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Abstract

This paper compares the efficiency of system generalized method of moments (GMM) estimator and the
new system GMM estimator and also assesses the potential loss of efficiency of one-step system GMM
estimator and new one-step system GMM estimator compared to their respective two-step GMM
estimators by computing the Kantorovich Inequality Upper Bounds (KIUB). The KIUB is computed
using the weight matrices of the one-step and the two-step GMM estimators. Here, the weight matrix of
two-step system GMM estimator is computed using the one-step system GMM estimator without using
limiting property. Through Monte-Carlo simulation we observe that the system GMM estimator
involving new initial weight matrix has a minimum loss of efficiency compared to the system GMM
estimator involving conventional initial weight matrix.

Keywords: Autoregressive panel data model, system GMM estimator, Kantorovich inequality, Monte
Carlo simulation

1. Introduction

Magness and McGuire (1962) M used the Kantorovich Inequality Upper Bounds (KIUB) to
determine the efficiency of OLS estimator compared to the best linear unbiased estimators for
the vector-regressor case in the general linear model. The KIUB for matrix-regressor case
including single positive definite matrix is given by Marshall and Olkin (1990) B and
Baksalary and Puntanen (1991) [, Later, the KIUB with two positive definite matrices is
presented by Wang and Shao (1992) (6],

In the panel data context Liu and Neudecker (1997) ¥l present the new multivariate versions of
the KIUB with two positive definite matrices for Minimum distance (MD) estimator,
Generalized Method of Moments (GMM) estimator and Weighted Least Square (WLS)
estimator and are applied to compare the inefficient and efficient estimators.

Windmeijer (2000) [ has used the approach of Liu and Neudecker (1997) B and computed
KIUB using the weight matrices of one-step and its respective two-step system GMM
estimator, where the weight matrix of two-step system GMM estimator is computed based on
the asymptotic properties (s = plim W3, where W3l is the weight matrix of one-step
system GMM estimator) and it is observed that KIUB values increases for the case T > 4.

In this paper, the KIUB are used to obtain the efficiency loss of one-step system and new one-
step system GMM estimators compared to their respective efficient two-step estimators. The
KIUB are computed for the one-step system GMM estimator with conventional weight matrix
and the new one-step system GMM estimator with new weight matrix. The weight matrix of
two-step system GMM estimator is computed without using the asymptotic property (s =
Wah).

The rest of the paper is as follows. Section 2 provides the AR(1) panel data model, its
assumptions, system GMM estimator and New system GMM estimator. Efficiency loss of
system and new system GMM estimators is presented in Section 3. Monte Carlo simulation
design, results and discussions are given in Section 4. Section 5 presents some concluding
remarks.

2. AR(1) panel data model and assumptions
The first-order autoregressive panel data model is given by,
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yit = 6yit_1 + uit,i = 1, 2, ...,N; t= 2, 3, ...,T. (1)
Uig = Mi + Ve

Where, n; are individual effects, v;, are idiosyncratic errors, N is number of individuals, T is time period.
The initial value is given by,

Vi = T+ wy, fori = 1,2, ., N, )
Where, w;; = Y72, 6/v;;_; and independent of ;. It is assumed that,

E(TIL) = E(vit) = E(T]ivit) = E(yilvit) = O,l = 1, 2, ,N, t= 2, 3, ,T

E(Uitvis) = 0,l = 1, 2, ,N, t +s.

And

V() = 62, V(v = 62, V(uy) =c2,i=1,2,..,N;t =2,3,..,T.

2.1 System GMM Estimator

Under the above-mentioned assumptions, Blundell and Bond (1998) [? considered system GMM estimator in which the moment

conditions of system GMM estimator are the combination of the moment condition of first-difference and level GMM estimators
and is given by,

E(Z'ius) =0 (©)
Where,
_ Zdi 0 . _ Aui
za=[" )iwa=[]
With,
viin O o .. 0 .. 0 Ayiy 0 0
Zy = 0 3’11 yLZ 0 0 7y = 0 A):iS 0
0 0 0 yil yiT—Z 0 0 AyiT—l
And
Aul'3 ui3
Aul-= A‘L.lm- U = u;i4
Aul'T uiT

The one-step system GMM estimator is given by,
Slsys = (5’—1 Zs Wy Z; 5—1)_1 (Sl—l Zs Wy Z; s) (4)

Where, s; _, is the 1 x 2(T — 2) vector (Ayi,, ..., AVit—1, Viz, -, YiT-1): Si 1S the 1 x 2(T — 2) vector (Ay;s, ..., AYiT, Vizs > ViT),

s_; and s are stacked across individuals. Wy; = (N~1 N, Z5A; Zg “isa ((T_Z)Z&) +(T-2) x (W) +(T-2)

weight matrix. Where, A; = [’%‘i 12] with A; isa (T — 2) X (T — 2) matrix with 2’s on the main diagonal, -1's on the first sub-
l

diagonals and zeros otherwise and A, is a (T — 2) x (T — 2) diagonal matrix.
The efficient two-step system GMM estimator is based on the following weight matrix:

1 e -1
W, = (ﬁ §V=1Zsi Ug; Ugy Zs; ) 5)
Where, 1ig; is a residual obtained from the one-step system GMM estimator Slsys.

2.2 New System GMM Estimator
The new one-step system GMM estimator considers the new weight matrix (W,4;), instead of conventional weight matrix (Wg,)
and is given by,
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- , -1
Whst = (N 1ZiNzlzsiAns Zsi (6)
Wh A—Ado'thA' T-2 T — 2) matrix with a2 on th in di I and 0,2 otherwi

ere, As = | A, with A, isa (T — 2) x (T — 2) matrix with ;; on the main diagonal and o7 otherwise.

The new two-step system GMM estimator is based on the following weight matrix:

Wasz = (3201 2 flnsi Wy Z )_1 @
ns2 — |y «i=1 nsi “nsi
where, il,,,; is a residual obtained from the new one-step system GMM estimator.

3. Efficiency Comparison

To detect which initial weight matrix is to be used to obtain the efficient one-step system GMM estimator, without calculating its
variances, the KIUBs are calculated to compare the efficiency difference between the one-step and two-step system GMM
estimators.

Let us define,

_ oy 5(7,, g2 01 L O
YEA—er 152 P T a—02 1-0°

3.1 Efficiency comparison of the one-step system GMM estimator compared to its efficient two-step estimator
Expression for the efficiency comparison between one-step system GMM estimator and its efficient two-step estimator is obtained
using the initial weight matrix Wj,, which is similar to the expression derived by Liu and Neudecker (1997) B! and is given by,

A, +4
(GWe1Go) ™ Gy Wi hs Wiy Go (G Wiy Go)™ 1<%(60w560) g 2

Where Gy = (s’1Zs) and Ag, > --- = Ag_ are the eigenvalues of the matrix YWy, with m = (w) + (T — 2). The two-
step estimator is asymptotically efficient but not the one-step estimator, since s is based on the one-step estimator, we do not
calculate it by using asymptotic property (Y5 = plimpy_eWsz).

Now s, is given by,

N
1 I~ Al
lIJS = (NZ Zsi Usi Ugg ZSi )
i=1

of E(Al;3)? oy E(Al;3AT, ) Yy E(A G3A0;,)
oy E(Ali;3AT;,) oy E(Afl,)? y E(Af,)?
Y E(A 1341,,) y E(Aflyy)? oy E(Afi,)?
Ys = o2 o2 o o’
“1+6 E(Q3A7,;3) “1+s E(U3A10;,) 1+6 E(U3A7;,)
o2 2 - PN
- 1+6 E(Q4AT;3) (1 n 5) = E(QuAly,) — 1-I-_5 E(Q4AT;4)
av 60,,
1 + 5 E(ul3Aul.3) - E(ul4Aul3)
a,, 2
1 + 5 E(ul3Auz4) (1 + 5) E(uu}Auul-)
2 2
% E(sbiy) 2 E(fuabily)
(1+96) e 1+6 e
202 ~ 6 -2
1 +v6 E(Afl;3)? TSV E(Q314)
6 -2 2072 R
T{gv E(Q3t4) 1+—v§ E(Afi,)?
Further,

N -1
W, = (N-l > za, zsi)
i=1
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[ 2 1

—_— —_— 0 0 0
303 30}
1 (4o —-7v?) 14 0 0
30} 60i(oy —v?) 2(oy —v?)
2
y o
Wa=]0 - Y 0 0
o 20—y 2003 -7
1+46)
0 0 0 0
202
1+6)
0 0 0 0 207 |

Now, the matrix B = Wy, is given by,

2 E(Afi3)? + E(Afij3Aflyy) E(Afi;3)? + 2E (Afij3Aflyy)
3 3
2E (Afij3Af;,) + E(Afl,)? E(AMijAl;,) + 2E(Afl;,)?
3 3
Y[2E (Atl3A0,) + E(AQ,)?] Y[2E(Afl;3A04,) + E(All,)?]
302 602
_01;2[2E(ﬁi3Aﬁi3) + E(11;3A1;) | E(11;3A1;3) (4‘7; - VZ + 3YO'3%)E(ﬁi3Aﬁi4) _ 013
302(1+9) 30} 60 (o) —v?) 144
—805[2E (W4 A;3) + E(Q;4A0;4) 1 [E(Q4AT53) (4‘503/ 5y? — 3}’0 VE (T4 AThy4) _ o;
30f(1+96) 30¢ 603 (0y —v?) 1+6
0 _ E(Q3A1;3) _ OE (W14 AT;3) 1
2 2
0 _ E(@1;3014) _ BE(Q,Atly,)
2 2
E(All;,)? E(f1;3A14) )
2 2 2
02E (5 Al 6 — 1)E(ti;51;
v ( i3 14-) E(Aﬁi3)2 ( ) ( i3 14)
2(1+68)(cf—-v) 2
02(86y — 02)E(fiyy Allyy) (6 — 1)E (fi31154) R
v y i4 i4 i3%i4 E(Aui4)2

2(1+8)(oy—vH 2

()‘B1+7‘Bm)2

B1/Bm

Now, compute the eigen values of matrix B and substitute in the expression , which is the required KIUB.

3.2 Efficiency comparison of the new one-step system GMM estimator compared to its efficient two-step estimator
Expression for the efficiency comparison between new one-step system GMM estimator and its efficient two-step estimator is
obtained using the initial weight matrix W4 is derived and is given by,

A +1
(GO nslGO) 1GO nsllz[}ns nslGO(GO nslGO) ! M(Gol/)nsGo) ! (9)

4AB11 A Bnm

Where, A , =+ = A are the eigenvalues of the matrix Y, Wys;.

Now s is given by,
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0'3% E(Aﬁni3)2 0-; E (Al 3000, ) Y E(A QpizAlingg)
0-3% E(Aﬁni3Aani4) 0-3% E(Aﬁni4)2 Y E(Aﬁniz})z
Y E(A Gy34100,) Y E(Aﬁnizl)z 0-33 E(Aﬁni4)2
Yns = Uv 2 Jv
- 1+ 5 E(unl3Aun13) 1 T 5 E(umSAunM-) 1+ 5 E(unLSAunM)
Sa? So? o2 . R
1 T 6E(unl4Aum3) (1 T 5)E(unl4Aum4) - 1+6 E(uni4Auni4)
o2 o 8o
- 1+6 E(uni3Auni3) 1 + é-E(unMAunB)
2 2
1 + 5 E(umSAunu}) (1 + 5)E(um4Aum4)
2 2
(1 T+ 6) E(unl3AuTLl4) 1 T 5 E(unl4Aum4)
202 R 6 -2 =
T +v§ E(Afl,3)? TSU E(Uniztinia)
6 —Dao2 = 2 .
T&v E(@ni3Unia) 1 _:5 E(Afly4)°
Further,
N -1
Whs1 = (N_l Z Z;iAns Zsi)
i=1
= ! 0 0 0
30} 30
1 (407 -7v?) 14 0 0
30f 60;(oy —v?) 2(oy —v?)
14 ay
=0 - 0 0
2(oy —v?)  2(0y —7?)
0 0 0 21+ 6)0,%05 1- 52)0{7t
02402 —02(6 —1)?| o2[402 — 02(5 — 1)?]
0 0 0 1-6%ay 2(1 + 8)ojaf
o2[402 —02(6 — 1)?] o2[402 — 02(5 — 1)?]]

Now, the matrix B, = y,,sWys, IS given by,

2 E(Aﬁni3)2 + E(AﬁniSAﬁnM)
3
ZE(AﬁnBAﬁnM) + E(Aﬁniz})z
3
Y[2E (Afly3A154) + E(Aﬁnm)z]
B, = 303%
_01;2 [2E (fl;3A100:3) + E(flni3A1054) |
302(1+6)
_60-1? [ZE(ﬁnMAumS) + E(ﬁnMAﬁnM) ]
30'y 1+
E(AﬁnB)z + ZE(AﬁnBAﬁnM) 0
3
E(Aﬁni3Aﬁni4) + ZE(AﬁnM)Z 0
3
Y[2E (Mipi3Ainia) + E(Aly4)°) E(Miy4)*
60} 2
E (1,301 53) (4'0_311L - yz + 3V0-3%)E(ﬁni3Aﬁni4) _ 0-1? GgE(anB Adlyyy)
30 605 (ay —v?) 1+6 2(14+8) (o5 —-v)
E (T4 A 3) (460'3[/1- - 6]/ - 3y0'y)E(ﬁni4Aﬁni4) _ 0'1? 0-1? (6y - U;)E(ﬁnm Adlpgy)
305 605 (ay —v?) 1+6 2(1+8)(oy —v?)
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_ 0-1? [ZGIEE(anBAﬁnB) + Urfé‘(l - S)E(ﬁnMAﬁnB)]
[40{} —o7(6 - 1)2]
_ Oﬁ [ZOﬁE(ﬁnBAﬁnM) + 0-156(1 - 6)E(ﬁni4Aﬁni4)]
[40{{ —o7(6 - 1)2]
0-7% [ZoﬁE(aniSAﬁnM) - 0-7? (1 - 5) E(ﬁnmAaniz})]
[40{} —o7(6 - 1)2]
O-r? [40-1%E(ﬁni3)2 - 0-1?(1 - S)ZE(ﬁnBﬁnM-)]
[40{} —o7(6 - 1)2]
2(6 - 1)0-15 [UI%E(ﬁnBanM) - OﬁE(anM)z]
[40{} —o7(6 - 1)2]

02[02(8 — DE (flni3Ayiz) — 2602 (UigMinis)] |
[408 — o7 (8 — 1)?]
02[02(8 — DE (lnizApis) — 2602E (UpigAiniy) |
[40'{} —07(8 — 1)2]
02[02(1 = 8)E (flnizAiyis) — 202E (WpigAiniy) |
[40'{} —07(8 — 1)2]
07[202(1 = 8)E(@i3)* — 2(8 — 1)0ZE (UyizThnia) ]
[40'{} —07(8 — 1)2]
0',? [40-1%E(ﬁni4)2 - Jr?(l - S)ZE(ﬁnBﬁnizl)]
[40{} —o7(6 - 1)2]

2
(}‘Bnl +}‘Bnm)

4ABy1ABm

Now, compute the eigen values of matrix $B$ and substitute in the expression , which is the required KIUB.

4. Simulation Design
To investigate the finite sample performance of the above-mentioned estimators we carry out the Monte Carlo simulation. The
data generating process for the autoregressive panel data model is as follows:

Yie = 0Yie—1 + 1 + vy

Ni

T—s "

Vi1 =

o2
wi ~N (0,1_—1752>; n: ~ N(0,02); vie ~ N(0,02)

The number of individuals N = 50, 100, time period T = 4, variance of idiosyncratic error term o2 = 1, values of parameter § =
{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} and variance of individual effects a,? = El 4} and the results are based on 10000
replications.

5. Results and Discussion

Table 1: Kantorovich inequality upper bounds of one-step system GMM estimator

8

vr N 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1/4 50 2.34 2.17 2.03 1.91 1.80 1.71 1.62 1.53 1.48
100 2.36 2.20 2.05 1.94 1.83 1.75 1.67 1.57 1.49
1 50 1.93 1.82 1.73 1.66 1.60 1.55 1.53 1.52 1.64
100 1.94 1.83 1.73 1.66 1.61 1.56 1.53 1.52 1.58
4 50 247 2.32 2.17 2.03 1.91 1.78 171 1.72 1.81
100 2.58 2.44 2.29 2.20 2.09 1.94 1.83 1.75 1.95
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Table 2: Kantorovich inequality upper bounds of new one-step system GMM estimator

Fig 1: Efficiency comparison of one-step system GMM estimator and new one-step system GMM estimator with compared to its respective two-
step estimators.

Table 1 and 2 provides the KIUBs of the one-step system GMM estimator (SYS) with the initial weight matrix Wy, and the new
one-step system GMM estimator (NSY'S) with the new initial weight matrix W, respectively. Figure 1 presents the KIUB values

of SYS and NSYS compared to their respective two-step system GMM estimators.

2
From Table 1 it is observed that, when vr = 1 (vr = variance ratio i.e., vr = Z—'Z‘) the KIUB values of SYS is almost same for
v

both N = 50 and 100. When vr is less than or greater than 1, the KIUB values of SYS differs for both N = 50 and 100. Same
can be observed in the case of NSYS (Table 2). From Table 2 it is also observed that as vr increases KIUB decreases.
From both Table 1 and 2 it is observed that for different values of vr, KIUB decreases with §. For all the values of &, vr and N,

the KIUB values of NSYS are lesser than the values of SYS.

~111~

8
vr N 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1/4 50 2.31 2.14 2.01 1.88 1.76 1.66 1.57 1.46 1.38
100 2.33 2.17 2.03 191 1.80 1.71 1.63 1.52 1.40
1 50 1.63 1.54 1.47 141 1.36 131 1.27 1.25 1.25
100 1.63 1.55 1.49 1.43 1.38 1.33 1.29 1.25 1.24
4 50 1.22 1.19 1.16 1.15 1.13 1.12 1.11 111 1.10
100 1.22 1.19 1.17 1.15 1.13 1.12 1.11 111 1.10
Kl upper bounds (N=50, vr=1/4) Kl upper bounds (N=100, vr=1/4)
24
221 22-
20- 20-

% - nsys g & nsjs
18- B g5 18- | 3515
16- 18-

14- 14-
025 050 07 025 5 073
§
Kl upper bounds (N=50, vr=1) Kl upper bounds (N=100, vr=1)
18- 18-
% 16- & nsys g 16 & nsys
£ 55 & sys
14- 14-
025 050 07 0% 5 075
5
Kl upper bounds (N=50, vr=4) Kl upper bounds (N=100, vr=4)
25"
25
201 20-
% - nsys g - nsys
& 355 | sy3
15- 15-
0 Ia D.'IED 0 IT 0 I25 i D.j“
5
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The one-step GMM estimator is said to be efficient when the KIUB value is near to one. From the above two table it is found that
the KIUB values of NSY'S estimator is near to 1 than the KIUB values of SYS estimator. When vr = 4, § = 0.5 andN = 100, the
KIUB value of NSYS is 1.13215, indicating that the one-step NSYS estimator is 13% inefficient than its two-step NSYS
estimator.

Figure 1 shows that as vr increases the difference between KIUB of SYS and NSY'S increases and the same pattern is observed
for both N = 50 and 100. For all the values of §, vr and N, the NSYS has a minimum KIUB value than the SYS.

6. Conclusion

From the earlier study, it is known that the system GMM estimator is efficient for the autoregressive panel data model than the
other GMM estimators and also known that the two-step estimator is efficient than the one-step estimator.

In the above study, we computed the KIUBs for one-step system and new system GMM estimators compared to their respective
efficient two-step GMM estimators.

It is observed that the KIUB values of NSYS estimator is near to one than the SYS estimator, which means one-step NSYS
estimator is efficient than the one-step SYS estimator. We conclude that it is better to use the new weight matrix W,,;,to compute
one-step system GMM estimator instead of using conventional weight matrix Wy;.
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