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Abstract
The purpose of this paper is to apply the generalized Kummer’s summation theorem due to Lavoie et al.
BBl to establish two general multiple integrals involving Humbert hypergeometric functions of two

variables @ , and ‘1’2 . Some interesting applications of our main results are also presented.
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1. Introduction
In the usual notation, let | Fq denote generalized hypergeometric function of one variable

with p numerator parameters and g denominator parameters, defined by [
. w a X
.F, B :Z( -(3,), (1.1)
b1 o (b)), --.(0y),

where (), is the Pochhammer’s symbol defined by

B 1 , if n=0
(a)n _{a(a +]_)(a+ 2)(a+ n—l) if n=123,...... 42

The special case of (1.1) when p = 2, 0 =1 is usually called Gauss's hypergeometric
function , F,(a,b;c; X).

The confluent hypergeometric functions of Humbert @, and ‘¥, are defined as follows P!:

Z(a) n(@), X" y"

mnzo (0)isn m! n!’

. . _ c (a)m+n Xm yn
LTI 2 ), 6, mi -

®,[a,a’;b;x,y]= (13)

Exton [ 2 gave the definitions and the Laplace integral representations of the quadruple
hypergeometric functions K;, and K, as follows:

Klz(a’a a, a-bl bz’bs’b4;c1 G, CyCi X Y, Z, t)

(@) prgeres )y () (b)), (b)), X" y* 2"
_ZZZZ ( )p+q(C2)r+s pq'r'sl

~149~
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1 1 1 1 J~ J- Ie_s1_52_s3_s4 Slbl—lszbz—l 83b3—ls4b4—l
000

" T(b,) T(b,) T(by) T(b,)

O ey 8

x¥,(a;c,,C,; XS, +Vs,, 28, +ts,) ds, ds, ds, ds,
and

Kyp(a,a,bs,b,50,0,,8,,8,5¢,¢,¢,¢%,Y,2,t)

(@) piq (05), (by)s (), (by), (3,),,s xPytz" t

p=0 g=0 r=0 s=0 (C) p+q+r+s p' ql rts!

1 1
F®0F®)T®)F(0

O ey 8

J'IJ'e—sl—sz—s3—S4S by 182b2 153b3 1S4b4
000

x®d,(a,,a,;C; XS, +VS,,2S; +ts,) ds, ds, ds, ds, .

The Kampé de Fériet function of two variables F %% [X, y] is defined and represented as follows [

l:m;n

piCI;k{(ap)i(bq);(Ck); }_m jEli(a,-)nsJ_Ell(bj)r}:[l(cj)s Xy

minl@): (80003 ) @, T, fLoy, S

(1.5)

(1.6)

(L.7)

In the present investigation, we shall require the following generalization of the classical Kummer’s theorem for the series

R (=) B
ab ; ]_r@ra+a-b+hra-b)
l+a-b+i; | 2°T(@-b+i(i+]i])

o A
FGa+3i+i-[HPr@d+ia-b+3i)

B.
+ . 1
r<;a+;i—[;1>r<;+;a—b+;i>}

For(i=0,+1,+2,+3,+4,%£5),

(1.8)

where [X] denotes the greatest integer less than or equal to X and | X| denotes the usual absolute value of X . The coefficients

A and B, are given respectively in . When i =0, (1.8) reduces immediately to the classical Kummer’s theorem [

el ab i | T@+ra-brg)
*Yl+a-b; 2°T (l+ia-b)rita+l)’

The following results will be required also I:
(@)min= (@) (a+m),,

ii A(n,m) = ii A(n,m-n),

m=0 n=0 m=0 n=0
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(=D"(«)

(@)yn= - m; 0<n<m (1.12)
and

-1\"m!
(m—n)!:( Y m',Ogngm, (1.13)

(_m)n

2. Main Integral Formulas
Theorem 1. The foIIowing general integrals involving ‘P, holds true.

1 1 00 00 00 00 —$1-8,~83—S4 o D1—i-1o b1 b—i-1_ b,-1
I'(b,—1) I'(b,) F(b —i) F(b)-([.([.([.l‘ S S, S S,

x W, (@;C,,C, 1 X(5, ;). Y(Sy —8,)) dsyds,ds,ds,

2mg \,2m,

y

(a‘)2m1+2m2 (bl I)2m1 (b i)Zm2
- n;)ng:o (Cl)Zm1 (CZ)Zm2 (Zml) |(2m2)l

x (Ai.El + Bil Fl)(AquZ + Bi"Fz)

(a)2m1+2m2+1(b1 |)2m1+1(b i)2m2 X2m1+ly2m2
W)

=0, =0 (C1) 2m 1 (C2) o, (2my + 1)1 (2m,)!

x (Ci‘Gl + DilHl)(AquZ + Bi"Fz)

+Z z (a)2m1+2m2+1(b1 I)Zml(b I)2m2+1 2m1y2m2+1

0, 0 (€1)2m, (C2)2m,.2 (2My)1(2m, +1)!

<(AE, +BF)(C/G,+D/H,)

2mg+1,,2m,+1

(a)Zm +2m,+2 (bl I)2m +1(b i)2m +1X y
+ z Z 1+2mM, 1 2

m;=0m, =0 (01)2m1+1(02)2m2+1(2m1 +1) '(2m2 +l)|

X (CilGl + DilHl)(Ci"Gz + Di"HZ) . (2.1)

Theorem 2. The following general integrals involving @, holds true.

l 1 00 00 00 00 e L ~ o .
ijjje S —S,—S3 sASlbl i lszbl 183b2 i 1S4b2 1
) 0000

(b, —1) I'(b,) F(b i) I'(b,

x®,[a,c;d;x(s,—5s,), y(s; —S,)] ds,ds,ds,ds,

(a)zm1 (b, - |)2m1 ((:)2m2 (b, i)zm2 X2m1y2m2
) n;()n; (d)2m1+2m2 (2m1)|(2m2)|

x(AE, +BF)(AE, +BF,)
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H 2m;+1,,2m,
—an

y

(@) 2m,11 (B = 1) 21,41 () om, (B,
”1120”; (d)2m1+2m2+1(2m1 +1)|(2m2)|

x(CiG,+ DH))(AE, +BF,)

2my \,2my+1

y

(a')Zm1 (bl I)Zm1 (C)2m2+1(b i)2m2+1X
ng:on;o (d)2m1+2m2+1(2m1)!(2m2 +1)I

x(AE, +B/F)(C/G,+D/H,)

2m1+1 2m,+1

(a)2m1+1(b1 |)2m1+1(c)2m2+1(b I)2m2+1 y
) Z

o fepg (d)2ml+2mz+2 @m +1)!1(2m, +1)!
X (CilGl + DilHl)(Ci"Gz + Di"HZ) ) (2.2)
where

22" " ()T (1—2m, —b, +i)[(1-b,)
T (L=b, +5 (i +[i[)T (-m, +2i+3 [T @—m, b, +1i)

=

E 2°™ (LI (1-2m, —b, +i)T(1-b,)
" T (A=b, + 3G +[i ) (=m, +3i [} (-m, +3—b, +3i)

. 2™ (1T (=2m, —b, +i)T(1-b,)
" TQA-b +5(+|i)r (m, +3i—[%DT (-m, +1—b +3i)

2°™ 1T ()T (—2m

H = r_br+i)r(1_br)
" T @A-b + 3G+ i) (-m, -

L+ 3i=[Dr (-m, =b, + 1)

for i=0,+1,+2,+3,+4,+5 ;: r=12.

The coefficients A and B; can be obtained from the tables of A and B, given in [ by replacing @ and b by —2m, and b, ,
the coefficients Ai" and Bi" can be obtained from the tables of A and B, by replacing a and b by —2m, and b, , the
coefficients Ci' and Di' can be obtained from the tables of A and B, by replacing @ and b by —2m,—1and b, , the
coefficientsC, and D, can be obtained from the tables of A and B, by replacing @ and b by —2m,—-Land b, .

Proof of Theorem 1. Denoting the left hand side of (2.1) by S, then from the definition (1.5), we have
S = i (a) m, + py+my+p, (bl - i)m1 (bl) p (bz - i)m2 (bz) p, x™ (_X) > ym2 (_y) P

my, py,my, =0 (Cl)mler1 (CZ)mZer2 ml! pll mz! pZI

Using the results (1.10)-(1.13), then after a little simplification, we obtain
5o i (8) mam, 0 = 1), (B, =), X™ Y™

m;,m,=0 (Cl)m1 (Cz)m2 ml! mz!

_ml’ ; _mzybz !
x,F L . -1,R -1
-m —b +i ; 1-m,-b, +i ;
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Now, separating into odd and even powers of each of x™ and y™ , we have
S i (@) 2, 2m, (B =), (B, =), X°™ Y™
mom-0  (Cam, (Co)am, (2My)!(2m,)!

X2F1|:1 , n _ _—1}5{ 2 _—1}.
-2m, —b, +i ; 1-2m, b, +i ;

2mg+1,,2m,

i (a)2m1+2m2+1(b1 - i)2m1+l(b2 - i)Zmz X y
0m, =0 ((:1)2m1+1((:2)2m2 (2m1 +l)'(2m2)|

-2m -1,b ; —-2m,,b, ;
X F ' bl -1,k -
-2m, —b, +i ; 1-2m, —b, +i ;

2m;

s

+

my

2my+1

i (a)2m1+2m2+1(b1 - i)2m1 (bz - i)2m2+1x y
0m, =0 (Cl)Zm1 (C2)2m2+l(2m1) l(2m2 +1)'

-2m.,b -2m,-1,b, ;
XZFlL—Zm b+ -_1}F{—2m b, +1 -_1}
1 ’ 2 2 ’

n i i (a)2m1+2m2+2 (bl - i)2m1+l(b2 - i)2m2+l)(2ml+ly2m2+l
m;=0m, =0 (C1)2m1+1 (C2)2m2+1 (2m1 +1) !(2m2 +1)'

-2m,-1,b, ; -2m,-1,b, :
><2|:l ml bl _1 2F1 2 2_ —1 .
-2m,—b +i ; -2m, —b, +i ;

Finally, if we apply the generalized Kummer’s theorem (1.8) for each , F, (-2), then we arrive at the right hand side of (2.1).This
completes the proof of (2.1). The proof of (2.2) is similar to that of (2.1) and we use here the definition (1.6).

NgE

+

my

3. Applications
The following results will be required in this section BI:

a+n) _ Ta-n) _ (1

(a), = an = (3.1)
r( ) r (OC) (1_a)n
FAr+ra)=2"T(E+1a)l(1+1a) (3.2)
(a)Zn = 22n (% a)n (%a +%)n (33)
(2n)!=2*"(1) n! and (2n+1)1=2""(%) n!. (3.4)
(i) Taking i1 =0 in (2.1) and (2.2) and using the results (3.1)-(3.4), we get the following integral formulas :
e —8;—8,—S3—5, bll bll b,-1_ b,-1
S S;° S

iy 1T o

x W, (a;¢,, ¢, X(S,—S,), (85 —,)) ds,ds,ds,ds,

_c2Lif3a a+g b, ;b ;X2’y2 (3.5)

0:2;2 - '%Cl’%cl+%;%cz'%cz+%
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and

{F(bl) F(b )} _(‘;_([I[.([e_sl S,—S3— S4Slbl -1, b 153b2 1S4b2

x®,[a,c;d;x(s,—s,), y(s; —S,)] ds,ds,ds,ds,

2:0;0/1d,3d +1: — ; —

03,3|: - :%a,%a—l—%,bl,ZC,ZC-i-l b2;x2’y2:|.

Further, taking C, = 2b1, C, = 2b2 in (3.5), we get the following integral in terms of Appell’s functions F, B!

O'—;S

Ijje—sl—sz—s3—s4s b, - 1 bl lssbz—ls b,-1
000

{F(bl) I'(b, )}
x ¥, (a;2b,,2b, ; X(s, —S,), y(S;—S,)) ds,ds,ds,ds,

=F,[ta,ta+i;b +1,b,+1;x% y?]

(ii) Taking 1 =1 in (2.1) and (2.2) and using the results (3.1)-(3.4), we get the following integral formulas:

1 1 1 1
(b, ~1) I'(by) I'(b, -1) I'(b,)

x W, (@;1,C, 1 X(5,—,), Y(Sy ) dsyds,ds,ds,

o3

000

:F2:1;1Fa,%a+%: b by, yz}
0:2;2] - 3c.3c 43153030+
_%FZ:l,l la+ila+l b, , b 'y
c, 0:2;2 - ic+i,ic,+1;ic,,4c,+4;
_ﬂFZ:l,l la+i,ia+1 o ; 5 'y
c, 0:2;2 - 3CL3C+3 150, +5,5C+1
L a@+lxy 21151 la+lia+3: b, ; b, X2,y
cC, 0:2;2 - (3G +5.3¢+1 53¢, +3,5¢, +1;
and
1 1 1

o—38

00 00 00

—51325334 b12 bll b,-2 . b,-1
[I]e 5778, s s,
000

I(b, -1 I(h) r(b 1) T(b,)

x®d,[a,c;d;x(s,—S,), y(s; —S,)] ds,ds,ds,ds,

03,3 - la a-+1 b112C!2C+ b2’x2 2
2:0;0/4d,td+1: - - Y

il il
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d 2:0,03d +%,%d+1: - ; - ;
cyF0:3;3_ - paatibijergierlby, o
d’ 2:0;0[4d+4,3d+L - - s
acxy |:0 3;3 - :%a+%’%a+1’b1 7C+7:20+] b2’xz,yz : (3.9)
d(d +1) 2:0;0/3d+1,5d+3: - , - ,
Further, taking C, =2b, —1,¢, =2b, —1 in (3.8), we get
F@_DF@)Nb Dfm)moo
x\¥,(a;2b, —1,2b, —1;X(s, —S,), y(s; —s,)) ds,ds,ds,ds,
“F[tala+i;b—1,b,—1;x2,y?]
_mF la+i,ta+l;b+1 %;xz,yz]
2bay1F[a+2’2a+lbl b, +3:x,y?]
a(a+1)xy [ a+l,2a+3;b+1 b %;XZ,yZ]_ (3.10)

+
(2b, -1)(2b, 1)
The other special cases of the integrals (2.1) and (2.2) can also be obtained in the similar manner.
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