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Abstract

In this paper, the concept of K- bianalytic functions is presented and the K- bianalytic functions
expression is given. Then, we proved the Cauchy theorem and Cauchy integral formula of K- bianalytic
function. Also, the power series expansion theorem and the Fourier series of K- bianalytic function were
proved in this study.
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1. Introduction

Analytic functions have been applied in many fields, e.g., theoretical physics, astromechanics,
and fluid mechanics. Over the past two hundred years, systematic theories in analytic functions
have been established through the efforts of many researchers. In 1983, Professor Jianding
Wang first proposed the semi-analytic function theory, which leads to establishment of the
conjugate analytic function theory [M. These two theories have been successfully applied to
electric fields, magnetic fields, fluid mechanics, elastic mechanics and other fields. Based on
these theories, many researchers continued this study and expanded the problem into a series
of new fields, bianalytic functions, complex harmonic functions, polyanalytic functions (k
analytic functions), and the corresponding boundary value problems, differential equations,
integral equations, etc >%. Recently, some researchers have proposed the concept of K-
analytic function and studied its analytical properties (see [%). Zhang jianyuan ! concluded a
necessary and sufficient conditions of K-analytic function. In [l the author deducts the
relation between K-analytic function and K-integral, the relation between K-analytic function
and K-harmonic function. Zhang jianyuan 1 used the series theory to propose the power series
expansion of the K-analytic function and its zero isolation and uniqueness.

In this research, we explained the concept of K- bianalytic analytical function, and we derived
the K-bianalytic functions expression. Then, we proved the Cauchy theorem and Cauchy
integral formula of K- bianalytic function. In the last part, we discussed the power series
expansion and the Fourier series expansion of K-bianalytic functions.

2. Preparatory knowledge
Definition 1 ¥ (definition of K- Complex number) Let function f(z) be defined in area D, we
say that the form z(k) = x + iky(k € R, k # 0) is k- Complex number of z = x + iy.

Definition 2 [ (definition of K-derivative) Let function f(z) be defined in a neighborhood of
- ) ) o AF T f@)=f ()
7q, z(k) = x + iky(k € R, k # 0), if the limit AI;I_I}O e A o
function f(z) is k-differentiable at z,, and this limit is defined as the k-derivative of function
’ df(z)
f(z) at z,, denoted as £, (z,) or 220 o’

When function f(z) is K-derivable at every point in area D, f(z) is called K-derivative in D.
and its k- derivable is denoted as f(,(2), (z € D).

is exist, then we call
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Definition 3 [ (definition of K-analytic function) If function f(z) is k-differentiable in region D, f(z) is K-analytic in region D.
Al of functions parsed in k- in area D is denoted as F(D(k)).

Lemma 1 [®1 (Necessary and sufficient conditions of K-analytic) the function f(z) = u(x,y) + iv(x, y) is K-analytic in region D,
< u, v is differentiable in region D, and the condition of C-R-K holds,
where condition C-R-K'is u, = v, /k,v, = —u,/k.

a

of  _
8z(k) =0

Let 2200

ai +- oy , then the complex form of function C-R-K is —

Lemma 2 [ The function f(z) is parsed in the single connected region D of z plane, and C is any closed curve in D, then we have
the identity

$. f(@(z— )" (k)dz(k) = 0.

Lemma 3 [ (power series expansion of K-analytic) Suppose function f(z) is K-analytic in region D, and B(k): |(z — a)(k)| <
R c D, we have

f(@) =X cn(z—a)"(k),z € B(k)

where

_ 1 Jie) _ M)
“n = 2miIr, Gmom i d¢(k) = n!

(T,:1(z — a)(kK)| = p,0 < p < R,n=0,1,2,---), and the expansion is unique.

3. K-bianalytic functions and their related theorems

Definition 3 The function f(z) has the two derlvatlve of Z(k) in the region D. If a given function f(z) satisfies —— = 0,

0z 2(
then f(z) is called K- bianalytic function on D. We use F(D2 (k)) to represent the set of all K- Bi-analytic functions on D.

Theorem 1 (expansion of K- bianalytic functions) If function f(z) € F(D,(k)), then the following is established f(z) =
z(k)p(z) + ¢(2), where ¢(z) is arbitrary K-analytic functions.

0f1 _
(k) (k) oz(k)

¢(z). Then, we can show Béf(lg) = 0. Now let ¢(z) = f — f1, then &(z) is a K-analytic function. Thus there is f(z) =
z(k)p(2) + ¢(2).

Proof: Let p(z) = we can see ¢(z) is K-analytic in region D. Then f;(z) = z(k)¢@(z) is K- bianalytic function, and

For convenience, the function f(z) which ignores a K-analytic function term ¢(z) is also called K-double analytic function.

Theorem 2 (Cauchy theorem of K- bianalytic functions) If f(z) is a K- bianalytic function in region D, and D is a bounded area

surrounded by a closed curve C, and f(z2), 0—(,() are continuous on D = D + C, then 95 (f(z) —z—a(k) )dz(k) =0,o0r

gﬁc f(2)dz(k) = gS z=a(k) —— (k) dz(k) where a is an arbitrary point in complex plane.

az(k)

. . L . . . a%f d of \ _ of
Proof : According to the definition of K- bianalytic function 27200 =0, we have a—(k)(f(z)—z—a(k) 6z(k)) o
(a z(k) tz (k)a Z(k)) =0.
Therefore f(z) — Z—a(k) —— is K- analytic in D. By assumption we can know f(z) — 7z — a(k) — |s continuous on D. From

0z ( )
k- integral (see [5]), we can obtain

f (f(z) - 7=a() 5, (’;)) dz(k) = 0, (Va € D)

or

£ f@dz(k) =3§

Corollary Let D be a bounded n+1 connected region surrounded by segmented smooth curve C = Cy + C;- + Cp- + -+ Cpp-, if

function f(z) is K- bianalytic in D, and f(z), a_(k) are continuous on D = D + C, then

of
0z (k)

—a(k) =—==<dz(k),(Va € D).
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f (f(z) _7=ak) —f) dz(k) = 0,
0z(k)

Or

J;(f(z)—z—a(k)a—(k) dz(k) = (f j+ +J )(f(z)—z—a(k)a—{k)>dz(k)

0

where a is an arbitrary point in complex plane.

Below, we will use the Cauchy theorem of K- bianalytic function to prove the Cauchy integral formula of K- bianalytic function.
To this end, we first prove a lemma.

Lemma 4 If function f(2) e F(D2 (k)), and ¢(z) is an arbitrary K- analytic function, then f(z)¢(z) is K- bianalytic in D.
Proof : Since

= Z(R) =0,and — 5 (k) =0, we conclude that

d of GL0) of
FEO) (F@¢@) = 7200 °@ D 3705 = 3700 ¢ @

Thus there is

] of o2f of 099
az-Z(k) sz U (@9@) = 9z(k) <az(k)¢( )> z-Z(k)"’(Z) T 9z 0200 ~

Then we can know that f (z)¢(2) is K- bianalytic in D.
Theorem 3 (Cauchy integral formula of K- bianalytic functions) Let D be a bounded region surrounded by a closed curve or

segmented smooth curve C = Cy + C- + Co- + -+ + C,—, if function f(z) is K- bianalytic in D, and f(z), a—() are continuous on
D =D +C, then
iR J {—z(k) of
——~d{(k),z€D.
5}, T O T | T E®

Proof : For every z € D, we make a weekly C,: ({ — z)(k) = pe'?(0 < @ < 2m), so that its surrounding area

D, = B(z,p)(k):|1({ —2)(K)| <p < D.

It is easy to prove that )(k) is K-analytic when ¢ # z,{ € D, then ({fg)(k) is bianalytic in D — D, according to hypothesis and
lemma 4, and the followmg can be obtained by theorem 2
) f — J ( ) )

————d{(k) = —z(k) == d{(k),
fmp- EDIOR IR P I T ) A
that is

Ji¢o) JiCo) _ {—z(k) of _ {—z(k) df
fC €-2)() dg i) — fC €-2)0) d¢le) = fC §-2)(k) 92(k) d¢ i) pr (€-2)() 92 (k) d¢ ko). 1)

Since C,: ({ — 2)(k) = pe'? let p — 0, we also conclude that

J,, s i) = 2mif (), f,

(C-2)(k) (C-2) (k) 9z (k) d¢(k) = 0. 2)

Substituting (2) into (1), we have

f@) == 2O ary -~ [ 2O a0y, ge.

2mi v C ({-z)(k) 2mi*C ({-z)(k) 0z (k)

By Theorem 3, we can get the power series expansion theorem of K- bianalytic functions.
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Theorem 4: (power series of K- bianalytic functions) If f(z) is a K- bianalytic function in region D, and B(k): |(z — a)(k)| <
R c D, for Va € D, then f(z) can be expanded into power series in D

f@) =Y cuz(k) - (z — a)*(k), z € B(K), @3)
where

_of
= —Z8__ar(k), (n=0,12-) (4)

2mi 'Tp (—a)™*1(k)

(T l(z—a)(K)| = p,0 < p <R,n=10,1,2,--), and the expansion is unique.

Proof: From theorem 1, we know that f(z) = z(k) 5 (k) and %{R) is a K-analytic function, which is available from Lemma 3

conclusion established.

Theorem 5 (Fourier series of K- bianalytic function) Suppose function f(z) is K- bianalytic in region D, and B(k): |(z —
a)(k)| < R c D,(Va € D), then we have

+00

f(2) = —7,0 (ag +ify)(cos@ —isinf) + Z p(a, +iB,) (cos(n — 1)6 + isin(n — 1)), (z € B(k))

n=1

Where

1 T
a, = Ef_nu(p, 6)de,

1 s
Bo = Ef_nv(p,@)d&

11" 1 (™
a, = ;J v(p,0)sinnbd do = ;f u(p,0) cosnfdd,(n=1,2,-),
-

-1
B = %f_”n v(p,0) cosnb db = — }Tf_"nu(p, 6) sinné db, (n = 1,2,--), and the expansion is unique.

Proof: Because function f(z) is K- bianalytic in region D, form (1) and (2) are established. In T,: [(z — a)(k)| = p, suppose
(z—a)(k) = pe’(0 < p <R), then (z—a)"(k) = p™e™,dz(k) = ipe'®d, thus (4) is

of o
R p— . O fn — 20 jpelfdh =

27.” Fp (z— a)n+1(k) T pn+1el(n+1)9

L (" U _p-inogg 5)

c
n T 9z(k)

2mpn
When n > 1, we can see that f(z)(z — a)™ (k) is K- analytic in region D, and applying Lemma 2, we have

d
f 62‘5{) z"tdz(k) = 0,
Tp

thatis [” e ( S ip"e™¥de = 0. Thus there is

einf 1 (6)

277:p s Bz(k)

Add form (5) to form (6), we have

=— f—TL'a_(k) cosn@ db (7)

Subtracting (5) from (6) is obtained.

Cp = % _”naa—(fk) sinnd do (8)
Let a_(k) =u(p,0) +iv(p,0), by (7), (8)we have
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1 (" i("
cpp"t = ;j u(p,0)cosnb do + ;j v(p, 8) cosnb db
s T

1" —i ("
Cpp™ = —f v(p,6)sinnb db + —j u(p, 0) sinnd do
T)_p T ) g

Letc,p" = a, + iB,, then

1 (" 1
an:;f u(p, 6) cosn9d9=;f v(p, 0) sinnd do
—TT

-7
T

1(" 1
B = —f v(p, ) cosnb db = ——f u(p,0) sinnb do
TJ_, T

-7

whenn = 0, directly derived from (5) formula

1 T
ay = Ef u(p,0)do

1 s
Bo = Ef_ﬂv(p,@)d@

Obviously ay, B, are Fourier coefficient of u(p, 8), v(p, ). Substituting a,,, 8, in (3) formula,

[ee)

@) =) ez) - 2 - )" ()

n=0

[oe}

= p?z = ")

n=0

[ee]

— Z Cnpn+1ei(n—1)9

=1

= Z p(a, +if,)(cos(n — 1)0 + isin(n — 1)6)

+00

= %p(ao +iBy)(cosB —isinO) + Z p(a, +ip,) (cos(n —1)6 + isin(n — 1)6).

n=1

The uniqueness is obvious, theorem is proved.
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