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Abstract

In this paper, the thinning risk model with refunding is considered, where the counting process of the
refund and the counting process of the claim are the thinning of the premium arrival counting process
with a binomial process. The Gerber-Shiu discounted penalty function of this model is discussed, and the
renewal equation and the asymptotic estimate satisfied by the Gerber-Shiu discounted penalty function
are also derived. And according to the characteristic of the Gerber-Shiu discounted penalty function, we
obtain the asymptotic estimate of the ruin probability.
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1. Introduction
The thinning process has an important application in risk theory. For example, the thinning
risk model described by

NP (1)

UP@t)=u+N(t)- Z X;

is considered (see literature [7]), where u > 0 is the initial capital of an insurance company.
{N(®),t =1,2,3,---}is a binomial process with parameter 6(6 > 0) and N(t) denotes the total
number of the policies sold by insurance company in [0,t]. And the number of insurance policy

charged each time is constant 1. {N"(®).t=123-} s called the p-thinning process of
AN®.t=123--F that js, IN"O.t=123.-F j5 pinomial process with parameter
pB(0<p<1), N'® indicates the amount of the claim in [0,t]. T<:-1 =1.2.3.--}s 3 sequence of
independent and identically distributed nonnegative random variables with common
distribution function 9 ( ¥ (0) =0) which are independent of { N(t),t=1,2,3,---} X is
the size of the ! -th claim with the mean # .

Now, we generalize the thinning risk model by adding the refund as follows

N(t) NP (1)

UPIt)=u+N(t)- Zvi— Z X,

Here {N%(t),t=1,23,--} is the g-thinning process of {N(®).,t=123,--} e,
{N9(),t=12,3,--} is a binomial process with parameter 9¢©<p-+a<1 NI(t)
represents the number of the refund in [0,t]. {Y:.i=1.2,3,---} is a sequence of independent
and identically distributed nonnegative random variables with common distribution function

(9O g(0)=0 and let 9¢¥> = f (), which are independent of { N (1), t =1,2,3---}
is the size of the ! -th claim with the mean 4« .
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Now, we generalize the thinning risk model by adding the refund as follows

N9(t) NP ()

UM =u+N®- 2 Y- > X,

Here {Nq(t)’t =123} is the g-thinning process of {N(1),t=1,2,3,--} ie {N*(t),t=1,2,3,--} is a binomial
process with parameter 400 < P+0<1) N%(t) repr

esents the number of the refund in [0,t]. {Y,i=123} isa sequence of independent and identically distributed nonnegative
random variables with common distribution function g(y) (g(0) =0 and letg(y) = f (X)), which are independent of {

N(t),t=12,3"--} and {X:,i=12,3,--3 Y is the amount of the |-th refund with the mean’. And the net profit

condition is —— — 1 > 0.
(r+au

Being same with the classical discrete risk model, we define the time of ruin as 1 = inf{t:U PA(t) <O} with INfFLS}=2 the
ruin _probability as w(u)=P(T <o U™ (9){42 U,U>0) and the Gerber-Shiu discounted penalty function as
m(u) = E[v' (U (T-),|U(T) NI(T <o) A *(0) :u], which Y(T=) shows the instantaneous surplus before ruin,

UM expresses the deficit at the time of ruin, (%, %) (% 20,%, 20) js 5 nonnegative continuous bounded function,

v(v €(0,11) denotes the discount factor and ! () represents the indicator function of a set A.

The Gerber-Shiu discounted penalty function was investigated by many authors. J. Pan and G.J. Wang (2009) B! studied a
thinning risk model and derived the integral equation, the integral differential equation and the recursive formula for the expected
discounted penalty function. L.J. He, C.Y. Wang and K. Zhang (2016) [ observed a compound Poisson-Geometric risk model
with variable premium rate and obtained a defective renewal equation of Gerber-Shiu discounted penalty function by applying the
differential argument method. G. Shija and M.J. Jacob (2016) [@ considered a Markov modulated delayed by-claim type risk
model with random incomes and derived the system of integral equations satisfied by the Gerber-Shiu discounted penalty
function.

In section 2, the relevant lemma is given and proved. In section 3, the defective renewal equation and the asymptotic estimate
satisfied by the Gerber-Shiu discounted penalty function are derived, then the asymptotic estimate of the ruin probability is also
obtained.

2. Preliminary

We represent the generating function of f(x) onN =0,12,--- as f(z) Ge. f(z) = Z z"f(u)).
u=0

Hypothesis 1 There exits f(2) > 400 55 2720 ( Zs may be T°) when there is Zs >:I'for the generating function fN(Z)of
X.

Lemma1 If¥ € (O] then the equation

z-zv(1-0)-vo(1-q)(1-p)-vO(p+q-pq)f(z) =0 1)

vo(1-q)(1-p)
1-v(@-0)

has an unique positive solution # (p & ( ,1] and p =1asv =1). If Hypothesis 1 is true, then the equation (1)

has an only positive solution R called the adjustment coefficient ( R e(]” Z°°)).

Proof By setting ¢,(z) =z —2zv(1-6)—vO(1-q)(1- p)and g,(z) =vO(p+q— pq) f(2), we know that

01— V1 _ vo(1-q)(L-p), _ vO(1-q)(1- p)
0,(0) = —v8(1-0q)(1-p) <0=g,(0), g,( 1 v1-0) )=0<9,( 1 v1-0) )

0,(1) =1-v(1-6)-vO(1l-q)(1- p) =vO(p+q— pa) =g,(1), g, (z) >0, g,"(z) >0 and

0,(2) = 9,(z) has an only positive solution p in the interval (vﬁ(l— ) p)
1-v(1-6)

v6(1-q)(1-p)

<1 So
1-v(1-6)

,1], and it is easy to see that p =1 asv =1.

And because lim 9:(2) = lim vo(p+q-pa)f(z)/z = o0, the equation @,(Z) = g,(z) has an unique positive
oz g,(z)  »=l-v(l-60)-vo(1l-aq)1-p)/z

solution R in the interval (1,2,).
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Lemma2 Let {a,k =123} satlsfylngZak =1, Zkak <oo and {b,k=1,2,3,--} satisfying Zb < o0 be two

k=0 k=0

Nonnegative sequences. There exits limu,andlimu, = ,N=0,1,2,---when there is a bounded sequence

n—oo n—oo Z kak

{a,,n=1,2,3,}satisfyingu, = > u,a,, +b,n=012,
k=0

3. The Gerber-Shiu discounted penalty function
Theorem 1 With relatively safe load condition, the defective renewal equation for the Gerber-Shiu discounted penalty function is
followed by

m(u) = — - I(p+a- pq)Zm(U—l)Zp"lf(J)+pr'“w(l)]
(1 6;) j=i+l i=u+l (2)

Where ()= 3" @(u,k ~u) f (k), and

k=u+1

p(@(p) - (0))

0)= .
"= i aa-p) @

Proof In the time interval [0.1] , it is well known that the probability is 1-0 if there is no premium, the probability is 1-q ifa
refund occurs, and the probability is 1-p if a claim happens. Thus, by considering whether a premium, refund and claim occurs

in the time interval [0.1] , the Gerber-Shiu discounted penalty function yields that

u+l

m(u) =v[L-8)m(u)+0@1-q)1— p)m(u+1)+6ql— p)z m(u+1-Kk) f (k)

+¢9puim(u+l k)f(k)+HpZa)(u+lk u-1)f (k)]
k=u+2 (4)

Let m(z) be the generating function of m(u) with respect to U on the entire real line, and a)(z)is the corresponding

generating function of w(u) . Now, taking the generating function both sides of the equation (4) with respect toU , we get

[2-2v(1-6) -v6(L- Q)1 p)~vO(p+q - pa) f (2)IM(2)
=vOp(@(2) - &(0)) ~vO(L-g)(1L— PIm(O). -

From Lemma 1, it is followed that vp((p) —(0)) —vo(1-a)(1— p)m(0) =0 as? =P | the equation (3) is resolved.
Then we substitute the equation (3) into the equation (5) and derive that

[z2-2v(1-60)—vO1-q)(1- p)—vO(p+d— pa) f (2)IM(2) =vOp(@(z) - @(p). (6)
And it is obvious to know that
p=pv(1-0)-vo(-a)1-p)-vo(p+q-pa)f(0) =0, @

we substitute the equation (7) into the equation (6) and yield that

[(z- p)—(z- p)v(L-6)—vO(p+d - pa)(f (2) - F (p)IM(2) =vOp(a(z) - d(p)),
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ie.

y 1@)=1(p) () (p)

m@=—"2 [(p+a-pq m(2)+ p

é(Z)—é(p)]
1-v(1-6) z-p

Therefore, the equation (2) can be further obtained. And because

vO(P+4-Ppa) 5 <5 s vé'(p+q PA) A ¢ g N
—] P (]2 ()Y p <At s easily known that the equation (2) is
1-v(1-0) .Zo: 12.;1 -v(1-6) JZ; .;

the defective renewal equation.

Theorem 2 For0 <v< 1, the asymptotic estimate for the Gerber-Shiu discounted penalty function is
m(u) - CR™ (u — ),

Here C — p R-p oR)-a(p)
p+d-pqg R (R-p)f'(R)—(f(R)-f(p))
Ve(p+q pq) j-i-1 _ 9 < i—u-1 H _ pu
Proof Let Q, ()_mjzl;lp f(i), H,u)= —(1 9)Iu+lp o(i), M (u) = R"'m(u),
Ai) =R'Q, (i)

And B(u) =R" H (). first, we multiply by RY both sides of the equation (2) and obtain that

M (u) =iM (U—i)A(i) + B(u).
5 (®)

Because

vH(p+q PO S ig Ryi 1 _vO(p+q-pa) f(p)-f(R)
-v(1-6) ; (J)Z( 1-v(@-0) p—R

~1

+00

The equation (8) is a holomorphic renewal equation. Next, the conditionZB(u) <00 is needed to be proved for applying
u=0

Lemma 2.

In fact, if|| @ ||= sup{@(X, ¥)}, then|| @||< oo, we have

0< Z (U) — p(‘:/l-e 9) i i pi—u—lw(i)

u=0 i=u+1

PV9||60|| . _ Pl < u
*1v1-0) e)z Zf(')‘ - e)zf(')zR

i=u+l

_ poo| 1 N ple| 1-f(R) -
C1-v(1-6)1- RZ( )f(')_l—v(l—a) 1-R

Thus

~147~



International Journal of Statistics and Applied Mathematics

0 i—u-1
B= ZB(u) ZRH (U)_WZ Zp o(i)

And

u=0 i=u+1

pvé  a(p)-a(R)

“1-v(1-0) p-R

A=+Z.O|A(|)=+ZOO|RIQP(|)—Ve(p+q pq)ZIRIZpJ I—lf(J)

_vo(p+a-pa) RI'(R) R

(1 9) i=0 j=i+l

[f(R) - f (o)}

1-v(l-0) "R-p (R-p)

Finally, from Lemma 2, it is followed that

IimM(u):Ez p R-p fb(R)—CZZ(P) _ _
Um0 A p+g-pg R (R-p)f'(R)-(f(R)-f(p)

The proving is completed.

Example Based on the feature of the Gerber-Shiu discounted penalty function, we can obtain the asymptotic estimate of the ruin
probability. It is easily known thatm(u) = E[1(T <o0) J *?(0) =u]=w(u) as@(X,, X,) =1,v =1. From Theorem 2, the

asymptotic estimate of the ruin probability y(u) is written by
w(u)=C,R™ (U — ),

ereC, =P (F(R-D-R-Du
p+d-pa R[(R-1)f'(R)-(f(R)-1)]
Particularly, y(0) = P (1£—1) can also be obtained.

1-9)d-p)

4. References

1.

2.

3.

o

© N

Wang GJ, Yuen KC. On a correlated aggregate claims model with thinning dependent structure. Insurance: Mathematics and
Economics. 2005; 36:456-468.

Shija G, Jacob MJ. Gerber-Shiu function of Markov modulated delayed by-claim type risk model with random incomes.
Journal of Mathematical Finance, 2016; 6:489-501.

Pan J, Wang GJ. Expected discounted penalty function for a thinning risk model. Chinese Journal of Applied Probability and
Statistics. 2009; 25(5):544-552.

He LJ, Wang CY, Zhang K. Gerber-Shiu discounted penalty function for compound Poisson-Geometric risk model with
variable premium rate. Computer Science, Hubei university of Arts of Science, 2016, 2.

Chen SP, Wang GJ, Wang ZY. The application of thinning process in risk problems. Chinese Journal of Application of
Statistics and Management. 2001; 20(5):26-30.

Karlin S, Taylor HM. A First Course in Stochastic Processes. New York: Academic Press, 1975, 81-89.

Sun X, Duan Y. The Study of a Thinning Risk Model. Mathematics in Practice & Theory. 2017; 47(17):235-240.

Bao Z, Liu Y. A discrete-time ruin model with dependence between interclaim arrivals and claim sizes. 2016; (1):1-14.

Zhang Z, Su W. A new efficient method for estimating the Gerber-Shiu function in the classical risk model. Scandinavian
Actuarial Journal. 2017; (9):1-24.

~148~



