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Abstract

Catastrophic models and analysis have ample applications in computer science, telecommunications,
financial management, insurance sector and many more areas. We consider Geo/Geo/l with
catastrophes. This model is solved by Matrix Geometric technique. Numerical study has been done for
various values of parameters.
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Introduction

Queuing models with catastrophes have gained importance during last few decades due to their
applications in many areas viz. computers and telecommunications, financial management,
insurance sector, disaster management and many more areas. \WWhenever a catastrophe occurs at
the system, all the customers are forced to leave the system immediately, the server becomes
inoperative instantaneously and it becomes operative as soon as a new customer arrives.
Continuous Queuing models with catastrophes have been investigated by many researchers in
the past. Indra and Rajan (2017) ™ analysed Markovian queues having two heterogeneous
servers with catastrophes using Matrix Geometric technique. Atencia and Moreno (2004) [
studied Geo/Geo/1 queue with negative customers and disasters. Jeyakumar and Gunasekaran
(2017) Bl analysed Geo/G/1 queue with disaster and single vacation.

Matrix Geometric technique was conceptualized by Marcel F. Neuts in 1974. Many
researchers used this technique in their respective papers.

In the current paper, we are presenting a simple analysis of Geo/Geo/1 queue with catastrophe
using Matrix Geometric technique. The rest of the paper is organized as follows: In section 2,
description of the model is presented. In section 3, Expression for probability generating
function (PGF) of system-size for Geo/Geo/l for LAS-DA is presented followed by
computation of the system-size steady-state probabilities. In section 4, Expression for PGF of
system-size for Geo/Geo/1 for EAS is presented followed by computation of the system-size
steady-state probabilities. Finally, in section 5, numerical study has been done for the analysis
of the model for various values of the parameters.

Section 2

Model description

Let the time axis be marked by 0, 1, 2,..., m,... In the queue Geo/Geo/1, it is assumed that
inter arrival times | are independent and geometrically distributed as a,, = P(I = n slots) =
(1 — )™ 1A with mean inter arrival time = 1/A. The inter service times S are independent and
geometrically distributed as b,, = P(S = n slots) = (1 — p)™ 1 with mean inter service time

= 1/u. The traffic intensity (p) is p = % It is assumed that the customers are served

individually according to the first-come, first-served (FCFS) discipline. In late arrival system
with delayed access (LAS-DA), the potential arrivals occur in ( m-, m ). After getting service
for n slots (n > 1) a customer leaves in (m, m+). While in an early arrival system (EAS), a
potential arrival occurs in (m,m+) and a potential departure occurs in (m-,m).
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The catastrophes occur at the system with probability & (0 < & < 1). If an arriving customer finds that the server is idle, the service
of the arriving customer starts immediately. Otherwise, the arriving customer joins the queue.

Section 3

Derivation of expression of PGF for Geo/Geo/1 with catastrophe with LAS-DA

Let n(t) be the number of customers in the system at time t. Let n be the stationary random variable for the number of customers in
the system.

We define m; = {n =i} = tlim P{n(t) = i} where i e set of whole numbers and m; represents the stationary probability of i
customers in the system.

The stationary probability vector IT is given by

H == (1‘[0,’[[1,’[[2,1‘[3, .... PP ...)

We define I(s) = 2;23" njsj to be the probability generating function (PGF) of system-size probabilities.

In Matrix Geometric Method the steady state probabilities m; are related geometrically to each other as m; = m;R*"* for i > 2.

Here R is called rate element.
The infinitesimal generator matrix Q of the Queuing system under consideration is given by

=4 A 0 0 0
Ap+é —Au—Ap—¢ ym 0 0 \

& Au —Au —_/1;1 ¢ ) Al 0

0= & 0 Al —Au —_Aﬂ —¢ . Al

& 0 0 Al —Apu—Ag—§& A1

Ap

With the help of stationary probability matrix IT and infinitesimal generator matrix Q we get

A+ (Ap+EAL—-R)) 1 =0 e (1)
Amy + (—/T,u—/’lﬁ—f)nl +Aum, =0 . (2)
Mg+ (- Ar—&)mj+ umiy, =0 (j=>2) ... (3)

Multiplying above equations with appropriate powers of s and then adding we get

=2y + (Au + E(1 — R)™Y)my + Amps + Ais ij;’ m_ysT ™+ (Au— A —§) ijf s’ +/1S—”iji° T8/t =0 .. (8
On further simplification we get

_ (—Aus?+(u(A-2)=8)s+Au)mo—E(1-R) " Ls my
N(s) = AES2—(Ap+AR+E)s+Au - (9)
Equation (5) represents the expression for PGF of Geo/Geo/1 with catastrophe with LAS-DA. If we put & = 0 in equation (5) we
get

(—/lusz+(u(/1—2))s+2u)ﬂ:0 5
A2 —(Ap+AR+E)s+Au a ( )
Equation (6) represents the expression for PGF of Geo/Geo/1 with LAS-DA, which is same as obtained by Hunter.

M(s) =

Matrix Geometric Solution of Geo/Geo/1 with catastrophe with LAS-DA
The stationary probability matrix IT is obtained by solving [1Q =0

A+ (Ap+EA-R)) =0 e (7)
Aty + (= Ap—2A2a— &+ AuR) =0 ... (8)
AR + (A —Ai— &R+ 2Aa=0 e (9)
m; = m R for i>2 ... (10)

Here R < 1 is non-negative solution of equation (9) and is given by

R= (Ap+AR+E)— (Au+AE+E)2—4AuAn

i .. (11)
The normalizing equation is given by
7T0+7T1(1_R)_1=1 ....(12)
R is calculated using equation (11). 7, and 7, are calculated using equations (7), (8) and (12) and are given by
_ —Au—An—E+AuR
0 = S Au-g+AkR-2(-R) .- (13)
_ -2
T = A p— e+ AuR—2(1-R) 1 ... (14)

Using equation (10) ; for i > 2 are calculated.

~111~



International Journal of Statistics and Applied Mathematics

Substituting & = 0 in equations (11), (13) and (14) we get
Al

m; =p(1—R)

... (15)

... (16)
. (A7)

Equations (10), (15), (16) and (17) together represents Matrix Geometric solution of Geo/Geo/1 with LAS-DA. This solution has
been obtained from Geo/Geo/1 with catastrophe with LAS-DA by putting ¢ = 0 and match with the solution of Geo/Geo/1 with

LAS-DA given by Hunter.

Section 4
Expression of PGF for Geo/Geo/1 with catastrophe with EAS
The infinitesimal generator matrix Q for the above system is given by

—Ail Afl 0 0
Au+& —u—Aa—¢ y 0
3 Au —Ap— A —¢ Afl
o=| ¢ 0 Au M=M= ¢
3 0 0 Au
0

0

0

0

Afl
—Ap—AE—§ A

Ap

0

Using stationary probability matrix IT and infinitesimal generator matrix Q we get

Ay + (Ap+EA—-R) ), =0
Apmy + (—/Tu — A — f)nl + Aum, =0

Aftmi_q + (—/Tu — A - f)nj + /T/urjﬂ =0; forj>2

... (18)
... (19)
... (20)

Multiplying above equations with appropriate powers of s and then adding we get
_ T — _ T _ j=00 i _ j=00 i— 2 j=00 i
—Aamy + (Ap + €A — R) ™)y + Ames + (A — g =€) Yizr st + Aas YT w87 + T”Zj.zl T/t =0 ... (21)

On further simplification we get
((—Zu—f)s+ﬁu)ﬂ:o—sf(l—R)_ln'l
AS2+(-Ap—An—&)s+Au

M(s) =

. (22)

Equation (22) represents the expression for PGF of Geo/Geo/1 with catastrophe with EAS. If we put ¢ = 0 in equation (21) we get

(—Aus+Au)my
Afs?+(-Ap—AE—&)s+Ap

M(s) =

e (23)

Equation (23) represents the expression for PGF of Geo/Geo/1 with EAS, which is same as obtained by Hunter.

Matrix Geometric Solution of Geo/Geo/1 with catastrophe with EAS
The stationary probability matrix IT is obtained by solving I1Q =0
—diamy+ (Ap+EA—-R) ), =0
Afmy + (—/Tu —Ap—-&+ /TuR)nl =0
AuR? + (mu—2Ai—&)R+ A3 =0
m; = mR\"Y for i>2
Here R < 1 is non-negative solution of equation (26) and is given by
g = Cuta )~ A =42
221
The normalizing equation is given by
To+m(1—-R)1=1

.. (24)
... (25)
... (26)

. (27)

. (28)

... (29)

R is calculated using equation (28). , and m, are calculated using equations (24), (25) and (29) and are given by

— —Ap—-AT—E+AUR
0 ™ _Au-Ar-E+ApR-AE(1-R)"1
_)__
T[l A

= —Au—An—E+AuR-AT(1-R)~1

Using equation (27) r; for i > 2 are calculated.
Substituting & = 0 in equations (28), (30) and (31) we get
Al
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Equations (27), (32), (33) and (34) together represents Matrix Geometric solution of Geo/Geo/1 with EAS. This solution has been
obtained from Geo/Geo/1 with catastrophe with EAS by putting ¢ = 0 and match with the solution of Geo/Geo/1 with EAS given
by Hunter.

Numerical Study

The stationary system-size probabilities have been calculated using codes developed in Maple software. All computations have
been rounded off to six decimal places. The results have been verified by matching the two sets of means and variances obtained
from probability values and from theoretical formulas. The means and variances, as calculated from probability distributions, are
given by the following formulas:

Mean = Y"=Vnm,
Variance = S22 n’m, — (Xii nm,)”

Although we are solving infinite capacity model, but for computational purpose we have restricted the system capacity to N.
The means and variances formulas for system-size, as derived from probability generating functions, are given by the following:

Mean and Variance for System Size in LAS-DA
T (~u=§)-11§(1-R) "' -(AE-Apu~-$)
-§
—2Ap-2(An-Au—&)Mean—2A1
-

Mean =

Variance = + Mean — (Mean)?

Mean and Variance for System Size in EAS
o (—Au—§)-m1§(1-R) -~ (AE-Au—¢§)

=3
2A0+2 Mean(AL—Au—¢§)

Mean =

+ Mean — (Mean)?
The results for various values of ¢ are shown in the following tables:

Variance =

Table 1: Results of Geo/Geo/1 for LAS-DA of steady-state system-size probabilities for various values
of §(A=02; u=0.3; p=0.666667;N =100)

Ty
n £=0 £=05 £-08
0 0.333333 0.777777 0.834820
1 0.277777 0.185185 0.145084
2 0.162037 0.030864 0.017650
3 0.094521 0.005144 0.002147
4 0.055137 0.000857 0.000261
5 0.032163 0.000142 0.000031
6 0.018762 0.000023 0.000003
7 0.010944 0.000003 0.0000004
8 0.006384 0.0000007 0.00000005
9 0.003724 0.0000001 0.000000006
10 0.002172 0.00000002 0.0000000008
Value of R 0.583333 0.166666 0.121654
Sum of Probabilities 0.999999 1.000000 0.999999
Mean from Proba. 1.600000 0.266666 0.188057
Mean from PGF 1.600000 0.266666 0.188057
Var. from Prob. 3.519999 0.302222 0.204785
Var. from PGF 3.520000 0.302222 0.204785

Table 2: Results of Geo/Geo/1 for EAS of steady-state system-size probabilities for various values of &
(A=102; u=0.3; p=0.666667;N = 100)

n Tn

i=0 £=0.5 £=0.8
0 0.416666 0.833333 0.878345
1 0.243055 0.138888 0.106854
2 0.141782 0.023148 0.012999
3 0.082706 0.003858 0.001581
4 0.048245 0.000643 0.000192
5 0.028143 0.000107 0.000023
6 0.016416 0.000017 0.000002
7 0.009576 0.000002 0.0000003
8 0.005586 0.0000005 0.00000004
9 0.003258 0.00000008 0.000000005
10 0.001900 0.00000001 0.0000000006
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Value of R 0.583333 0.166666 0.121654
Sum of Probabilities 1.000000 1.000000 1.000000
Mean from Proba. 1.400000 0.199999 0.138503
Mean from PGF 1.400000 0.199999 0.138503
Var. from Prob. 3.359999 0.240000 0.157687
Var. from PGF 3.360000 0.240000 0.157687

Remarks

It is important to note that steady-state probabilities are same at pre-arrival epoch, at random epoch and at post-departure epoch as
the infinitesimal generator matrix is same at these epochs.

Several experiments are done to calculate steady-state probabilities for number in system for low, moderate and high values of p
and ¢ both for model under consideration. But due to lack of space, they are given only for p = 0.666667 for Geo/Geo/1.

All the results are obtained using a software package known as MAPLE.

Extensions
The method discussed here can be applied to more complex models such as bulk-arrivals.
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