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Abstract 

The purpose of the present paper is to introduce a new extension of extended Gamma and Beta functions 

given recently by Pucheta [5] and Rahaman et al. [6] Further, we present certain results including 

summation formulas, integral representations and Mellin transform. 
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Introduction 

The Gamma and Beta functions are defined respectively, as follows (see) [8]: 

Γ(x) = ∫ tx−1e−t
∞

0

dt, (Re(x) > 0). (1.1) 

and 

B(x, y) = ∫ tx−1(1 − t)y−1
1

0

dt, (Re(x) > 0, Re(y) > 0 ). (1.2) 

 

For each x, y ∈ (0, +∞), the Beta and Gamma functions have the following relation 

 

B(x, y) =  
Γ(x)Γ(y)

Γ(x + y)
(1.3) 

 

In 1903, Gosta Mittag-Leffler [4] introduced the functionEα(z) defined by 

 

Eα(z) = ∑
zn

Γ(αn + 1)
,

∞

n=0

α > 0, z ∈ ℂ. (1.4) 

 

E1(z) = ez. 
 

The generalized Mittag-Leffler function Eα,β(z) [9] is defined by 

 

Eα,β(z) = ∑
zn

Γ(αn + β)
,

∞

n=0

(α, β ∈ ℂ, Re(α) > 0, Re(β) > 0). (1.5) 

 

Eα,1(z) = Eα(z). 
 

Recently, many authors have introduced certain extensions of extended Gamma and Beta 

functions (1.1) and (1.2) (see) [1-7].  

The following two extensions of Gamma function are introduced by Chaudhry and Zubair [1] 

and Pucheta [5] respectively: 
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Γp(x) = ∫ tx−1exp (−t −
p

t
)

∞

0

dt, (Re(p) > 0)(1.6) 

And 

 

Γα(x) = ∫ tx−1Eα(−t)
∞

0

dt, Re(x) > 0, α > 0. (1.7) 

 

Chaudhry et al. [2] presented the following extended Beta function: 

 

B(x, y; p) = ∫ tx−1(1 − t)y−1exp (
−p

t(1 − t)
)

1

0

dt, (1.8) 

 
( Re(p) > 0, Re(x) > 0, Re(y) > 0 ). 
 

In 2014, Choi et al. [3] introduced the following extended Beta function: 

 

B(x, y; p; q) = ∫ tx−1(1 − t)y−1exp (
−p

t
 − 

q

(1 − t)
)

1

0

dt, (1.9) 

 
( Re(p) > 0, Re(q) > 0, Re(x) > 0, Re(y) > 0 ). 
 

The following extended Beta function is given by Rahman et al. [6] 

 

Bp,q
α (x, y) = ∫ tx−1(1 − t)y−1Eα

1

0

(−
p

t
) Eα (−

q

(1 − t)
) dt, (1.10) 

 

(Re(x) > 0, Re(y) > 0, α > 0, p, q ≥ 0). 

 

In the present paper, we introduce a new extensions of Gamma and Beta functions in the following forms. 

 

Γp
(α,β)(x) = ∫ tx−1Eα,β (−t −

p

t
)

∞

0

dt, (1.11) 

 

Re(x) > 0, p ≥ 0, Re(α) > 0, Re(β) > 0 

 

and 

 

Bp,q
(α,β)(x, y) = ∫ tx−1(1 − t)y−1

1

0

Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt, (1.12) 

 

(Re(x) > 0, Re(y) > 0, Re(α) > 0, Re(β) > 0, p, q ≥ 0), 

 

Remark 1. 

(i) For p = 0, equation (1.11) reduces to the following extended Gamma function: 

Γ0
(α,β)(x) = Γ(α,β)(x) = ∫ tx−1Eα,β(−t)

∞

0

dt, (1.13) 

 

Re(x) > 0, Re(α) > 0, Re(β) > 0. 

 

(i) For α = β = 1, equation (1.11) reduces to extended Gamma function (1.6). 

(ii) For p = 0, β = 1, equation (1.11) reduces to extended Gamma function (1.7). 

(iii) Forp = 0, α =  β = 1, equation (1.11) reduces to the classical Gamma function (1.1). 

 

Remark 2. 

(i) Forα = β = 1 and p = q, equation (1.12) reduces to extended Beta function (1.8). 

(ii) Forα = β = 1, equation (1.12) reduces to extended Beta function (1.9). 

(iii) Forβ = 1, equation (1.12) reduces to extended Beta function (1.10). 

(iv) Forα = β = 1 and p = q = 0, equation(1.12) reduces to the classical Beta function (1.2). 

 

Properties and formulas 

In this section, we present certain properties of extensions of Gamma and Beta functions including summation formulas, integral 

representations and Mellin transform 
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Theorem 1. The following summation formulas holds true 

(i) Bp,q
(α,β)(x, 1 − y) = ∑

(y)n

n!

∞

n=0

Bp,q
(α,β)(x + n, 1), (2.1) 

(ii) Bp,q
(α,β)(x, y) = ∑ Bp,q

(α,β)(x + n, y + 1)

∞

n=0

 (2.2) 

 

Proof. From (1.12), we have 

 

 Bp,q
(α,β)(x, y − 1) = ∫ tx−1(1 − t)−y

1

0

Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt. 

 

Using the generalized binomial theorem 

 

(1 − t)−y = ∑
(y)n

n!

∞

n=0

tn, |t| < 1, 

 

we obtain 

 

 Bp,q
(α,β)(x, 1 − y) = ∫ ∑

(y)n

n!

∞

n=0

1

0

tx+n−1Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt. 

 

Now, interchanging the order of summation and integration in the above equation and using (1.12), we obtain the required result 

(2.1). The proof of (2.2) is similar to that of (2.1) and we use here the generalized binomial theorem 

 

(1 − t)y−1 = (1 − t)y ∑ tn

∞

n=0

, |t| < 1 . 

 

Theorem 2. The following summation formula holds true 

 

∑ (
n
k

) Bp,q
(α,β)(x + k, y + n − k)

n

k=0

=  Bp,q
(α,β)(x, y), n ∈ ℕ0 (2.3) 

 

Proof. For prove of (2.3) we use the mathematical induction on (n ∈ ℕ0) as follows: 

Clearly, For n = 0 the equation (2.3) holds. 

 

Forn = 1, we have 

 

Bp,q
(α,β)(x + 1, y) + Bp,q

(α,β)(x, y + 1) 

 

= ∫ {tx(1 − t)y−1 + tx−1(1 − t)y}
1

0

Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt, 

 

= ∫ tx−1(1 − t)y−1{t + (1 − t)}
1

0

Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt, 

 

= ∫ tx−1(1 − t)y−1
1

0

Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt, 

 

= Bp,q
(α,β)(x, y). (2.4) 

 

Therefore, the equation (2.3) holds for n = 1. 

Continuing this process for all (n ∈ ℕ0), we finally obtain the desired relation (2.3). 

 

Remark 3. 

(i) Ifα = β = 1 and p = q, then (2.4) reduces toa known result of Chaudhry et al. [2, p.23 (3.1)]. 

(ii) If α = β = 1, then (2.4) reduces toa known result of Choi et al. [3, p.362 (3.1)]. 

(iii) If β = 1, then (2.4)r educes to a known result of Rahman et al. [6, p.7(3.1)]. 

(iv) If α = β = 1 and p = q = 0, then (2.4) reduces to a known result for the classical Beta function. 
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Theorem 3. For the product of two extended gamma function defined in (1.13) the following formula holds true 

Γ(α,β)(u)Γ(α,β)(v) =
1

B(x + u, y + v)
∫ ∫ pu−1qv−1

∞

0

∞

0

 Bp,q
(α,β)(x, y)dpdq, (2. 5) 

 

(Re(x + u) > 0, Re(y + v) > 0, Re(α) > 0, Re(β) > 0, Re(p), Re(q) > 0, 
 

Re(u), Re(v) > 0). 
 

Proof. From (1.13), we have 

 

Γ(α,β)(u)Γ(α,β)(v) =
B(x + u, y + v)

B(x + u, y + v)
∫ ∫ wu−1zv−1 Eα,β(−w)

∞

0

 Eα,β(−z)
∞

0

dwdz 

 

=
1

B(x + u, y + v)
∫ tx+u−1(1 − t)y+v−1

1

0

 

×  {∫ ∫ wu−1zv−1 Eα,β(−w)
∞

0

 Eα,β(−z)
∞

0

dwdz}  dt 

 

Using the substituting w =
p

t
, z =

q

(1−t)
, we get 

 

Γ(α,β)(u)Γ(α,β)(v) =
1

B(x + u, y + v)
∫ tx−1(1 − t)y−1

1

0

 

 

×  {∫ ∫ pu−1qv−1 Eα,β (−
p

t
)

∞

0

 Eα,β (−
q

(1 − t)
)

∞

0

dpdq}  dt 

 

Under stated conditions of the above integral, the order of integration can be inter change -ng. Therefore, we have 

 

Γ(α,β)(u)Γ(α,β)(v) =
1

B(x + u, y + v)
 

 

× ∫ ∫ pu−1qv−1
∞

0

∞

0

{∫ tx−1(1 − t)y−1
1

0

Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt} dpdq 

 

Finally, using the result (1.12), we obtain the desired result. 

 

Remark 4. 

The special case α = β = 1 of (2.5) reduces to a known result of Choi et al. [3, p.360 (2.1)]. 

 

Theorem 4. The following integral representations holds true: 

(i) Bp,q
(α,β)(x, y) = 2 ∫ cos2x−1θsin2y−1

π

2

0

θEα,β (−
p

cos2 θ
) Eα,β (−

q

sin2 θ
) dθ, (2.7) 

 

(ii) Bp,q
(α,β)

(x, y) = ∫
ux−1

(1 + u)x+y

∞

0

Eα,β (−
p(1 + u)

u
) Eα,β(−q(1 + u)) du (2.8) 

 

(iii) Bp,q
(α,β)

(x, y) = (c − a)1−x−y ∫ (u − a)x−1(c − u)x−1
c

a

 

 

× Eα,β (−
p(c − a)

(u − a)
) Eα,β (−

q(c − a)

(c − u)
) du (2.9) 

 

Proof. For prove the formula (2.7), putting t = cos2 θ in (1.12), we have 

 Bp,q
(α,β)(x, y) = 2 ∫ cos2x−2θ

π

2

0

sin2y−2θ 

 

× Eα,β (
p

cos2 θ
) Eα,β (−

q

1 − cos2θ
) cosθsinθdθ 

 

 Bp,q
(α,β)(x, y) = 2 ∫ cos2x−1θsin2y−1

π

2
0

θEα,β (−
p

cos2 θ
) Eα,β (−

q

sin2 θ
) dθ. 
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Similarly, the formulas(2.8) and (2.9) can be proved by taking the transformation t =
u

1+u
 and t =

u−a

c−a
 in (1.12), respectively. 

 

Theorem 5. The following Mellin transform holds true: 

ℳ {Bp,q
(α,β)(x, y); p ⟶ r, q ⟶ s} = B(x + r, y + s)Γ(α,β)(r)Γ(α,β)(s), (2. 10) 

 

Re(x + r) > 0, Re(y + s) > 0, Re(α) > 0, Re(β) > 0, Re(p), Re(q) > 0, 
 

Re(r), Re(s) > 0. 
 

Proof. By taking the Mellin transform in both sides of (1.12), we have ℳ {Bp,q
(α,β)(x, y); p ⟶ r, q ⟶ s} 

 

= ∫ ∫ pr−1qs−1
∞

0

∞

0

{∫ tx−1(1 − t)y−1
1

0

Eα,β (−
p

t
) Eα,β (−

q

(1 − t)
) dt} dpdq. 

 

Under stated conditions of the above integral, the order of integration can be inter- changing. Therefore, we have 

 

ℳ {Bp,q
(α,β)(x, y); p ⟶ r, q ⟶ s} 

 

= ∫ tx−1(1 − t)y−1
1

0

{∫ pr−1
∞

0

Eα,β (−
p

t
) dp ∫ qs−1

∞

0

Eα,β (−
q

(1 − t)
) dq} dt. 

 

Using the substituting u =
p

t
, v =

q

(1−t)
, we get 

 

ℳ {Bp,q
(α,β)(x, y); p ⟶ r, q ⟶ s} 

 

= {∫ tx+r−1(1 − t)y+s−1 {∫ ur−1Eα,β(−u)du 
∞

0

} {∫ vs−1
∞

0

Eα,β(−v)dv} dt
1

0

}. 

 

Now, by using the definitions (1.2) and (1.13), we obtain the desired result. 

By taking the inverse Mellin transform on both sides of (2.15), we get the following Form- ula: 

 

Corollary 1. The following formula of extended Beta function holds true 

 

Bp,q
(α,β)(x, y) =

1

(2πi)2
∫ ∫ B(x + r, y + s)Γ(α,β)(r)Γ(α,β)(s)

γ2+i∞

γ2−i∞

γ1+i∞

γ1−i∞

 

 

× p−rq−sdrds, (2.11) 

 

(Re(x) > 0, Re(y) > 0, Re(α) > 0, Re(β) > 0, p, q ≥ 0, γ1, γ2 > 0). 
 

Remark 5. 

(i) If β = 1, then (2.10) reduces to a known result of Rahman et al. [6, p.5 (2.2)]. 

(ii) Ifα = β = 1 and p = q, then (2.11) reduces to a known result of Chaudhry et al. [2, p.28 (5.1)]. 

(iii) If α = β = 1, then (2.11) reduces to a known result of Choi et al. [3, p.365 (4.2)]. 
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