.

If n(x, u) = 0, by assumption (B), we have f(x) — f(u) > f(u +n(x, u)) — f(u) = 0= (d, n(x,w)),
and the proof is complete.

Part (ii) of the following theorem corrects and generalizes part (ii).
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Theorem 2.3.6
(i) If f is quasi-invex with respect to 1 on S, then OLf is quasi-monotone with respect to n on S. (ii) If f is Lipschitz and OLf is
quasi-monotone with respect to n on S, then f is quasi-preinvex with respect to 1 on S.

Proof

The proof of part (i) is straightforward. To prove part (ii), consider x, u € S such that f(x) < f(u). Since f is continuous, we need
to prove that f(u + An(x, u)) < f(u), for each A € (0, 1). By contradiction suppose that

f(ut An(x, w)) > f(w) = f(x),

for some A€ (0, 1). Therefore, regarding assumption (C), we have

f+InCx, w) > f(u+n(x, u)).

Since f is continuous, regarding the two last relations, we have

f+am(x, w) > £(), and f(u+dan(x, w) > f(u +nx, u)

for some A1 € (0, 4) and A2 € (4, 1).

Since f is Lipschitz on a neighborhood of [u, u + A1 n(x, u)] and hence for each ¢ > 0 there exists a z in the ¢ -neighborhood of
the line segment [u, u + A1n(x, u)] and a vector d€ depf(z) such that f(u + An(x, u)) — f(u) <A1 d, n(x, u) + €.

Now if ¢ | 0, then the sequence {z} has a subsequence, say {Z}, such that

Z — 1€ [u, u + n(x, u)].

Let the subsequence of {d} which is corresponding to {z} be denoted by {d}. This subsequence is bounded and hence it has a
weak convergent subsequence, say {5}, where d Sd1. We get di€ OLf(cl). Therefore, we have c1 = u + 01m(x, u) for some 0:€ [0,
], and

0 <f(u+Am(x, w) — f(u) <A dl, n(x, u).

In a similar way, there exists a c2€ [u + n(x, u), u + Am(x, u)) and an d2€ . f(c2) such that c; = u + 6,m(x, u) for some 02€ [z, 1],
and 0 <f(u + Aan(x, w)) = f(u +n(x, u)) < (A2 = 1) <dz, n(x, U)>.

Hence, <d1, n(x, u)> 0 and <da, n(x, u)> < 0. By assumption (A) and we have

<d1ﬂ1(CZv Cl)> = <d17 T](lﬁeﬂ](xa u)n U+91n(x: U) = <d1ﬂ](u + eln(xa u) + (92 - el)n(xa u)a u-+ elﬂ(xx U))>

= <dg, n(u + Oim(x, u) + 92- Zln(x, u+ 0m(x, w), u+ Om(x, u))>

1-6
=<ty Tgrm(x, u+ 0m(x, )>

= (02— 01) <d1,n(x,u) >0
and < da, n(c1, €2) = dg, n(u + 01m(x, u), u + B2n(x, U))>
= <d2, n(u + Om(x, w), u+ Om(x, u) + (02 — ON(x, u)>

= <z, n(u + 0n(x, W), u+ B (x, )+ Cr, u+ Om(r, U)>
_ 62-61
=<da,T—(x, u+ 6in(x, u)>

= (01— 02) <dz, n(x, u) > 0.

Therefore we get <d1, n(c2, ¢1)> > 0 and <d., n(c1, €2) > > 0. These contradict quasi-monotonicity of d.f, and completes the proof.

Conclusion

This paper provides us the characterization of basic solutions as the extreme point of the set of feasible solutions which shows that
if there is a feasible solution for an IP then there must be a basic feasible solution. This property has been strengthened and
characterizes the basic optimal solutions of an IP and guarantees that a basic optimal solution can be constructed from an optimal
solution and shows how the invexity is done in separable Hilbert space.
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