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On two multiple integral formulas involving humbert 

functions of two variables 2Φ and 2Ψ  

 
Ahmed Ali Atash and Hussein Saleh Bellehaj 

 
Abstract 

The purpose of this paper is to apply the generalized Kummer’s summation theorem due to Lavoie et al. 
[3] to establish two general multiple integrals involving Humbert hypergeometric functions of two 

variables 2 and 2 . Some interesting applications of our main results are also presented. 
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1. Introduction 

In the usual notation, let qp F  denote generalized hypergeometric function of one variable 

with p numerator parameters and q denominator parameters, defined by [5]  
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is the Pochhammer’s symbol defined by na)(where  










,......3,2,1,)1()....2)(1(

0,1
)(

nifnaaaa

nif
a n      (1.2) 

 

The special case of (1.1) when 1,2  qp  is usually called Gauss's hypergeometric 

function );;,(12 xcbaF .  

 

The confluent hypergeometric functions of Humbert
 2Φ and 2Ψ  are defined as follows [5]: 
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Exton [1, 2] gave the definitions and the Laplace integral representations of the quadruple 

hypergeometric functions 12K  and 20K  as follows:  
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and
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The Kampé de Fériet function of two variables ],[;:

;: yxF kqp

nml  is defined and represented as follows [5]: 
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In the present investigation, we shall require the following generalization of the classical Kummer’s theorem for the series 

)1(12 F  [3]: 
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For )5,4,3,2,1,0( i , 

 

where ][x
 
denotes the greatest integer less than or equal to x

 
and x denotes the usual absolute value of x . The coefficients 

iA and iB  are given respectively in [3]. When 0i , (1.8) reduces immediately to the classical Kummer’s theorem [4] 
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 The following results will be required also [5]: 
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2. Main Integral Formulas 

Theorem 1. The following general integrals involving 2Ψ  holds true.  
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Theorem 2. The following general integrals involving 2Φ holds true.  
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Proof of Theorem 1. Denoting the left hand side of (2.1) by S, then from the definition (1.5), we have 
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Using the results (1.10)-(1.13), then after a little simplification, we obtain  
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Now, separating into odd and even powers of each of 1m
x  and 2m

y , we have
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Finally, if we apply the generalized Kummer’s theorem (1.8) for each )1(12 F , then we arrive at the right hand side of (2.1).This 

completes the proof of (2.1). The proof of (2.2) is similar to that of (2.1) and we use here the definition (1.6). 
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and 
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Further, taking 2211 2,2 bcbc   in (3.5), we get the following integral in terms of Appell’s functions 4F  [5]: 
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(ii) Taking 1i  in (2.1) and (2.2) and using the results (3.1)-(3.4), we get the following integral formulas:  
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Further,  taking 12,12 2211  bcbc  in (3.8), we get  
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The other special cases of the integrals (2.1) and (2.2) can also be obtained in the similar manner. 
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