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Abstract

In this paper we prove some fixed point theorem in Cone Banach Space by the help of continuous and
compatibility of mappings. This results is a generalization of many results in this literature.
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1. Introduction

In 2007, Huang and Zhang ™ introduced the notion of Cone Metric Space, replacing the set of
real numbers by ordered Banach Space and proved some fixed point theorems for functions
satisfying Contractive conditions in this space. In the last decade many researchers fined fixed
point theorems in this space and generalized many results such as M.Abbas, G.Junck 4, R.K.
Gujetiya et al. [l etc. very recently some results on fixed point theorems have been extended to
Cone Banach Space. E. Karapinar P! in 2009 proved some fixed point theorems for self
mappings satisfying some contractive condition on a Cone Banach Space.

1.1 Definition 1: I'1 Let E be a real Banach spaces and K be a subset of E. K is called a cone if
and only if

a) Kiis closed, nonempty and K# {0},

b) ax+byinK forall x,yin K anda, b>0,

¢) xeKand—xeK=x=0 Kn (-K) = {0}.

Consider a cone K c E. We define a partial ordering “ < “ with respect to K by x <y if and
only if y-x € K, we write x <y to indicate that x <y but x #y and x <<y to indicate that y-x
€ intK. The int K denotes the interior of K.

Let X be a non empty set and K c E be a real Banach space. Suppose the metric mapping d:
Xx X— E is satisfies the following conditions:

1. d(x,y)>0and d(x, y) =0 iff x=y, for all x, y in X,

2. d(x,y)=d(y, x), forall x, y in X|

3. d(x, z)<d(x, y) +d(y, z); forall X, y, z in X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

1.2 Definition 2: ['] Let, X be a vector space over R. Suppose the mapping ||. ||: X—E satisfies
1. ||x||>0, forall x € X.

2. |Ixl| =0 if and only if x=0.

3. lIx+yli=Ixll +llyll, for all x,y € X,

4. kx|l = |k|[|x]], forall k € R.

Then ||. | is called a norm on x, and (X,]|. ]| ) is called a cone normed space. Clearly each cone
normed space is a cone metric space with defined by d(x,y)= ||x — yII.

1.3 Definition 3: [l Let, (X,]|.|| ) be a cone normed space, x€ X and {x»} a sequence in X.

then

1. {xn} converges to x if for every ¢ € E with 0<<c there is a natural number N such that
|Ix, — x|| < c for all n > N. we shall denote it by lim Xn=X Or, Xs—X.

n—-oo
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2. {xa} is a Cauchy sequence, if for every ¢ € E with 0<<c there is a natural number N such that ||x, — x|l <c for all n,m > N.
3. (X]I-1I) is a complete cone normed space if every Cauchy sequence is convergent.
A complete cone normed space is called a Cone Banach space.

1.4 Definition 4: Two self maps A and B of a cone normed space (X,]|. || ) are said to be compatible if lim ||[ABx, — BAx,|[ =0
n—oo
for all a in X, where {X»} is a sequence in X such that if lim Ax,= lim Bx,= x for some x in X.
n—-oo n—-oo

1.5 Definition 5: Maps f and g are said to be commuting if fgx = gfx, for all x € X.
1.6 Definition 6: Let, f and g be two self maps on a set X, if fx=gx for some x in X then x is called coincidence point of f and g.

2. Main Theorem

2.1 Theorem 1: Let, (X,||. || ) be a Cone Banach Space and f,g,h, | be mappings on X such that

1. ||hx = ly|| <k max{||fx — hx||,/lgy — ly|l,||fx — gy||}, where O<k<1 ..(D
2. fand g are onto mappings.

3. fis continuous.

4. (f, h)and (g, ) are commute

Then, f, g, h and | have a unique common fixed point.

Proof: Let, xo € X be arbitrary, then I(xo) € X, since f is onto there is an x1€ X such that f(x1)= 1(xo). let, yo= f(x1)= I(Xo). Again
X1€ X since, g is onto there is a X2€ X such that g(x2) =h(x1). Let, y>= g(x2) =h(x1). Continuing like this we get a sequence {yn}
such that yan= f(Xzn+1)= 1(X2n) and yzn+1= g(Xan+2) =h(Xzn+1). We have from (1)

Iy2n-1 = Yanll = l1h(xzn-1) = 1(xz20) |l

<kmax{ [[f(xzn-1) — h(Xzn-1Il, [[g(*2n) — IG2n)Il, If(X2n-1) — X201},

=kmax { lyzn-2 = Yan-1ll: [Y2n—1 = ¥Y2nll: [Y2n-2 — Y2n-1ll} -(2)

Iflly2n-1 = Yanll>llyzn-2 — y2n—1l then, from (2) we get,

Iy2n-1 — Yonll £k Iy2n-1 — YanllI<lly2n-1 — y2nll (as 0<k<1)
Which is a contradiction, so ||yan—1 — V2nll<lY2n—2 — V2n—1l and from (2) we get,

Iy2n-1 = Y2nll< k Iy2n-2 = Y2n-1ll -(3)

ANnd, [lyzn — Yan+1ll = [Ih(X2n) — 1(Xzn+1)l
<k max{ [|f(xz5) — h(xz0)|l, [8(Xzn+1) = 1(Xzns+ DIl 1f(2n) — 8(Xans )1}

=kmax { lyzn-1 — ¥znll, Iy2n — Yzn+1ll, Iy2n-1 — y2nll}. .4

1T 1ly2n = Yan+1lI>lly2n—1 — y2nll then, from (2) we get,

Iy2n = Yans1ll Sk llyzn — Yons1lI<llyzn — Yons1ll (as 0<k<1)
Which is a contradiction, 0 ||yon — Van+1|I<I¥2n—1 — V2nll @nd from (4) we get,

Iy2n = yzn+1ll< k ly2n-1 — y2all, ...(5)
From (4) and (5) we get, [ly, — yn41ll <K"llyo — y4 I ...(6)

Now, let m > n, then,

||Yn - Ym” < ||Yn - Yn+1” +||Yn+1 - Yn+2” +~~~~+||Ym—1 - Ym”
(k" +K™ Ak Jlyo — vl (by (3))

K (1-k™ K0
==y, — yallsg=llyo — vl (7)
Let, ¢ >0, then there is a 6 >0 such that c+N;s(0) € H where Ns(0) ={y € X: |ly|| <8}. Since k <1 there exists a positive integer N
such that ||y0 y1ll <8 for every n > N Hence ||y0 y1ll € Ns(0), which implies — ||y0 y1ll € Ns(0). Therefore, ¢

- E ||y0 y1|| ec+Ns(0)cH |mpI|es ||y0 y1|| < ¢ for n >N. So, by definition {yn} is a Cauchy sequence in X.

Since X is complete there exists a z in X such that lim y,=z, and lim Ixzn= 11m fXoni1 = hm thn+1—l1m gXan+2= z. Continuity of f

n—-oo n—-oo

implies f2xons1—fz. Since h and f commute h fxonei=thxonu—fz. . (8)

We have from (1),
”hf(X2n+1) - l(XZn)”
<kmax{ [[ff(xzn+1) — hf(n4 ) ILII8(X2n) — 120l 1ff(X2n4+1) — 8&2n) 1}

~144~



International Journal of Statistics and Applied Mathematics

=k max { ||fz — fz||,||z — z||,||Ifz — z[|} (by(8))
=k max {0,0,||fz — z||}.

Taking 11m in the above inequality we get,
lIfz — Z||< k |fz — z||<||fz — z]|| (as 0<k<1)

Which gives ||fz — z||=0i.e., fz=z. 9)

Now put x=z and y=xa, in (1) and get,

lhz — 1(x2n)I< k max{ [[fz — hz||, lIg(x2n) — 1(xzn)ll, [Ifz — g(x2n) I}
=kmax{llz —hz|l, l|lz -zl l|lz — zll},

=k max {||z — hz|[, 0,0}.

Taking 11m in the above inequality we get,

[lhz — Z|| < k |lhz — z||<||hz — z|| (as O<k<1)
Which gives ||hz — z||=0i.e.,,hz=z. (10)
Since, g is onto, so there existsa u in X such thatgu=z. ... (11)

Put x= fxzn:1and y=uin (1) and get,

Ihf(xzn+1) — lull<k max{ |ff(xzn41) — hf(an4 ), lgu — lull, 1ff(xz041) — gull},
=k max { |Ifz — fzl|,||z — lul|,|Ifz — z||}, (by(11))

=k max {0,|[lu — zl|, |z — z[l}, (by (9))

=k max {0,|[lu — z[|,0 }.

Taking hm in the above inequality we get,
llz — lu||< k [llu — z||<|[lu — z|| (as 0<k<1)

Which gives ||[lu —z||=0i.e., lu=z. (12)
From (11) & (12) we get, lu=gu=z. reenen(13)
Since, g and | are comute. So, lgu=glu i.e., Iz=gz. (by (23)) .. (14)

Now put X= Xzn+1and y=z in (1) and get,
Ilhxznq — Iz|| <k max{ [[fxzns1 — hxonyqll, 182 — 1zl IfX2041 — g2},

Taking lim in the above inequality and using (13) we get,
n—oo
llz — 1z|| <k max{ ||z — z||, llz — zl|, llz — zl|}=k max { 0,0,0} =0

So, Iz=z. eeeen(15)
So from (14) and (15) we get Iz=gz=z. (16)

From (9), (10) and (16) we get, hz=fz=gz=Iz=z.
Hence, z is a fixed point of h,f,g and I.
To prove uniqueness of z, let, if possible there exists another fixed point w(#z) in X.

So, hw=fw=gw=lw=w. (17)

Put, x=z and y=w in (1) and get,

Ihz — Iw|| <k max{[|fz — hz||, lgw — Iw||, ||fz — gwl|},

Or, llz — wll <k max{l|z — z||, lw — wl|, |z — wl|} (by (16) and (17))
=k max {0, 0, ||z — w||} =k||z — w||<||z — w]|. (as 0<k<1)

So, ||z — w||=0. i.e., z=w.

So, the fixed point z of h,f, g and | is unique.

2.2 Theorem 2: Let, (X,]. || ) be a Cone Banach Space and f and g be two self mappings on X such that
lIfx — gyll < k max{|lx — x|, lly — gyl. llx — ylI}, where O<k<1...(18)
Then, f and g have a unique common fixed point.
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