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Abstract

This paper describes the Bayesian inference and prediction of the Truncated Skew Laplace Distribution.
The aim of this paper is to obtain the Bayesian inference of the unknown parameters under different loss
functions. The Bayes estimates can be obtained and it has been used to compute the Bayes estimates and
also to construct symmetric loss function. We consider the posterior predictive density of the future
observations and also asymmetric loss function
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1. Introduction

The quality of the procedures used in a statistical analysis depends heavily on the assumed
probability model or distributions. Because of this, considerable effort over the years has been
expended in the development of large classes of standard distributions along with relevant
statistical methodologies, designed to serve as models for a wide range of real world
phenomena. However, there still remain many important problems where the real data does not
follow any of the classical or standard models. Very few real world phenomenon’s that we
need to statistically study are symmetrical. Thus the popular normal model would not be a
useful model for studying every phenomenon. The normal model at a time is a poor
description of observed phenomena. Skewed models, which exhibit varying degrees of
asymmetry, are a necessary component of the modeler’s tool kit. Genton, M. [&] mentions that
actually an introduction of non-normal distributions can be traced back to the nineteenth
century. Edgeworth examined the problem of fitting asymmetrical distributions to
asymmetrical frequency data. The aim of the present study is to investigate a probability
distribution that can be derived from the Laplace probability distribution and can be used to
model various real world problems. In fact, we will develop two probability models namely
the skew Laplace probability distribution and the truncated skew Laplace probability
distribution and show that these models are better than the existing models some of the real
world problems. The Laplace distribution is also known as the law of the difference between
two exponential random variables consequently, it is also known as double exponential
distribution, as well as the two tailed distribution. It is also known as the bilateral exponential
law. In life testing experiments, for example, it is sometimes impossible or inconvenient to
measure the life length of a device on a continuous scale; in many practical situations, in fact,
reliability data are measured in terms of the number of runs, cycles, or shocks the device
sustains before failing.

In survival analysis, one may record the number of days of survival for patients since therapy,
or the time from remission to relapse is also usually recorded in the number of days. In all
cases, a discrete random variable is the most appropriate model to fit the data. Various families
of skew Laplace distributions appeared in the literature in recent years, see, e.g., McGill
(1962) 1, Holla and Bhattacharya (1968) [, Kozubowski and Podg Borski (2001) I, Among
these, the asymmetric Laplace (AL) distributions given by, density over a flexible and natural
extension of the traditional symmetric Laplace distribution. The AL laws proved valuable for
stochastic modeling in a variety of fields including finance, economics, and sciences
Additionally, they arise naturally as limits of random sums with geometrically distributed
number of summands.
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Thus, if the variable or process of interest can be viewed as a sum of a geometric number of independent increments with finite
variance (which is the case in numerous applications, see, its distribution can be approximated by an AL law. Furthermore, AL
laws are infinitely divisible, have maximum entropy property under specified mean and first absolute moment conditions, extend
naturally to the multivariate setting, and are relatively simple to apply in practice, since their moments are finite and
computationally reasonable estimators for all parameters are available. Our test of symmetry can be extended to accommodate
other classes of skew distributions defined by the same procedure as the skew Laplace model (1). One such family consists of
two-piece normal, or skew normal distributions introduced by Fechner (1897) [l and rediscovered by Gibbons and Mylroie (1973)
Bl in connection with fitting impurity profiles in ion-implantation research (for further applications see, e.g., Here, different scale
factors are used on each side of the mode of a normal distribution. Statistical issues and properties of this family were Jrst
considered by who obtained maximum likelihood and moment estimators of parameters, and proposed a test of symmetry. also
considered the skew normal model and obtained asymptotic distributions of the estimators, developed a likelihood ratio test of
symmetry, and compared it with that proposed by Only the asymptotic distributions of the test statistics were considered in these
works. The skew normal laws also appeared recently in the context of Bayesian analysis. In fields such as petroleum engineering,
civil engineering, geography and geology, spatial prediction is an important problem. Usually, data collected from these
disciplines are thought as samples from realizations of random fields. The prevalent technique for statistical spatial prediction is
Cressie, 1993. Most of the theories related to spatial prediction assume that the data are generated from a Gaussian random field.
However, non-Gaussian characteristics, such as nonnegative continuous variables with skewed distribution, often with a heavy
right or left tail, appear in many data sets.

The present chapter considers the Bayesian analysis of skew symmetric distribution using progressive sampling specially related
to the Laplace distribution. In this chapter we use some known skew distributions and investigate different characteristics of
members of this class such as different characteristics of truncated skew Laplace distribution using modeling of progressive
sampling. Using progressive sampling model find the Bayes posterior analysis of truncated skew Laplace distribution. Under the
squared error loss function and LINEX loss function, the Bayes estimator of mean and survival function and the failure rate
function (hazard function) have been derived.

2. Model and assumption
The probability density function (pdf) and cumulative distribution function of standard Laplce distribution are given by

900 = oexp (57) (2.1)
%exp (%) ifx<0

0= 1 —%exp(%) ifx=0

(2.2)

A random variable X follows the skew Laplace distribution if its pdf is given by

fx) =2g(x)G(Ax) (2.3)
wherex e Rand A € R

It follows from (2.2.2) and (2.2.3) that the pdf of X is
L op (ZAHDI 115y < g

fG) =1, 2il>|x| di -Ax\\

2 EXP (T) {1 — 5 €xp (7)} if Ax>0

Suppose first n; observations x;,x, - x,, are negative and next n, observations x,, .1, Xny+20" Xny (ny +n, =n) are
positive. Further we assume that 1 > 0. Then the likelihood function is given by

(2.4)

f(z2,0) = 2, [ exp (220 Tz, [Sexp (= 2) {1 = Jexn (- 51) ] (25)
= g exp (- 20 exp (< “EEEO) M {1~ Sexp (- 51)) 2.6)
We observe that

ni+ny
=TT b))

i=ni+1 2 ¢

- 2
Sed Y ew[-Rag e,
r=0( 2) | S ir=n1+1exp[ ¢(X1+ o )]
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and for r = 0,5, = 0 further we write
n

§= Z|xi|
i=1

Hence the Iikelihood function (2.2.6) can be written as

x4 ¢) =YX lr_nﬁl@nz%nl(—%)rexp( )exp[ 3 G lr)] 2.7)

i1 <ip<.<ip

2.3 Posterior Analysis

2 3.1Prior distribution

For the parameters ¢ and A we assume the following prior distributions
The prior distribution for @ is inverted gamma distribution with pdf

— & —a1—-1 _&
ahl(q’):al:ﬂl) - Fa1¢ 1 exp( ¢)r¢ > 0 (31)
Further the prior distribution for A is gamma distribution with pdf
ho(h 2, B) = g A% exp (= 5-) 4> 0 (3.2)

3.2 Posterior distribution
Theoreml: For the posterior analysis of skew Laplace distribution the posterior distribution of A under the prior distribution
given in equation (2.3.1) for the A and (2.3.2) is given by

A

202-1, B2

n:
Z Z 2 ir=nqi+1 )n+a1(

<y (5”51'1 irth1

s )(n+a1)

f(llx) — — 11<12< ald it B — iq,ip, iy (33)
R NPT (- i NSigigin) ™Y SFol(@-Di(ap+1+n+ar)iBs]
i1<iz<.<ir
Proof
Combining the likelihood function (2.2.7) with the prior distribution (2.3.2) we obtain the posterior distribution of A as
J F Dy (¢,a1,81)he (Aaz,B2)dd

A 3.4
f@lx) = [ o0 £ DR (01,81 h2 (A2, B2)dpdA (34)
Let

f £ o 2o $)hy (Do, Br) ha (o iz, B dep

T
el DX ¥ ir=ny+1 (— i) @nz;ml exp (3) exp [— % (Sil,izl...ir)]
11<12< <y
o 1 2
lﬂ%'llqb“)‘l_lexp (— &) A%z lexp (— ,8_2) d¢

¢/ Ta, B,
S, A B1
1 g _ _A o e(_{$+$(si1;iz~~~ir)+$})d¢
= Z =0 Zzl iz, Lr:n1+1(_ E)r {l—-alr-;z[;zdz %2 16( BZ)} fo pntai+i (35)

1 <ip<-..<iy

writing,

051
‘= taram™ (3:6)
and
S* = S + ‘81 + /‘{Sibl‘z---l‘r (37)
From equation (2.3.4), (2.3.5) and equation (2.3.6) We get

1 (-2 (oo ]
0211 iz, Lr=n1+1(_ E)r {(/1“2 18( Bz)} fo m d¢ (3.8)

i1 <ipx<e..<ip
writing
S* —t
P
i (3.9)
_S¢dz¢ =dt (3.10)

Put the value of ¢ and d¢ in equation (3.8) from equation (3.9) and (3.10) we get
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n nz 0 _s

35 )

T=0 iy iz dp=ng+1
i1 <ip<-er..<iy

A
?:02?12'1‘2 ..... i.,=n1+1(_ %)r {(laz—le( Bz) (_ %)}

[ee]

_ i <ip <o <y ntai;-1 ,—t

- grtay J- t e~tdt
0

n ny _Lir
S22, ramysa (D)

2 ; A
e e P = M

gx(n+a1)

Let us find out the value of

I 17 F G A )by (i, 1, Br) ho (A, 0z, B)dp dA

Further we have

1\" 1 -5\ [2(si, 0, 0
= f()oo fooo Z;'l=0 ZZZ,.......L'T=711+1 (_ E) gn2+ny exp (?) e[ ¢( 11.12_---11')]*

i1 <ip<-er..<iy

a
F%;q,’)_“l_le(_%) A“Z_Ie(_ﬂiz)dqb
1

az
Tayp,
n nz

W IR
_Z Z (_E) {W}L Of prratl doda

7=0 iq,ig,wir=n1+1
i <ip <<y
s*
n nz

1 P ) e ¢
:Z Z (_E)r(f 222-1,07 5, J e dd| da
7=0 i1 iz,lr=ng+1 0 o ¢
i <ip<-r..<ip
n

n 2
1. Tn+a) (. . (-2
DI TR
7=0 i1 iz,lr=ng+1 0
i1 <ip<eer..<iy
n nz

A
1 o Aaz—le(_g_z)
:Z Z (—E)T(F(n+a’1)J Wd/l
T=0 i1 iz,lr=nq+1 0
i1<ip<o..<ip
n nz A

Z Z ( 1)r F( N ) joo /10!2—16,_@ d/1
= - = n aq
2 o (S+4S yiran)

=0 inipy=ng +1 iigiy T B1
iy <ip <oy

A
(—1)rﬁf1 1M (n+a,) oo 1%2-1e B2

—\yn nz

= ZT:O Zil ip.lp=nq1+1 T az P

’ aTaz B 2 0 S
iy <ip<i..<iy [(S+B)+AS iy iy

](n+a1) da

writing,
(S+B1)

Put the value of ¢ and ¢ from equation (2.3.12) and(2.3.13) in equation (2.3.10) we get

ni nz
-1 nh+a @ _A
r=0i1,ip..ip=n1+1 (Sil!iZV'“iT) 0

i1<ip< e <y
_on n 1 {T(n+aq) 1\%2~1
‘Zrio iz,i wdp=n +1(_)r_'r—(111+a1) ra 2Fol(ay)—; (ay + 1+ 1+ ay); ]
vl2nlp=ng 2 B
i1 <ip<+..<ip (Sigizir) 2

and we have utilized the result

*® _A 1
[f (E+1)™™ A le B2d) = F JFlr—1L,r+m+ 1;,32]]
0 2

Substituting (2.3.11) and (2.3.16) in (2.3.4) we get
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J £Ce, ¢, DRy (P, a1, 1) ho (A, @z, B2)d
JI2,F G ¢ ) hy (@, ar, Br) ho (2, tz, By)depd2

fQ@Alx) =

nz
i1 igiy=ng+1(
i1<iz<..<iy
-1
n1 N2 _yrl_  {T(n+aq) (L)az . )
Yr=0Zis iy iy=ng+1C) 5T nraD\Bs 2Fol(az1)—;(az+1+n+a4);B,]
i1<ig<-.<ir (Sig ize-ir)

A
Zr=oX —%)rm“z—le(‘ﬁ_z)m

s(n+ag)

2

A02-1¢ B2
+aq

)

n n
2:rio21'12,.......1'7-=711+1
i <ip<--..<ir (5+/15i1,i2...ir+l”1
§1 g2 (i)“z'l )(n+a1)
=001, ip=n1+1\B,
i1<iz<-.<ir

(n+aq)
Stvipeiy)
1.t2lr

(Siqiz-ir 2Fol(az—1);(az+1+n+a1);B2]

which is the required result m

Theorem 2: The posterior distribution of ¢ under the prior distributions (3.1) and (3.2) for the ¢ and A is given by

nq ny 1 _ S+B1 Ta;
r202ig,....ip=nq +1gnF A FICXP ( ) ) @2
] 1 Sll 12l
i1<ip< <y 2T
f@1) = o — e
Zr=0Zijiy.ip=ny+1() 27 (n+a1)F(n+a1)(E) 2Fol(az—Di(az+1+n+ay);fr]
i1<ip<-.<ir (Sil,iz-uir

Proof: We observe that

f £ d, ) By (b, s, B)ha (A gy By)dA

1
ay

r S
=y g2 Pyt (5+ﬁ1) ® jap-1 {_ (i Styigrir
- Zr:o | ST ir:nl-l.—l Ta;Ta,B,%? ( 2) gntai+i exp @ fO A exp 1 B2 + ®

i <ip<ee. iy

using equation (3.11) we get equation (3.13)

"
_ona ny 1 1 S+B1 Fa,
=2rto i = +1$ =5 exp — NG
r 1 r=ny 2] gntai+i ) 1 Siq,ip-iy
iy <y <eor.. iy (3_2+T)

using equation (3.11) and equation (3.17) we get

ff(x' ¢' /‘{)hl (¢' 011, .81) hZ (A, a2' IBZ)dl
JI2, G g ) hy (@, ar, Br) o (2, ) By)depd2

f(olx) =

ny «n2 1" 1 S+B1 Tay
Zr:ozi1 ,,,,,,, ir=n1+1{(_5) onFaF1e*P "y S, . - \%2
i1 <in< e <L 1 Thtaly

T az—1
21720 2?12.1'2 ....ir:n1+1(_)r%(é) JFol(az1);(az+14n+aq);82]

i1<ip<.<ir (Sil.izmir)

s gn I S _(S+B1)#
T=02ig,.ir=ng +1gNFa1+T p [ 1 Siqiy-i a2
i1<ip<-.<ir (_2 13 r)

-1
ny N2 yrd 1 1\%2 N )
Zr2o i1.iz----ir=n1+1( o (n+a1)r("+“1)(52) JFol(az—1);(az+1+n+a1);B2]
i1<ig <. <iy (Sipigir

which is the required result m

Theorem 3: The posterior mean of parameter 1 is given by
n n 1 1 1\71
o Zilz_izu.ir:nl“WZFo[(az;1+az—(n+a1));—(ﬁ) ]

E(/’{lx): i1<ip<--ir 1

)}da

n ny+r—1 1 ,3?1 1

1yt - ——1——=Tn+a (—)

ZT=0211,.......Lr=n1+1( ) 2"Ta Tay %2 1\,
i1 <ipg<-.<ir

az—1 -1 L
2F0[(a2—1);(a2+1+n+a1);(é) ](Sn.lzmlr

Proof: We have

EQ|x) = Jwa F(Ax) dA
0
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1 - I(n+aq)
Zr= 0211 igiy=ny+1(73) §A72 e ( 52) ntay

*(n+a1)
_ [ i1<ip<-.<ir
=l /12 L3, Ot ran(5) " sl -Dilazrinranp 4
i1,ig.ir=nq+1 2T (n+aq) B, 2follaz laz 1)ib2
i1<iz<-.<ir (Sil,izmir
_2
az2¢ B2
2?2 o o A%2e i
Lreeennlp=n1+170 n+aq
_ iq<ipg<--..<iy (S+Asi1.i2'“ir+31)
- n 1 1 19271
Z 211212....1r n1+1( )rzr—(n-t-al)r(n+a1)(ﬁ_2) 2Fol(az—1);(az+1+n+aq);B2]

i1<iz<..<iy (Sil,i2-~~ir

Now we integrate the term
A

o) AQZQ_?Z
0 (S+)'Si1,i2-~~ir+ﬁ1)

da

writing the term
(S+B1) _ s

Siq iy

Put the value of 6 from equation (3.15) in equation (3.14) we get
A
oo laze_E
= (n+aq) da
o (S ) (6 + Dnta

iy, iy

1 1
= 5ty ) 0D (By) oFol(az 1+ a; — (n+ ay)); Bo]
iq,ipir

Substituting the value of integral (3. 22) in equatlon (3.19) we get

+r—1
Z:lerlr ni+1 (n+a1)(32) @z 2Fol(azi1+az—(n+a1))ifz]

E(/llx) _ i1<ip<-..<iy (Sil,izmi;«)

3“1 az—1
DI (_)rzlr—l(nml)r(nml)(ﬁiz) 27 Rol(ag—1)i(az+1+n+ay);B,]

i1<ip<..<ir (Sil,izmir

Theorem 4: The posterior mean of parameter @ is given by
n n 1 S+ Ta.
Zrdo i12, ....... ir=n1+1¢n+a1+1‘ex?"( @ 1)_1 s; iz.‘.i az
i1 <ip <o iy (E+ 1i2 ‘r)

E(¢lx) =

a1 )
ny Nz _ By 1\%2 BN .
Zr=o i1.iz----ir=n1+1( o (n+u1)r(n+“1)(52) 2Fol(az—1);(az+1+n+a4);6;]
i1<ig <<y (Sipigir

Proof: We have

E(¢lx) = fo OF (blx) do

Tay

® ni N2 1 S+B)\
Jo Xr2oX iy ir pnFa FierP— (4>} Siq,ip..i 7
i1<ip<-.<ip <B Ltz ‘r)
— 2 [
= = a
n g2 it By 1\%2 N .
Zr2o i1.iz----ir=n1+1( o (n+a1)r("+“1)(52) JFol(az—1);(az+1+n+a1);B2]
i1<ig <. <y (Sipigir
an ny Ta,

) 1 S+
r20X “ipipiy Jo 7¢n+a1+1ex1’-(—¢ )de’
i1<ip<..<ir <E+M>

%2 2?1212....17«_n1+1( )Tzlr b (n+a1)r(n+“1)(é)a2 2Fol(az—1);(az+1+n+a1);B2]
i1<iz<.<iy ( i1,ip iy
Let,
S+p
exp — ( ¢1)
f Q) ®n+a1+1 ( 1 " Si1.iz‘--ir)a2 d@
N
+61
i e (S
=/ L dg

gntay 1 Siqig-ir
(ﬁ:* ® )
Let
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s=u (3.26)
dao
-5 =du (3.27)

1

Put the value of @ and d@ from equation (3.18) and (3.19) in equation (3.17) we get
foo u(n+¢x1—2)e—u(5+ﬁl)
0

an a2
(Stvizet)” (G )

1 ( 1 )—(Tl+(11—1)

du

52511 ipiy

1 -1
2Fo [(n ta -1t +ay); - ((swl)) ]

" Girigin)? \G+6D
(3.28)
put the value of equation (3.28) in equation (3.24) we get
1 1 \~(tai-1) 1 -1
W(m) 2F0[(n+a1—1);(n+a1+a2);—(m) ]
= 1l i
- n nz 1 Bal 1\@2-1
e 0ZiLip..iy=ny+1() 7 ! (n+a1)r(n+a1)(ﬁ_z) 2Fol(az—1);(az+1+n+a1);B2]
iq<ig<-.<ir (Sil,iz-nir

2.4 Survival Analysis
The survival function for Truncated Skew Laplace distribution is given by
S =PX>t)

St)=1-F()
_(1+A)t _t
e ¢ —2(1+MNe ¢
St)=1-]1
© * i+ D
21+ 4 1 _At
zge—ﬂﬁ[l_ie ?]
24+1 21+ 1)
At
_2(1+/1)e_t¢_ 1 R
24+1 21+ 2)
204D L, 1 gy

= e f—
22+ 1 21+ 2)
Hence under the squared error loss function, the Baye’s estimator of survival function of parameter ¢ and A is given by

- f f S(0) f Cxi Ao $)hy (Do (@) dp dA

VT (AT —2(3 xj+nzt) .

—f foo 2(1+1) —t¢ an
(A+1)np™M

22+1 iy,iz-1p

=1 Z?io(nf) (_ 1)r

)ﬁ10l1 LN

~Alsiy g
e ¢ iq,ig-iy ¢ a1— 1e ¢

70(/1“26_(%) d¢ da
Ta,p,™?

o +1 +1 _1 ; S a _A
(nz)( 1)rf f 2T )T 1 AT X2t B+ A(Sy ipty) | B1t 292¢ Pzdg dA

le ip Lr—l (22+1) pnital Falr‘azﬁzaz

a

Bt .
Put the value of m from equation (3.6) we ge

wAT2(1 )T AT LAy iyin)
= Xty Zyto(7) G2 [ e |y e O YT de |dA (4.1)
writing,
1
g (7’} + Asibiz'“ir) =u
1 u
i__ v 4.2
(0] (r)+lsi1,i2“.ir) ( )
g _ du (4.3

02 - (77+15i1,i2~-ir)

Put the value of @ and d@ from equation (4.2) and (4.3) in equation (4.1) we get

nqy ny
= n2 _1\T n—r+1fla2(1+l)n Tl A f ymret -u
( Z Z(T‘)( 1) 2 (21+1)n+1 (7]+}{ )n1+ale duldA
0

i1,ipir=171=0 511 i iy
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-r+1
—¢ Z Z (—1)r2m mf @+t A Imta
24+ D+ (1 + sy, )T

i1, 12 L-,-—l r

—¢ Z Z (1)r2n—r+1

iq, 12 lr—l r

= Z Z (7:'2) (=1)r2n-T+1

i1,ipip=17=0

OO

A%271(1 + A)"‘r n, +a,
(L+2)™(L+- )n (n + A)m+a
A%2 (1 + A)" —r+l e_Biz n, + a
1+ )n*+1(1 + - )n+1 M+ Asiipei, )n1+a1

|
|

- aa2(1+,1)
Uy g By SrEa() (12T [ I g g e g @4)
writing

Put the value of {*from equation (4.5) in equation (4.4) we get

o0 0 _A
A% (1+A)7" n+k\ ke B2
DD X (6 ety e o n f L R R
iq,igi
(n + AS iy, ) i k 7@+ 2k

iq, I.2 lr—l r 0

(%) 1y nAky [ AL )T 4
Z Z D2 Z( k ) 2 e ¢ P dA
J M+ sy iy.q,)

i1,izip=171=0

" B o (m+k 1 o pQ2+kepp-Cr+k)  _ A
= ( 211 ipe zr—lzr=0( rz)(_l)rzn T Zk:O( : )(S L )n1+a1 fo ¢ ) nitay e Pzdl (4-6)
iq,ip- iy [( n >+A]
. Sil'iZ"‘iT
ertlng,
U (4.7)
Sigip-ir

From equation (4.6) and equation (4.7) we get
0 Aa2+k(1+/1) (r+k) _ 4 A

- Z 211 ip- I,T—l (nz)( 1)T2n T Zk 0(n+k) ) .1)n1+a1 fO [§+A]M1t+a1 e F2dd (48)

(sil,Lz-'-Lr

we take the integral part from equation (4.8) we get

/1a2+k(1+l) (r+k) A
e Pz2dA
[6 + A]mtan
«° /10:2+k(1 +/1) (r+k) A
e Pz2dA
J n +(x1 ) ni+aq
o™ (1+1)
[ ( ) ~(ata) Aa2+k(1 +A)—(r+k) 1
(1+4) Q_Edl
6711+(X1

OS SOS 8

o0 nqy +a1 J /1(12+k(1 +/1) (r+k) _L

Z ( )( ) [(1 + /1)] smtai(1 + A)n1+a1 bzd

Jj=

(n +a

(n + a1> (6 1)j 1
)
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Concluding Remarks
The present paper deals with the Bayesian analysis of skewed Laplace distribution which received attention of many researchers
in recent past and applied to model various survival data. The expressions for posterior distribution and Bayes estimators for
parameters are derived
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