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Abstract

In this paper, we investigate analytically the steady incompressible viscous MHD asymmetric flow of an
electrically conducting fluid between two infinite parallel stationary coaxial porous disks of different
permeability in the presence of a transverse magnetic field. The governing steady boundary layer
equations are reduced to dimensionless form by similarity transformations. The approximate analytical
expressions of the dimensionless axial velocity and dimensionless radial velocity are derived by using the
New Homotopy analysis method. The results are presented in tabular and graphical forms to discuss
important features of the flow. The Homotopy analysis method can be easily extend it to solve other non-
linear MHD viscous flow problems in engineering and applied sciences.

Keywords: MHD flow; Porous disks; Shear stress; Non-linear boundary value problem; New Homotopy
analysis method.

Introduction

In the recent years, the investigation of flow over a stretching surface has attracted the
attention of research community due to its significant applications in different industries such
as extrusion paper production, extrusion of polymer sheets, metal and plastic industries [,
Fang et al. [ determined exact solution of the Navier Stokes equations analytically to study
the MHD viscous flow under slip conditions over a permeable stretching surface. Magneto
hydrodynamic (MHD) flow has important applications in MHD pumps, aerodynamics heating,
MHD power generators, accelerators, purification of crude oil, petroleum industries and
polymer technology ™. Xinhua et al. ¥ studied the asymmetric flow and heat transfer of
viscous fluid between contracting/expanding rotating disks by using Homotopy analysis
method. Siddique et al. [ presented a new exact solution for MHD transient rotation flow of a
second grade fluid in a porous space. Adabala Ramachandra Rao et al. [l determined
symmetric and asymmetric solutions of oscillatory MHD flow due to electrically rotating
disks. Khan et al. I8 discussed MHD flows of a second grade fluid between two side walls
perpendicular to a plate through a porous medium. Aziz et al. [¥ discussed the thermal analysis
of a longitudinal trapezoidal fin with temperature-dependent thermal conductivity and heat
transfer coefficient. Abbasbandy [ gave the application of Homotopy analysis method to
nonlinear equation arising in heat transfer. Some exact solutions for the helical flow of a
generalized Oldroyd-B fluid in a circular cylinder were presented by Fetecau et al. %, The
purpose of this study is obtaining an analytical solution for radial velocity and axial velocity
profiles on steady incompressible viscous MHD asymmetric flow of an electrically conducting
fluid between two infinite parallel stationary coaxial porous disks of different permeability in
the presence of a transverse magnetic field.

2. Mathematical formulation of the problem
Let us take the cylindrical polar coordinate system (I, &, z) for the physical problem. Here, we

consider the case of an asymmetric steady laminar incompressible viscous flow of an
electrically conducting fluid confined between two large stationary porous disks of infinite

radii coinciding with the planes Z = £a with constant injection velocities V, at the lower disk
and V, at the upper disk in the presence of a uniform transverse magnetic field of intensity

B, as shown in Fig. 1.
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Fig 1: Geometry of the disks

To observe the effects of different permeability of the disks, we define the permeability parameter as follows:
V
A=1--1L 2.1)
V2
With the presence of a uniform magnetic field, the governing equations for steady viscous flow of an electrically conducting fluid
can be written as:

Pivi(pn) -0, @2)
ﬂ+(\1.V)\1= f —EVp+vv2\1, (2.3)
ot - p

V.B=0, (2.4)
VxB=u,Jd, (2.5)
VxE =0, (2.6)
J=0,(E+VxB), 2.7)

Where p denotes the density, V the gradient, V the fluid velocity vector, V kinematic viscosity, p the pressure, J the
current density, B the total magnetic field so that B = B, +b, Q the induced magnetic field, £, the magnetic permeability,
E the electric field, o, the electrical conductivity of the fluid and dot signifies the material derivative. Moreover V.J =0 is

obtained from eqns. (2.4) and (2.5).
The uniform stationary magnetic field B is in the transverse direction and the magnetic Reynolds number is taken small. As a

consequence the induced magnetic field Q is neglected. We further assume that there is no electric field (i.e. E =0) as there is

no applied polarization voltage. This means that no energy is extracted or added to the fluid system. By employing the above flow
assumptions, the electromagnetic body force occurring in egn. (2.3) takes the following linearized form:

f ZJXB:Ge[(\iXBO)XEO]:(_O-eBgLI’O’O)' (2-8)
The components of velocity (U, V, W) along radial, transverse and axial directions for the present problem can be written as:
u=u(r,z),v=0w=w(r,z). (2.9)

In view of eqns. (2.4)-(2.8), the governing eqns. (2.2)-(2.3) for an electrically conducting incompressible fluid in the presence of a
uniform magnetic field are given in dimensionless form as:

ou u 1ow
A U IW (2.10)
or r aodnp

ou  wau op ou lou u 1 d%u 2

Ut ——) =y py—+ ===+ — —o.B2u, 2.11

A or aan) or ’u(ar2 ror r?> a’ 8772) TeSo 211

OW W ow 10 o'w 1ow 1 o°w
puN WMy 2R WL 2 = o 2.12)

2 = T2 2
or aodn aon or ror a“onmn
z
Where 17 = — is a similarity variable.
a

The boundary condition at the two porous disks for the velocity field is specified as follows:
u(r,-1)=0, u(r,+1)=0

(r,-1) (r,+1 213)
w(r,-1) =V, w(r,+1) =V,
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WhereV, and V, are uniform injection velocities at the lower and upper disks respectively.

A similarity transformation can be used to reduce partial differential equations (2.10)-(2.12) into ordinary differential equations as
follows:

vV r2
w(rn) == (2.14)
1oy _ Vr
u= — f 2.15
ra on 2a @) (219
w=—2% _ v tm), (2.16)
r or

The velocity components given in egns. (2.15) and (2.16) are compatible with the continuity eqn. (2.10) and hence represent a
possible fluid motion. Egns. (2.11) and (2.12) in view of above similarity transformations (2.15) and (2.16) are reduced after
eliminating the pressure term as follows:

fMLR(FfF"—M2f") =0, (2.17)
V,a aB;
Where R = 2Y22 represents the Reynolds number and M = | 22920 s the Hartmann number.
H AV,
Integrating eqn. (2.17) w.r.tz7, we get
2
f" + R(ff _T_sz):k' (2.18)

Where K is a constant of integration.
The boundary conditions (2.13) in dimensionless form can be written as:

f(-)=1-A f(@) =1
. . (2.19)
f'(-)=0, f'(@)=0.
The shear stress on the disks is defined as:
ou rv
W= =ma s D), (2.20)

We have to solve egn. (2.18) subject to the boundary conditions (2.19).

3. Solution of the problem using the New Homotopy analysis method

New HAM is a non-perturbative analytical method for obtaining series solutions to nonlinear equations and has been successfully
applied to numerous problems in science and engineering 2429 In comparison with other perturbative and non-perturbative
analytical methods, New HAM offers the ability to adjust and control the convergence of a solution via the so-called convergence-
control parameter. Because of this, New HAM has proved to be the most effective method for obtaining analytical solutions to
highly non-linear differential equations. Previous applications of New HAM have mainly focused on non-linear differential
equations in which the non-linearity is a polynomial in terms of the unknown function and its derivatives. As seen above, the non-
linearity present in electro hydrodynamic flow takes the form of a rational function, and thus, poses a greater challenge with
respect to finding approximate solutions analytically. Our results show that even in this case, New HAM vyields excellent results.
Liao [**22 proposed a powerful analytical method for non-linear problems, namely the New Homotopy analysis method. This
method provides an analytical solution in terms of an infinite power series. However, there is a practical need to evaluate this
solution and to obtain numerical values from the infinite power series. In order to investigate the accuracy of the New Homotopy
analysis method (New HAM) solution with a finite number of terms, the system of differential equations were solved. The New
Homotopy analysis method is a good technique comparing to another perturbation method. The New Homotopy analysis method

contains the auxiliary parameter h , which provides us with a simple way to adjust and control the convergence region of solution
series. The approximate analytical solution of the eqns. (14)-(18) using the Homotopy analysis method ! is

3 4 2.5 2.3 2
foy = AT 3AT 2—A_hR[%(7y__ M?n° M’y J_énz _AM 77+ﬁ} (2.21)
4 4 2 2 (24 120 60 8 80 16
The corresponding dimensionless radial velocity using the egn. (2.21) is given by
2 2,4 2,2 2
£ ) = 3R +3A—hR{3A(n My M J_A’?_A'\" } @22)
4 4 2 6 24 20 4 80
And the shear stress using the egn. (2.21) is given by
. 3A 3A M M 2 A
') =—2L-hR| = M SELAN/A (2.23)
2 2\ 2 6 10 4
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4. Results and Discussion
In this section, we present our findings in tabular and graphical forms together with the discussion and their interpretations. The
parameters of the study are Permeability parameter A, the Reynolds number R and the Hartmann number M . Fig. 1 illustrates
the schematic diagram of geometry of the disks. Fig. 2, 4, 6 shows the dimensionless axial velocity f (77) and Fig. 3, 5, 7 shows

the dimensionless radial velocity f (77) w.r.to the similarity variable 77 respectively.

Fig. 2 depicts the velocity profile along axial direction. It is noted that increasing the permeability parameter A, lowers the axial
velocity profile in some fixed values of the other parameter Rand M . Fig. 3 shows that increasing the permeability
parameter A, rises the radial velocity profile in some fixed values of the other parameter R and M .Fig. 4 shows that the axial
velocity profile increases with increase in the magnitude of Reynolds number R and some fixed values of other parameter
Aand M . Fig. 5 depicts that increasing the magnitude of Reynolds number R, increases the radial velocity near the lower disk

and decrease near the upper disk.
From Fig. 6, it is observed that the axial velocity profile increases near the lower disk and fall near the upper disk by increasing

the values of the Hartmann number M and some fixed values of the other parameter Aand R . From Fig. 7, it is noted that the
radial velocity profile move towards the lower disk and it decreases by increasing the Hartmann number M and some fixed values

of the other parameter Aand R .
Table.1 shows the dimensionless axial velocity f (77) for A=1.2,R =—-20,M = 0.4 using the egn. (2.21) when h = 0.098.

Table.2 depicts the shear stress at the disks for R=-10,M =0.8 and various values of A using the egn. (2.23)
whenh =0.096. Table.3 infers the shear stress at the disks for A=1.4,M =1.2 and various values of R using the
eqn.(2.23) when h =0.131. Table.4 shows the shear stress at the disks for A=1.2, R =—20 and various values of M using

the eqn.(2.23) when h =0.142.
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Fig 2: Dimensionless axial velocity f (77) versus the Similarity parameter 77 . The curves are plotted for various values of the permeability

parameter A and some fixed values of the other parameter R, M using the eqn. (2.21), when h = —0.009.
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Fig 3: Dimensionless radial velocity f (77) versus the Similarity parameter 77 . The curves are plotted for various values of the permeability

parameter A and some fixed values of the other parameter R, M using the egn. (2.22), when h = —0.09
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Fig 4: Dimensionless axial velocity f (77) versus the Similarity parameter 77 . The curves are plotted for various values of the Reynolds

number R and some fixed values of the other parameter A, M using the eqn. (2.21), when h = 0.03.
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Fig 5: Dimensionless radial velocity f (77) versus the Similarity parameter 77 . The curves are plotted for various values of the Reynolds

number R and some fixed values of the other parameter A, M using the eqn. (2.22), when h =0.09.
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Fig 6: Dimensionless axial velocity f (77) versus the Similarity parameter 77 . The curves are plotted for various values of the Hartmann
number M and some fixed values of the other parameter A, R using the egn. (2.21), when h = 0.056.
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Fig 7: Dimensionless radial velocity f (77) versus the Similarity parameter 77 . The curves are plotted for various values of the Hartmann

number M and some fixed values of the other parameter A, R using the egn. (2.22), when h = 0.065.

Table 1: Dimensionless axial velocity f (7) for A=1.2, R =—20,M = 0.4 using the eqn. (2.21) when h =0.098.

U f(7)
-1.0 -0.200000
-0.8 -0.138745
-0.6 0.156736
-0.4 0.212504
-0.2 0.408911

0 0.583750
0.2 0.730380

0.4 0.846612

0.6 0.931086

0.8 0.982596

1.0 1.00000

Table 2: Shear stresses at the disks for R = —10, M = 0.8 and various values of A using the eqn. (2.23) when h = 0.096.

Table 3: Shear stresses at the disks for A =

A f (-1 -f @
1.0 3.284214 0.928971
1.2 3.095395 1.182624
1.4 2.89749 1.471898
16 2.733888 1.804249
18 2.637869 2.178108
2.0 2.593920 2593648

1.4,M =1.2 and various values of R using the eqn.(2.23) when h =0.131.

R f (-1 - @
0 2.100000 2.100000
-5 2.946467 1.906621
-10 3.332487 1.889924
-15 3.566543 1.883944
-40 4.063685 1.872331
-65 4.243910 1.868045
-90 4.338195 1.865851
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Table 4: Shear stresses at the disks for A =1.2, R = —20 and various values of M using the eqn.(2.23) when h =0.142.

M f (-1 - @
0.0 3.306960 0.799920
0.4 3.372768 0.880013
0.8 3.629797 1.124026
1.2 4.136174 1.529753
1.6 4.845108 2.075349
2.0 5.681304 2.732280
2.4 6.592160 3.473556
3.2 8.531228 5.131759
4.0 10.547424 6.939605
6.0 15.699492 11.779272
8.0 20.873808 16.803086

5. Conclusion

In this study, an analytical solution of the problem of MHD asymmetric flow of an electrically conducting fluid between two
infinite parallel porous disks is investigated using a suitable similarity transformation. The analytical expressions of the
dimensionless axial velocity and radial velocity have been derived by the Homotopy analysis method. In HAM, we can choose
h in an appropriate way which controls the convergence of the series. This method can be easily extended to solve the non-linear
initial and boundary value problems in physical sciences.
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Appendix: A
Basic concept of the New Homotopy analysis method [11-39]
Consider the following differential equation:

N[u()]=0 (A1)
Where N is a nonlinear operator, tdenote an independent variable, U(t) is an unknown function. For simplicity, we ignore all

boundary or initial conditions, which can be treated in the similar way. By means of generalizing the conventional Homotopy
method, Liao (2012) constructed the so-called zero-order deformation equation as:

(1= p)LLe(t; p) —uo (D] = phH (ON[e(t; p)] (A2)
where pe [0,1] is the embedding parameter, h # 0 is a nonzero auxiliary parameter, H(t) # 0 is an auxiliary function, L an
auxiliary linear operator, U (t) is an initial guess of u(t), ¢(t : p) is an unknown function. It is important to note that one has

great freedom to choose auxiliary unknowns in HAM. Obviously, when p =0 and p =1, it holds:

@(t;0) = u, (t) and @(t;1) = u(t) respectively. (A3)
Thus, as p increases from 0 to 1, the solution ¢(t; p) varies from the initial guess U, (t) to the solution u (t). Expanding ¢(t; p)
in Taylor series with respect to p, we have:

o(t; p) = Uy (1) + D U, () p" (A4)
m=1
Where
_ 1 9"¢(t; p)
U, ()= ﬁap—m‘ p=0 (A.5)

If the auxiliary linear operator, the initial guess, the auxiliary parameter h, and the auxiliary function are so properly chosen, the
series (A.4) converges at p =1 then we have:

u(t) =ug(t) + +Zoolum(t). (A.6)
=1

Differentiating (A.2) for m times with respect to the embedding parameter p, and then setting p = 0 and finally dividing them by
m!, we will have the so-called mth -order deformation equation as:

_)
L{uy = ZmUm-a] = hH@OR, (Um-1) (AT)
Where
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N m-1 .
R (Una) =+ O NIe(tP)] (A8)
(m-=1)! opm™t
And
0, m<1l
=17 ’ (A.9)
#m {L m>1.
Applying L™t on both side of equation (A7), we get
_)
um (t) = Zmum—l (t) + hL_l[H (t)iRm (U m—l)] (A]-O)
In this way, it is easily to obtain U, for m>1, at M M order, we have
M
ut) = > un () (A.11)
m=0

When M — +00, we get an accurate approximation of the original equation (A.1). For the convergence of the above method we
refer the reader to Liao 2%, If equation (A.1) admits unique solution, then this method will produce the unique solution.

Appendix B
Approximate analytical expressions of the non-linear differential eqns. (2.17)-(2.20) using the New Homotopy analysis
method

fM4LR(ff =M?f") =0, (B.1)
We construct the Homotopy for the egn. (B.1) as follows:
@—p)(f")—hp[f ™ +R(ff"=M?")|=0 (B.2)

The approximate solution of the egns. (B.2) as follows:
f="f,+pf,+p°f, +p°f, +..

(B.3)
Substituting the eqgns. (B.3) in the eqn. (B.2), we get
d*(f,+pf, + p°f, + p°f,+..)
dn*
4 2 3 2
(1= p) d*(f, + pflt p-f,+.) _hpl 4R d°(f, + pf1+3p f,+..) (B.4)
dn dn
M? d?(f, + pf,+p°f,+.)
i dn’ J
Comparing the coefficients of like powers of p in the egns. (B.4), we get
d*f
0. =0 (B.5)
p dn’
tf df d?f
pl:d L=h R —2-M?— (B.6)
dn dn dn
The initial approximations are as follows:
fo‘(—l) =1-A fl0 @=1 (B.7)
f,(-1) =0, f, (1) =0.
f.(-1)=0, f,2)=0,
'.( ) ( ), wherei=1,23,..... (B.8)
f. (-1 =0, f. (@) =0.
Solving the eqns. (B.5), (B.6) and using the boundary conditions (B.7) and (B.8) we can obtain the following results:
An® 3An 2-A
f,(17) =— (B.9)
NG)) 2 + 1 + 5
3A(n* M?n° M?*%p*) A, AM? A
£, =R 2L - AP al (B.10)
107) { 2 (24 120 60 ) 8" 80 16
According to the Homotopy analysis method we have
f=lim ()= f,+1, (B.11)
pP—.

Using the eqns. (B.9) and (B.10) in (B.11), we obtain the solutions in the text as given in the eqns. (2.17)—(2.20).
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Appendix: C
Nomenclature
Symbols Meaning
A Permeability parameter
B, Magnetic field intensity
b Induced magnetic field
E Electric field
J Current density
k Constant of integration
M Hartmann number
R Reynolds number
TOL,,, Prescribed error tolerance
V1, V2 Injection velocities at the lower and upper disks respectively.

u,w Velocity components along the radial and axial directions respectively
n Similarity parameter
Yo Density
H Viscosity
\" Kinematic viscosity
U4 Stream function

o, Electrical conductivity

Mo Magnetic permeability
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